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Electormagnetic Field Components in a Skew Uniform Magnetic
Field on Kerr Newman Back Ground Geometry
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Abstract: In this paper we have calculated the electromagnetic field components in a skew uniform magnetic
fields superimposed on Kerr Newman back ground geometry. The rotation axis of the Kerr Newman black hole
makes an angley with the asymptotic magnetic field. We have compared the result with those of the
corresponding Kerr black hole.
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I.  Introduction

The Kerr Newman solutions are stationary and axisytmmetric solutions of the Einstein —Maxwell
equations representing charged rotating black holes . The other stationery black hole solutions can be obtained
as particular case of Kerr Newman solution. They are representative for all the black holes, because even the
non stationary black holes tend asymptotically in time to Kerr Newman ones. It is well known that cosmic
bodies are endowed with magnetic field and hardly any free charge ,hence astrophysically it is more relevant to
look for solution of the set of Einstein — Maxwell equation with non zero magnetic field. In the case of black
hole the magnetic fields are associated only with the system of currents out side the event horizon. It was
originally believed that a charge black hole could not exist for long time in typical astrophysical field as
selective accretion of charge could neutralize the black hole and therefore kill off magnetic field. The Maxwell
equation for simple source on the space time background outside a rotating black hole, a series of article, Wald
(1974), Petterson(1975) Chitre and Visheswara(1975)and King ,Lasota and Kundt(1975) indicates that the
minimum energy configuration of a rotating black hole immersed into electromagnetic field of an
asymptotically axis symmetric source .

The configuration of a simple axis symmetric magneto sphere about a rotating black hole attains a
minimum energy configuration when the hole and the magnetosphere posses equal and opposite charge with a
magnitude that is function of geometry and amount of large scale magnetic flux that threads the event horizon.
This is a consequence of the dragging of inertial frame around a black hole mixing the magnetic field
component with the electric field components of the Maxwell tensor. The electromagnetic field arises due to
presence of charge associated with the central gravitating body. The exact solution given by Kerr- Newman
family which represents the gravitational field exterior to the rotating charged black hole, featuring the three
physical parameters ,the mass M ,the charge Q and the specific angulat momentum a .We have calculated
electromagnetic field components in skew uniform magnetic field for Kerr Newman black hole.

1. Kerr Newman Space -Time
The Kerr- Newman space time is a stationary, axi symmetrical , and asymptotically flat solution of the Einstein-
Maxwell equation. The metric In Boyer- Lindquist co ordinate takes the form

2 )
ds? = %drz + p%do? + SLZZ o [((r? + a®)d¢ — adt] — ‘[% [asin?6d¢ — dt]? (2.1)
With  p? =1r? + a%cos?6,
A=1? —2Mr + a? + Q?
The units are chosen such that c=1 for the speed of light and G=1 for gravitational constant.
An important characteristic of this solution is that the source of gravity is
Surrounded by two horizons situated at a distance

Ti /MZ_aZ_QZ

The Kerr-Newman metric reduces to the Kerr metric for Q = 0, describing the exterior of rotating non charged
black hole. The Kerr Newman geometry has a horizon therefore describe a black hole if and only if M? > a? +
QZ

The associated electromagnetic potential given by Bicak and Janis (1985) are as follows
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Al =B, % [—p% + Mr(1 + cos?6)] + B, p]—zsinecosﬁ(rcosw — asiny), (2.2)
AB = —B, (r — M)sinfBcosfsiny, (2.3)
A8 = —B,[(arsin?8 + Jcos?8)cosy + {r?cos?8 + (a® — Mr)}cos26sinp), (2.4)
B sin?f Lo, 2
Ay =By 207 [p“(r* + a*) — 2Jar(1 + cos*6)]
sinfcosf
- B —Q [p2Acosy + M(r? + a?)(rcosy — asiny)] (2.5)

— a T4 _J
Where Y =¢ + _r_ln(z) and a= m

T+
The electromagnetic field which is generated when Kerr black hole is placed in originally uniform magnetic
field with its direction not coinciding with the rotation axis of the hole . This solution has been given by Bicak
and Janis (1985). Bf,B] and B denoting the components of the oblique magnetic field in asymptotic
Minkowskin coordinates as x = rsinfcos¢ ,y = rsinfsing ,z = rcosd. We have put B] = 0 and denote by

