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Abstract: In this paper, we have studied the Bézier variant of Chlodovsky-Durrmeyer operators D,, 4 for
function f measurable and locally bounded on the interval [0,0). In this we improved the result given by Ibikl E.
And Karsli H. [14]. We estimate the rate of pointwise convergence of (Dmﬂg f )(x) at those x > 0 at which the
one-sided limits f(x +), f (x—) exist by using the Chanturia modulus of variation. In the special case 9 = 1 the
recent result of Ibikl E. And Karsli H. [14] concerning the Chlodowsky-Durrmeyer operators D,, is essentially
improved and extended to more general classes of functions.
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I. Introduction
For a function the classical Bernstein-Durrmeyer operators (see [7]) M, applied to f are define as

My () —(m+1)2pm(x) f FOPni©de, x€[01] &

where p,, ;(x) = (7)x'(1 — )™,

Several researchers have studied approximation properties of the operators M, ([8], [10]) for function of
bounded variation defined on the interval [0, 1]. After that Zeng and Chen [22] defined the Bézier variant of
Durrmeyer operators as

1
M, 1 ) L (0)dt, 2
(Moo )0 = Om + )ZQ 1) [ Fmnioe @

where Q) (x) = J5 ,(x) = J2 11(x) and Jp  (¥) = T pp; () for i=0,12,..,m

Jmm+:(x) = 0 are the Bézier basis function which is introduced by P. Bézier [4] and estimated the rate of
convergence of M,,, , f for functions of bounded variation on the interval [0,1].

Let Xoc[0,0) be the class of all complex valued function measurable and locally bounded on the interval [0,00).
For f € X;,.[0, o) the ChIodowsky—Durrmeyer operator D, are defined as

D, f)(x) = - f F(E)Pns ( m)dt 0<x<a,. 3)

where (ay,) is a positive increasing sequence with the properties

am
lim a,, = and lim —=20 4)
m —oo m-oo M

For f € X}, [0,) and ¥ = 1, we introduce the Bézier variant of Chlodowsky—Durrmeyer operators D,, , as
follows

m+1 (19)

(Do f) () = f f(t)Pml( m)dt 0<x<a, (5

Obviously, D,, o is a positive Ilnear operator and (Dmﬁl)(x) = 1. In particular, when 9 = 1 the operators (5)
reduce to operators (3).

Recently Agratini [1], Aniol and Pych-Taberska [3], Pych—Taberska [20], and Gupta [11, 12] have
investigated the rate of pointwise convergence for Kantorovich and Durrmeyer Type Baskakov—Bézier and
Bézier operators using a different approach. They have proved their theorems in terms of the Chanturia modulus
of variation, which is a generalization of the classical Jordan variation. It is useful to point out that a deeper
analysis of the Chanturia modulus of variation can be found in [6], but actually the modulus of variation was
introduced for the first time by Langrange [18]. Although the Chanturia modulus of variation was defined as a
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generalization of the classical variation nearly four decades years ago, it was not used to a sufficient extent to
solve the problem mentioned above.

The paper is concerned with the rate of pointwise convergence of the operators (5) when f belong to X;,. [0, ).
Using the Chanturia modulus of variation defined in [6], we examine the rate of pointwise convergence of
(Dmﬂf)(x) at the points of continuity and at the first kind discontinuity points of f.

For some important papers on different operators related to the present study we refer the readers to Gupta et.
Al. [9, 21] and Zeng and Piriou [23]. It is necessary to point out that in the present paper we extend and improve
the result of 1bikli E. and Karsli H.[14] for Chlodowsky-Durrmeyer operators.

