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l. Introduction and Definitions

In this paper we use the standard definitions and notations of the value distribution theory [2]. Let f
and g be two nonconstant meromorphic functions and a € C U {«}. We say that f and g share the value a CM
(counting multiplicities) if the zeros of f —a and g — a coincide in locations and multiplicities. If we do not
consider the multiplicities, we say that f and g share the value alM(ignoring multiplicities). We say that f and
g share a functionh CM or IM if and only if f — h and g — h share 0 CM or IM. For a € C U {«}, we denote by
N(r, a; f) the counting function of all the a-points of f and by N(r,a; f) the corresponding one for which the
multiplicity is not counted. For a positive integer k, we denote by N, (r,a; f) the counting function of a-points
of f, where an a-point of multiplicity m is counted m times if and only if m < k and k times if and only if
m > k.We denote by S(r, f) any quantity satisfying S(r, f) = o{T(r,f)}as r — o« possibly outside a set of
finite linear measure. If T(r, @) = S(r, ) for a meromorphic functiona = a(z), then «ais called small function
of f.
Definition 1.1. [3]Let k be a nonnegative integer or infinity. For a € C U {«}, we denote by E; (a; f) the set of
all a-points of f where an a-point of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ex(a; f) = Ei(a; g), we say that f and g share the value a with weight k.
The definition implies that iff and g share a value a with weight k then z, is a zero of f — a with multiplicity
m(< k) if and only if it is a zero of g — a with multiplicitym(< k) and z, is a zero of f — a with multiplicity
m(> k) if and only if it is a zero of g — a with multiplicity n(> k), where m is not necessarily equal to n.
We write f and g share (a, k) to mean that f and g share the value a with weight k. Clearly if f and g share
(a, k) then f and g share (a,p) for all integersp,0 < p < k. Also we note that f and g share a value a IM or
CM ifand only if f and g share (a, 0) or (a, ) respectively.
If @ is a small function of f and g, then f and g share @ with weight k means that f — @ and g — « share the
value 0 with weight k.
In 1996 Fang and Hua [4] proved the following theorem:
Theorem A. [4]Let f and g be two nonconstant entire functions. Also let n > 6 be a positive integer. If f*f’
and g™ g’ share the value 1 CM, then one of the following holds
(i) f(2) = cie“; g(z) = c,e*; where c;, ¢, and c are three constants satisfying (c;c,)*™'c? = —1.
(i) f = kgfor a constant k such that k™1 = 1.
In 2001, M. L. Fang and W. Hong [5] obtained the following result.
Theorem B. [5]Let f and g be two transcendental entire functions, n > 11 an integer. If f*(f — 1)f' and
g" (g — 1)g'share the value 1 CM,thenf = g.
In 2013, S. S. Bhoosnurmath and V. L. Pujari [6] obtained the following result.
Theorem C. [6]Letf and g be two nonconstant entire functions, n = 7 an integer. If f*(f — 1)f' and g" (g —
1)g'share z CM, then f = g.
Recently H. P. Waghamore and S. Anand [1] proved the following theorem:
Theorem D. [1]Let f and g be two nonconstant entire functions and n,m be positive integers such that
n=m+ 6.If f*(f —1)"f'and g"(g — 1) g’'share z CM, then f = g.
Since

, 1 ,
1 =D = g (- D

= fn+1 ”Cm fm_hfm—l 4ot nCO (=™ |
n+m+1 n+m n+1 '
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Therefore it is natural to consider the uniqueness of meromorphic functions concerning more general kind
differential polynomial, such as [f™L(f)]*, where
L(Z) = @pz™ + Qpq 2™+t g e, (1.1)

anda,, # 0,1, Az, .., &g # 0 are complex constants.
In this paper we prove the following result
Theorem 1.1.Let f and g be two transcendental entire functions, n > 1, m > 1, k= 0, be three integers such
thatn > 2k + m + 4. If [f"L(f)]® and [g"L(g)]®share (z,2), where L(z) is defined as in (1.1), then one
of the following cases holds:
(i) f = ePrandg = eP2 ; where 8, and S, are nonconstant entire functions.
(i) f = tg for a constant ¢ such that t?» = 1, wherep = n +m—i,a,_; #0 forsomei = 0,1, ...,

m

(iii) f and g satisfy algebraic euationQ (xy,x;) = 0, where
QCr,x3) = i (@nxf" + @y x" ™"+ + @) = xF (@ ¥ + @y X+ o+ )

1. Lemmas
In this section we present some lemmas which are required in the sequel.
Lemma 2.1. [7] Let f be a nonconstant meromorphic function and let a; # 0,a;_1,2;_3,..., @y be small
functions with respect to f. Then
Traft + a f 7+ + ap) = IT(, )+ S&; ).
Lemma 2.2. [3] Let f and g be two nonconstant meromorphic functions sharing (1,2).Then one of the
following cases holds:

i f=g
(i) T(r) < Ny(r,0; f) + Ny(r,0; g) + No(r,0; f) + No(r,; g) + S(r)
(i) fg =1,

whereT (r) = max{T(r,f),T(r,g)} and S(r) = of{T(r)}.
Lemma 2.3. [8] Let f be a nonconstant meromorphic function and k be a positive integer. Also let ¢ be a
nonzero finite complex number. Then
T(r,f) < N1 (r,0; £) + N(r,0; f© —¢) + N(r,00; f) = No(r, 0; f*1) + S(r, ),
whereN, (1, 0; £**1) denotes the counting function of the zeros of £%*+1 which are not zeros of f(f* — ¢).
Lemma 2.4. [9] Let f be a nonconstant meromorphic function and p, k be two positive integers. Then
N, (r,0; f®) < T(r, f®) =T, f) + Ny (r, 0, £) + S(rs ),
and
N, (r,0; ) < N,y (r,0; ) + kN (1,00, f) + S(rs ).
Lemma 2.5. Let f and g be two nonconstant entire functions. Also let F = [f*L(f)]® and ¢ = [g"L(g9)]®,
where L(z) is defined as in (1.1). If there exists three nonzero constants A, 1,, A3, such that 1, F + 1,G = A3
thenn <2k + m + 2.
Proof. Since f and g are entire functions therefore by Lemma 2.1, Lemma 2.3 and Lemma 2.4 we have