B} = B, , the field component perpendicular to the rotation axis and by B§ = B, , the field components aligned
along the the rotation axis

We have parametrized the metric by the following three parametrs : the event horizon r, and ,the innner horizon
7 and the rotation parameter a
The black hole mass and charge are then

2M =71, +1, Q*=rr —a’and
T — 1. = 2/ M? — a? — Q?
From which electromagnetic field can be calculated

Asymptotically uniform magnetic fields across a rotating black hole
The electromagnetic field F;; in a standard way, describe by three complex quantities

b, i (linf +m mf) (3.2)
2°Y
and
¢, = Fym m/ (3.3)

Where I}, nt, m® are Kinnersly (1960) complex null tetrads for Kerr Newman black hole

li—r2+a2 10a 3.4
- A A ’ ( . )
. 1
n' =510 +a?),~a0,a] (3:5)
T 1
,m v iasing, 0,1S—in9 (3.6)

With p =r —iacos@ and p=r + iacosf
“King and Lasota (1977) have solved Maxwell’s equation and have found the general stationary solution:

282 . > )
bo = 5B Thoes Vi (v, 0008 (37)

(e =0,1.2).

The stationary solution of Maxwell equation in the background of the vacuum space time in which
electromagnetic field approaches asymptotically in a uniform magnetic field

On defining the electromagnetic field tensor by

Fj= 45, - Ay (3.8)
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The non zero Electromagnetic Field components in Boyer —lindquist coordinates as rotation axis of the Kerr
Black hole is parallel to the asymptotic magnetic field given by Wald (1974).

arsin’¢ Ma ., ., Q 5
Fio = B, T—p—4(r —a“cos 9)(1_3_()]+COS 9) (3.9)
1/2
Fy0 = By 2 sinfcos6 (3.10)
raAl/z
Fi3 = B, 2 sin@ (3.11)
Fyy = B, 250 |2 4 2 2mm2<1 @, 29) 3.12
23 = By 2 (r*+a 2 BoJ cos (3.12)
King and Lasota (1977) have solved Maxwell’s equation and have found the general stationary solution:
1
22 N .
o =—5mB ) Vin(y, 0" (3.13)
m=—1
(e =0,1.2).

Where ¢{"™ as reported by King (1976), ¢{*™, p1™ and ¢$™ for the case when magnetic field B makes
an angle y with the axis of the Kerr black hole , have been calculated exactly by Mishra and Chakraborty
(1999)

™ = Ry (1€Y1 (6, 9 (3.14)
1 —
) = 5 Sin (Vi (6,9), (3.15)
T r
= S
Am)p2 = _ia23/25in0EY,,, (6, P) f Ryndr +ia2712sin6&Y,,, (6, $) f %dr
T+ Ty
"
S
=27, 0,6) [ 97 R - 223y (3.16)
T+
We have calculate . ¢, ¢, exactly. The form of . The cp,gl‘m) for the case when magnetic field B makes an
angle y with the axis of the black hole. From ¢§1'm) we have calculated ¢, ¢, and ¢,
S = Ry (181, (6, ) (3.17)
1 —
) = 5 Sin (i (6,9), (3.18)

T T

- S

p™p? = —ia23/2sinOEY;,, (6, P) J Ry dr +ia27'2sin0&Y,,, (6, $) j %dr
T+ T.

+

T S m
=27, 0.6) [ 97 R — 22 (3.19)
T+

Where & = —(09y + icosec80,),
§ =—(0y — icosecH0y)
iam

)
For solutions regular at the horizon (r,) one has
_8%22Q2Q+1). . .(2Q + 1)
B 1.2

(r—m)

le

r—r) @ —r) 1 CF [—2,1; 20; ] (3.20)

_(20+2)...20+1)
B 2.2

Where F is the is the standard hyper-geometric function and Y;,, (6, ¢) is the standard spherical harmonic
function.