We being by giving

Definition 1.1 Let f be a bounded function on a compact interval I = [a, b]. The modulus of variation
U (f; [a, b]) of a function f is defined for nonnegative integers m as

,U-O(f’ [a’ b]) = 0
and form > 1 as

m—1

b (f3 0, 1) = sup D" 1f Grai) = f (a0,
Tm =0

where m,, is an arbitrary system of m disjoint intervals (x3;, x5;41), i =0,1,..,m — 1, i.e.,
a<x)<x <x<x3= < Xpmo <Xpm_1 <Db.
The modulus of variation of any function is a non-decreasing function of m. Some other properties of this
modulus can be found in [6].
If f € BY,(I), p=1,i.e, iffof p-th bounded power variation on I, then for every i € N,
w(f; D < iVPVL(FLD, (6)
where V, (f, I) denotes the total p-th bounded power variation of f on I, defined as the upper bound of the set of

numbers (X;|f (i) — f(lj)|p)l/p over all finite systems of non-overlapping intervals (i;, ;) < I.
We also consider the class BV} [0,), p = 1, consisting of all function of bounded p-th power variation on
every compact interval I c [0, o).

In the sequel it will be always assumed that the sequence (a,,) satisfies the fundamental conditions (4). The

symbol [a] will be denote the greatest integer not greater than a.

Remark. Now, let us consider the special case 9 = 1, p = 1, and let us suppose that function f is of bounded
variation in the Jorden sense on the whole interval [0, o)

(f € BV[0,®)). Then, for all integers m such that a,, > 2x and 4a,, < m, we have the following estimation
for the rate of convergence of the Chlodowsky-Durrmeyer operators (3):

fGeH)+fx-) =
(Dm,ﬂf)(x) - f <2V (gx;Hx(x am/m)
2[m/an]
e (e(i-5)+ =) Y v(on(3)
mxz \* ap, m/ & Gx Vi
iz

4May, X\ | am\ , 2lf(x+) - fx )l

mx? <x< _a_>+ >+ mx X '

m — — —
an (1=3,)

where M = Supg<, <« |f (x)|and V(g,; H) denotes the Jordan variation of g, on the interval H.
The above estimation is essentially better than the estimation presented in [14]. Namely, it is easy to see that the

right-hand side of the main inequality given in Theorem 1.1 in [14] is not convergent to zero for all function
f € BV[0, ) and for all sequences (a,,) satisfying (4).

m

1. Auxilary Result
In this section we give certain results, which are necessary to prove the main result.
For this, let us introduce the following notation. Given any x € [0, a,,,] and any non-negative integer g, we write

Pi) = (t—x)? for t €[0,00),

Wy g 0) = (D tpd ) (x) = m+1 z Py (%) afm (t —x)IP,,; (L) dt. (7
' ™0

am am

Lemma2.lIlfmeN,x € [0,a,], then

a, —2x
Wm,O(x) = 1r Wm,l(x) =

m+2’
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2(m —3)(a,, — x)x 2a,,?
(m+2)(m+3) (m+2)(m+3)

- Sl @

where g; , are real numbers independent of x and bounded uniformly in m. Moreover, form > 2

Wm,Z(x) =
and, forq > 1,

am X an
Wm,Zq(x) <2 Z <X (1 - —m> + Z) (9)
and, forg>1,
am\9 X a,\1
Wi 2 () < ¢ (Z) <x <1 - a—) + W) , (10)

where ¢, is a positive constant depending only on g.

Proof. Formulas for W,, o, Wy, 1, W, » and inequality (9) follow by simple calculation. Suppose g >1 and put
vy =x/a,. Theny € [0,1] and

am
m+ 1< , t
Wm,Zq(x) = me,i(y)j (t_yam) qu,i <a_) dt
m

= (m+ 1)af z Ps) f (5 = 9P ()ds = a2 (M, p2)0), (1)

where M, is the classical Bernsteln Durrmeyer operator (1).
The representation formula (8) follows at once from the known identity

1 -1
yA-yN"
M) = B (o) m,
—~
where B; ., are real numbers independent of y and bounded uniformly in m (see [13], Lemma 4.8 with ¢ =
—1). Now, let us observe that for y € [0, 1/m] Yy E [1 - % 1] ,m=2,onehasy(l—y) < mm_—21 and