(n + m)T(r,f) < Ny (r,0; fL()) + N(r, 0; F—i—j) +50.f)

< N (1,05 f1L(P) + N(r,0,6) + SCr, f) B
< Nyt (1,05 FPL(F)) + Niya (1,05 g"L(g)) + kN(7,0; g"L(g)) + S(r.f) + S(r,9)
< Nyt (1,05 FPL(F)) + Ny (1,05 g"L(9)) + S(r ) + S(r,9)

<k +m+ DT, H+ k +m+ DT, g)+ SO, )+ ST, g) .o . 2.1)
Similarly we have
n+mTr,H<k+m+ DTr,g)+ (k + m+ DT, )+ SO+ S, g) e (2.2)
From (2.1) and (2.2) we have
m=2k=2-m){T(r, )+ T, g}<SE, )+ S@, g) e . (2.3)

From (2.3)wegetn <2k + m + 2.

1. Proof of the Main Result
Proof of Theorem 1.1:

Let F = f"L(f), G = g"L(g), F = [f"L(NI®, G, = [g"L(g)]®, F* = Zand G* = °. Clearly F" and
G share (1,2) and o« IM. Hence by Lemma 2.20ne of the following holds:

(i) F*=G"
(i) T(r) < No(r,0; F*) + Ny(r,0; G*) + Ny(r,00; F*) + Ny(r,o0; G*) + S(r)
(i) F*6* = 1,

whereT (r) = max{T(r,F*),T(r,G*)}and S(r) = of{T(r)}.
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So we have to consider the following cases.
Case I:F* =G".
Integrating we have
[FLOHI* = [g"L@] ™ + ¢y,
wherec,_; is a constant. If ¢,_; # 0, using Lemma 2.5 it follows that n < 2k + m, a contradiction. Hence
cr—1 = 0. Repeating the same process for k — 1 times, we get

frL(f) = g"L(g) .o ven .. (3.1)
From (3.1) we have
@ f™ + Ay f™E 4+ @) = g (@ g™ + A1 g™+t @) . (3.2)
Lett = g.
If t is a constant then substituting f = tg in (3.2) we get
A g™t (T — D) + @y g T - D) e+ apg (T —1) =0, (3.3)

which implies that t? = 1, where p = n+m-i, a,,,_; # 0 forsome i = 0,1,2, ....,m.
Hence f = tg, for a constant t, such that t? = 1, where p = n+m-i, a,,_; # 0 forsome i = 0,1,2, ....,m.
If t is not a constant, then by (3.3) f and g satisfy the algebraic equation Q (x;, x;) = 0, where
Q(x1,x2) = X1 (@ X" + @y X1+ o+ @) = X5 (@ X5 + W x4+ )
Case Il: In this case we have
T() < N,(r,0; F*) + Ny(r,0; G*) + Ny (1,00, F*) + Ny (r,o0; G*) + S(r), ... (3.4)
whereT (r) = maxi{T (r, F*),T(r,G*)} and S(r) = of{T(r)}. Without loss of generality, we suppose that
T(r,f) <T(r,g),r €1, where I is a set of finite measure. By Lemma 2.1 and Lemma 2.4 we get
Ny(r,0; F)) <T(r,F) —(m+m)T(r,f) + Ny (r, 0; F) + S(r, F)
That is
No(r,0;F)) S T(r,Fy) = T(r, F) + Noyi (7, 0; FPL(F)) + SO f) woe e e (3.5)
Since f and g are transcendental using Lemma 2.1 we have from (3.4)
T(r,F;) < N,y(r,0; F{) + N,(r,0; G;) + Ny(r,0; F;) + N,(r,0; G;) + S(r, F;) + S(r, G;)
< Ny (1,0; F) + Ny(r,0; Gy) + ST, f) vov e e (3.6)
Using Lemma 2.4 from (3.5) and (3.6) we have
(n+m)T(, ) < Ny(r,0;Gy) + Noy i (7, 0; FRL(F)) + S(r, f)
< Noyie(r,0; 9" L(9)) + Naic (1, 0 fL(F)) + S(r, f)
SC@Cm+2k+4)T(, ) +S, ),
which contradicts with n > m + 2k + 4.
Case I1l: F*G* = 1. Thatis [f"L(f)]®[g"L(g)]% = z2. Suppose, if possible, that z, is a zero of f of order p,
then z, must be a zero of [f"L(f)]% of order np — k. Since n > k + 2 therefore z, must be a zero of z? with
the order at least 3. This is impossible. Therefore f has no zero. Hence f = eP1, where B, is a nonconstant
entire function. Similarly we can prove that g = ef2,where g, is a nonconstant entire function.
This proves the theorem.
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