We have calculated ¢, ¢, and ¢; by using(3.17) to (3.21) for the case when B makes an angle y with the
axis of the Kerr Newman black hole

Slm

(3.21)

(r—r )@ —r)CF [0,3; 2 + 20; r _(;Jr)]
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V2 A,

[siny{siny 4, + 2(ar — J)cosy}
+ i{siny Aycosy — 2(ar — J)sinp + id,cosysin6}] (3.22)

b0 =

A
¢, = ﬁk [siny (Z;siny + wycosOcosy) + i{siny( wysiny + cosOcosy %)} + +cosy (iZ; sinb

— Wy Sind] (3.23)

The solution of ¢, is valid at small values of r (r ~r,) . We take ¢1(l,m) as given by

¢y =272 1Y,, (6, 9) (3.24)

For our case I = 1 we obtain

B a Mz, (2 — sin’0 r? +a®)? — Aya?sin?6 — 2a*(2Mr — Q?
¢, =—=|cosy{—|rsin?6 _ M2~ sin’6) + icose(( ) i ( ¢ ))
2 p2 p? p*
+ siny[(Zy, sinysinfz(acos}p + 2sing 8, )) + iwysinysinfz(acosd
+ 2sing & )]] (3.25)

We have started with the solution given by Bicak and Janis (1985) for the electromagnetic field which
generated when an uncharged Kerr hole is placed in an originally in uniform magnetic field. The direction of
which does not coincide with the hole’s axis of rotation for the Maxwell field strength and the associated
potential. The fields decompose into two components,B, and B; , Bybeing the direction of the z axis and B;
along the x axis.The source free Maxwell equation is a linear differential equation, so that it would admit any
linear combination of particular solutions.

I11. Electromagnetic Field For Skew Symmetric Case
The electromagnetic field components in Boyer —Lindquist coordinate for Kerr black hole given by Bicak and
Dvorak(1976)

F., = _BO;% 2 (1 + cos?0)

r
- B p]A[—AsinecosQ [{r3 — 2Mr? + ra®(1 + sin?6) + 2Jacos*B}cosy
—a{r? — 4Mr + a*(1 + sin?6)}siny], (4.1)

2]r
Fp. = —By #sin@cos@(r2 —a®)

- B # (r?cos26 + a*cos?6) (asimp — rcosy), (4.2)
] . .
Fge = —By ?smecose(rsmt/) + acosy), (4.3)

1
Fy_—B, 3 [A(B; (rsiny + acosy)

+ a{(Mr — a?sin*8)cosyp — a(rsin®0 + Mcos?8)siny}], (4.4)
sinfcosH
F.4 = Byrsin®6 — B, X [(rA — Ja)cosy — a(A + Mr)siny] — asin®0F,, (4.5)
Fgg = ByAsimBcos6 + By [(r*sin*6 + Mrcos20)cosy — a(rsin®6 + Mcos?8)sini]
(r* + a?)
- TFM (4.6)

The electromagnetic field (vector potential) due to charge is describe by the four potential(4, A, Ag, Ay)
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(4.7)

Q [A — a%sin’6

At = A? + m pz

A, = AB (4.8)

Ag = A8 (4.9
(4.10)

_ B Q [asin?6(r?+a?-4)
A¢ —_ A¢ + ﬁ [—pz
The rotation axis of the Kerr Black hole is parallel to the asymptotic magnetic field Wald (1974).

The non zero components of F;; given by Bicak and Janis (1985) are as follows

Ma Q )
Frt = _BO sz (1 —B—0]+COS 9)
— By ——sinfcosO[{r® — 2mr? + ra*(1 + sin*6) + 2jacos*6}cosi

p
—a{r? —4Mr + a®(1 + sin?0)}simp], (4.11)
2]r
Fge = —By %sin@cose (rz —a*(1 - i))
; ByJ
— By — (r*cos26 + a®cos*6) (asinyp — rcosy), (4.12)
(4.13)

—B; p]—zsinecose(rsinlp + acosy),

F¢t =
(4.14)

F.o_—B; " [A(B; (rsiny + acosy) + a{(Mr — a?sin?6)cosy — (arsin?@ + Jcos?0)sin}]

sin*0| Q )
F.y =By o rp +M(1 —§+cos Q)Zk
— By ——sin*0cosO[{r* — 2mr? + ra*(1 + sin*0) + 2Jacos*O}cosy
(4.15)

—a{r? — 4Mr + a*(1 + sin? 9)}51’711/1]]

sinfcosH M
[(r2 +a?) {(r2 —a®)T, + 2a’r(r — M)(1 + cos?6 + Zaer—]} — a?Ap?sin?0
0

Fop = Bo——
+ B;rsin?0[(r — m)cosy — asimp]
sin®0 -, 2.2 2 :
+ B, o [(r* + a*)X,—p-a“cos=0](rcosyp — asiny) (4.16)
Where
=)
7z =
r—1
sl
M
§ =2{yM? - qa?