2 ! m—1\7"1 . ! 5
m = i _ - S i q - ,
(M Yy )») Z|ﬁqu|< m3 ) m= Zn m==4
=0

j=0
where 7; , are non-negative numbers depending only onjand g. If y € [1 1- %] then

m-—1
(.95 = (272 Zlﬁ a5
"y T my (1 =)y’
y(d-y) ;
= (T) Z’?mz’-
j=0
Consequently,
1\4
(M2 0D < (v -3+ ) with €, —Zn,qw
Taking in (11) and in the above inequality y = x/a,, we easily obtain estlmatlon (10).
Lemma 2.2 Let x € (0,) and let
e R e o L)
’ am am . m
Then
[ s (Y= g o< 12
mo (qa) < g Wna @ if x (12)
t
and
t
meg —— _( ) Wno(x) if 0<t<x, (13)
0
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where W,, ,(x) is given by (7) (with g = 2).
Proof. As is known anﬁ,g(x) < 9P, ;(x) for ¥ = 1. Hence, if x <t, then

am 1 am
[ s oo o
‘ )
)2 (Dm ﬂlpx)(x) = (t )2 (Dmlpx)(x) me,z(x)-

The proof of (13) is S|m|Iar
In order to formulate the next lemma we introduce the following intervals. If x > 0, we write
L) =[x+ux]n[0,0) ifu<0
L) =[xx+u] ifu>0
Lemma 2.3 Let f € X,,.[0,00) and let the one-sided limits f(x +), f(x—) exist at a fixed point x € (0, o).
Consider the function g, defined by (6) and write d,,, := \/a,,/m. If h = —x or h = x, then for all integers m

such that d,, < 1/2 we have
f K (x ‘ )dt
9 S\
ey e

n—1 )

+ 8]9Wm,2 (X) Z 17] (gx: [x (]hdm)) + Un (gx; Ix (h))
th_’Zn j3 nZ ’

where n = [1/d,, Jand W, ,(x) is estimated in (9).

Proof. Restricting the proof to h = —x we define the point ¢; = x + jhd, for j = 1,2,3,...,n + 1and we denote

tns1 = 0.PUt T, = [¢,x] forj = 1,2,3,...,n + 1 and we have

<v (gx; Ix (hdm))

m m m m

+Zﬂx<t>f e dt+z f(gx(t) gx(t))Kmﬂ(m am)dt

tj+1 J=1t¢; j+1

=L(m,x)+ L(mx)+I3(m,x), say

[ s (= dt<x Ot (L)
Ix(h)gx()mﬂ a a = gx()ml‘) a a

Clearly,

@m0l < (10000 = gDl (2 2-) de

m m
t1

am
x t
= vl(gx; Tl)j Km,ﬁ <_;_) dt = Ul(ng Tl)
a, an,
0
By the Abel lemma on summation by parts and by (13) we have
1 — tit1
x ot = x ot
1LGn, 01 < 190! [ Ko (2= de+ Y 0u(6) = 0. )] j Ko () at
am am i=1
0 j=

A A

19Wm Z(x)

n—1
SW |gx(t1)_gx(x)|+zl|gx( +1) gx(t)|(]+1)
=

n=2 J
19VVm Z(x)

1
= | l9: () - gx<x>|+22|gx<a+1) gx(t)|((]+1)2 )

j=1i=

1
+ FZlgx(tHl) — g ()|

ﬁWm,Z(x) j+1(gx: ]+1) v, (9x; T)
< hzdrzn vl(gx' Tl) +2 Z (] + 1)3 TLZ
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~  h2d3 JE n2

<19Wm,2(x) znzvj(ng ) v(gx;Tn+1)>.

j=1
Next, in view of (13) and the Abel transformation,

Ilg(m,x)l<zv1(gx, ; t])f ,,“9 —— dt

j= j+1
< YWy, 2 (%) vl(gx' [t +1, j])
= Thzaz 72

j=1
n-1 J
= 19“;;”;727(17‘) ; U1 (G [tz+1' i Z Zl (g, [tivn, t]) (]lz - (j +11)2)>

<]9Wm,2(x) vn(gx;Tn-H) Zvj(gx;’l}‘*'l)
= Theaz, 2 LG+ 17

ﬁWm,Z(x) v(gx' n+1) ](gx: )
= TRd ( 2 +6Z

Combining the result and observing that 7; = I, (jhd,,,) we get the desired estimation for h = -x. In the case of h
= x the proof runs analogously; we use inequality (12) instead of (13).

I11. Main Results
In this section we prove our main theorems.
Theorem 3.1 Let f € X),.[0, ) and let the one-sided limits f(x +), f(x—) exist at a fixed point x € (0, o).
Then, for all integers m such that a,, > 2x and 4a,, < m one has

fle+) +9f(x-)

(Do f)G0) = 71 < 2411 (g He (xy/@ /)
329 1 (g Hy (JxJam—/ ) tn (g Hy (X))
(- )+ ) Z : 2

m
zm) ( (1__) a_m)q+219lf(x+) fx )I’

m mx X
an (173,)

where n = [{ym/a, |, H,W) = [x —w,x + u] for 0 < u < x, ¢(a; f) = supo<r |f ()|

f®)—fx+) ift>x,
9x(t) = [0 if t =x, (14)

f@)—flx-) if0<t<x,

q is an arbitrary positive integer and cq is a positive constant depending only on g.

Proof. We decompose f(t) into four parts as

29¢,
+ a1 (5

£ = flx +39J:91f(x )+f(x+)2 flx— )[ x(t)+19—+1 ()
+@@Pm+&5%¥33] (15)
where g, (t) is defined as (14) and sgn, (t) = sgn(t — x),
s0={g 171 (16)
From (15) we have
(D)) = f(x+;f;if“’)-+(Dmﬁgxﬂx)a-fgiilgllfil

[(D‘m 9SEMNy )(X) +]9 +1 [f( ) m,08x)(x)'

For operators D,, » using (16) we can observe that the last term on the right hand side vanishes. In
addition it is obvious that (D, 41)(x) = 1. Hence we have

fx +)2—f(x—)] (D
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flrH) +9f(x-)
9+1

-1
< |(Dm ﬁgx)(x)| + 9 + 1

In order to prove our theorem we need the estimates for (D,, 59, )(x) and (D,, ssgn, ) (x) +222 P

To estimate (Dm’,g gx)(x) with the help of the fixed points x and 2x, we decompose it into three parts as
follows:

(Dm,s f) ) =

17)

|M‘ |(Dmﬁsgn )(x) +

X

f DK (x t)dt
gx() m,9 am:am

0

2x am

[ 0O (=) de] + | [ gk (=) ae

m m m Qm
x 2x

= |El,19 (m!x)| + |E2,19 (m, X)| + |E3,19 (m, X)|, (18)
where K, o (ai,aL) is defined in Lemma 2.2.

am

f DK (x t)dt<
gx()m,ﬁava =

m “Y“m
0

The estimations for |E; 4 (m, x)| and |E,4 (m, x)|are given in Lemma 2.3 in which we put h = —x and
h = x, respectively. Using the obvious inequality
j (gx; Ix (_u)) + j (gx; Ix (u)) < 2j (gx; Hx (u))'
where H, (u) = [x —u,x + u], 0 <u < x, we obtain

|Ep9(m, )| + |Epp (m,x)| < 28 (gx;Hx (xw/am/m))