A= (r? — 2Mr + +a?)
Ay = (r? = 2Mr + Q% + a?)
%, = (r? — a®cos?6)
A = a(2r? = 2Mr + Q?)
S, = 24/ M? —a? — Q2
w;, = 2arcos

Wheny # 0 we have calculated F;; using (4.11) to (4.16) as follows
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1 i
Fy1 = F,.cosy + siny W [—Bcos@ { Agrcosyp — A, siny + a ( Apsinyg + %cosd})}

— ?{cose — r(wysiny — chosecosd))}] {asin® — BcosecO%, sinysinfz(acosep

+ 2sing 6, )} (4.17)

Fy, = Figcosy + siny [—Basin@wksinysin@z(acosqb + 2sing &), )
1 i
+ m{(—B {Akrsim,b + A siny — acos?6 (Ak cosy — siny Si)})
k

BA ) .
— (— p—z{ rsinpXy, + wicosyr + acosl(w; siny — %, cosz/))})}] (4.18)

Fi3 = F.4 cosy + sinysint |[—Ba2k sinysinfz(acos¢p + 2sing 6, )

2 4 .2 .
+ % [(—Bcos@ { Aprecosy — A siny +a < Apsiny + é—{cCOSdJ)})

- (A:—ZB {cosB(aZysiny + wiacosOcosy)

—r(wgsin — X, COSQCOSI[})})”] (4.19)

asinf i

Fy3 = F,4 cosy + sinysing [[m{(—BcosG { Agrcosyp — A, siny + a ( Ay sinyg + %cosd})})
A, B

- (% {cosO(aZ,sinyY + wyacosOcosy) — r( wysingy — I, cosBcosrp)})}

— Bwy sinysinfz(acosg + 2sing 6, )]‘ (4.20

1 .
Fi; = Esiny [[(—B {Akrsim/) + A siny — acos?0 (Ak cosy — sinyp ;—{c)})

BA, .
+ <— p—z{ rsinX;, + rwycosy

+ acosO(wy sinyg — chosd))})ﬂ (4.21)

1 i
Fyz = 2—p25inysin9 [[(—Bcos@ { Aprcosyp — A siny + a ( Apsiny + (Sl cosz/;)})
k
AyB .
+ <p—2 {cosO(aZsiny + wyacosOcosy)

—r( w,siny — chosecosd))})]] (4.22)

The above Kerr Newman electromagnetic F;; are more generalize fields which convert into the electromagnetic

field describing such a field were explicitly in terms of the former solution given by Mishra and Chakraborty
(1999 )forQ =0and a=0.

IV. Results And Discussion

The Kerr- Newman metric is only the gravitational part of solution to The Einstein Maxwell equations
for a full electro vacuum solution. The lines Force of electric and magnetic are measured by, electromagnetic
field solutions of Maxwell equation in curved space time. we usually suppose that astrophysically relevant
Electromagnetic field are weak enough so that their influence upon background geometry may be neglected.
Since the Kerr metric is asymptotically flat, so electromagnetic field reduce to the original homogenous
magnetic field in the asymptotic region. First such a test field was given by Wald (1974) for the special case of a
perfect alignment of the asymptotically uniform magnetic field with symmetry axis.
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The general solution for arbitrary orientation of the asymptotic field was given by Bicak and Janis.
(1985) we use the solution to construct the electromagnetic field around the Kerr Newman black hole in
asymptotically uniform magnetic field. We have presented our investigation for the asymptotically uniform
magnetic field around a Kerr Newman black hole for which rotation axis have an angle y with the asymptotic
uniform magnetic field .The electromagnetic field arises due to Kerr Newman black hole is more generalized .
The obtained electromagnetic field Fj; fields convert into the field components were explicitly in terms of the
former solution given by Mishra and Chakraborty (1999) for Q =0 and a = 0. The components of
electromagnetic field (4.17) to (4.22) will give more detail information for the charged rotating black hole.
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