169W,, ,(x)m ey} (gx: H, (jx\/ay, /m)) B, (g, He (%))
+ ' > : + . (19)
hzdm ]3 nZ
Now, we estimate |E; s (m, x)| Clearly, given any q € N, we have
am
m+ v t
[Bs0 (m 0] < 20 E) [ a5 e
m
2x
am
m+1 x t
. (CON el .2 e
< zw(am,f)xzqamZQm_i (am> f (t —x)*1P,, ; (am)dt
i=0 2x
29¢(a 'f)m+1m x am t
Bt (29 o ()
= 24 Uy 4 y m,i a, (t x) m,i a, dt
i= 0
20¢(ay; f)
= 7x2;n Wm'zq (x). (20)

Finally, replacing x by x/a,, in the result of X. M. Zeng and W. Chen [22] (sect. 3, pp. 9-11) we
immediately get

|(D )( )+ Y- | < 49
mpSEL) ) T S T % X
me.(1-2)
Putting (18), (19), (20) and (21) into (17), we get the required result. Thus the proof of Theorem 1 is

complete.
From Theorem 3.1 and inequality (6) we get

Theorem 3.2 Let f € BYP [0,00),p = 1 and let x € (0, ). Then, for all integers m such that a,, > 2x and
4a,, < m we have

‘(Dm,ﬂf)(x) 19 + 1 2 (gx’H (xvam/ )

+—
2141 2-1
xZnltl/p @/ m/) L (V) /p

a5 )
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20 i (22 (s (1~ ) ) 2 C D O]

x2q a, m mx (1 x )
am am

In order to show this it is necessary to prove that the right-hand sides of the inequalities mentioned in the
hypotheses of the theorems tend to zero as m — oo. In view of (4) we have n = [{/m/a,,| - o asm — . So,
in Theorem 1 it is enough to consider only the term

n-—1 3
A, (x) — Z j (gx; Hx(]xdm))

73 , Wwhere d,, =+/a,/m
=1
Clearly,
d n—1 nd
s H (jxd s H, (xt
/\n (X) — Z 1(gx ]xz(f m)) < 4dm f 1(gx tzx( )) dt
j=1 dm

+1

" X 4 . X
S4dmj B, gx;HX(g) dsgﬁzl gx;Hx(?).

1 i=1

Since the function g, is continuous at x and (gx; H, G)) denotes the oscillation of g, on the interval H, G)

i (00, () =0

lim A, (x)=0
n—-oo

As regards Theorem 3.2, it is easy to verify that in view of the continuity of g, atX,
n?-1

1}1—1»‘{}0 n1+11/p Z (\/-)1 —1/p 'P (g,( x <%>> = 0.

Thus we get the following approximation theorem
Proof. Let f € BV [0,0),p > 1. In view of (6) and the notation d,, = \/a,,/m, n = [\/m/a,,], we have

we have

and consequently,

ndm,
a. x,H d o H,(xd,, Vo (9x; Hy
z ) (g x ) _ z (g ZH(//: m) < (24 Y/ j p(gtm/sxt))dt
j=1
5 2+1/p( n+1)>2 (gx,H (x/\/—)) 2 2+1/p (n+1)%- gx,H (x/\/—))
= (r_l> 1[ (\/E)ZH/P ( ) Z 2+1/p
and
B, (g2 He () _ V(93 He ()
n2 - n2+1/p
moreover,

0953 e (/) < Wy (95 e (/)

The estimation given in Theorem 3.2 now immediately follows from Theorem 3.1.
Corollary. Suppose that f € X;,. [0, ) (in particular, f € BV;?.[0,),p > 1) and that there exists a positive
integer q such that
a q
lim (Em) p(a,;f)=0.

m-—oo

Then at every point x € [0, o) at which the limits f(x +), f (x—) exist we have

. fH) +9f(x-)
Jim (Do f) () = =5~
Obviously, the above relations hold true for every measurable function f bounded on [0, %), in particular for

every function f of bounded p-th power variation (p = 1) on the whole interval [0, o).
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