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Abstract: In this paper, we give an explicit formula of the S-curvature of homogeneous Finsler space with
special (a, B)-metric and proved that a homogeneous Finsler space with almost isotropic S-curvature must have
vanishing S-curvature. We also derived an explicit formula of the mean-Berwald curvature E;; of homogeneous
Finsler space.
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I.  Introduction
Let (M, F) be a Finsler space, where M be the connected smooth manifold and F be the Finsler metric.

(a, B)-metrics are the class of Finsler metrics, for example Randers metric, Kropina metric, Matsumoto metric,

etc. (a, 8)-metrics are of the form F = ¢(s), where s = g, here a is Riemannian metric and g is the one form.
One of the central problems in Finsler geometry is to study curvature properties of special class of Finsler
spaces such as homogeneous-Finsler spaces with (a, 8)-metrics.

A Finsler space (M, F) becomes homogeneous if the group of isometries I(M, F) of (M, F) acts transitively on

M. As described in [7], for homogeneous Finsler space, M can be written as a coset space G/H with (a, f5)-
metric of the form F = ¢(s), where s = g, with a a G invariant Riemannian metric on G/H and § a G-invariant

vector field on G/H. Therefore the Lie algebra g of G expressed as composition of h and m.

g = h+m (direct sum of subspaces) (1.1)
such that Ad(h)(m) € m, h € H, and we can identify M with the tangent space of (G/H) at the origin o = H.
Further, the one form S corresponds to a vector field X on G/H which is generated by Ad(H) —invariant vector
in m with length < 1.
The goal of this paper is to derive an explicit formula for the S-curvature of homogeneous Finsler space with

2
special (a, B)-metric F = % + B.The notion of S-curvature for a Finsler space introduced by Z. Shen in [14]. It

is a quantity to measure the rate of change of the volume form of a Finsler space along the geodesics. Recently
many geometers studied curvature properties of homogeneous Finsler space [7, 8]. In 2007, S. Deng and Z. Hou
studied that a homogeneous Finsler spaces with non-positive flag curvature [8]. In 2010, S. Deng obtained the
explicit formula of S-curvature of homogeneous Randers space with almost isotropic S-curvature must have
vanishing S-curvature [7]. As for reference, there is an explicit formula for S-curvature in a local standard
coordinate system by Z. Shen [14]. However, for a homogeneous spaces there should have a formula which
does not use local coordinates. In this article we are studied curvature properties of homogeneous Finsler space

2
with special (a, §)-metric F = % + £ and find the formula for S-curvature and mean-Berwald curvature.
In the following, we shall use Einstein summation convention unless otherwise stated.

Il.  Preliminaries

Finsler space is a smooth manifold possessing a Finsler metric. A standard definition of a Finsler space is
defined by:
Definition 2.1. A Finsler space is a triple F* = (M, D, F), where M is an n-dimensional manifold, D is an open
subset of a tangent bundle TM and F is a Finsler metric defined as a function F: TM — [0,1), with the
following properties:

1. Regular: F is C! on the entire tangent bundle TM\{0}.

2. Positive homogeneous: F(x,Ay) = AF(x,y).

3. Strong convexity: The n X n Hessian matrix

gij = [Fz]yiyj

is positive definite at every point on TM\{0}, where TM\{0} denotes the tangent vector y is non zero in the
tangent bundle TM.
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In Finsler geometry, important class of Finsler metrics is (a, 8)-metrics [9]. A Finsler metric F = F(x,y) is
said to be (a, B)--metric if it can be expressed in the form,

F=¢(s), s==% (2.1)

(Z,
where a = ’aij (x)yiyJ is a Riemannian metric and 8 = b;(x)y' is a 1-form. Here ¢ = ¢(s) is a C* positive
function on an open interval (—by, by) satisfying,

P($)- s¢'(s) + (b*-5%)p"(s) > 0, |s|< 0 < b0, b =|BWI|
(2.2)

2
In this article we considered an important example of such (a, 8)-metrics is F = %+ﬁ , expressed in the
following form,

F = aCx,y) (502 + 2221 2.3)
= ad(s); ¢(s) =<+s, (24)

where s = g, a= /aij (x)yiy/ is the (2.3) and (2.4) Riemannian metric and 8 = b;(x)y' is the 1-form.
Let

ii 1 1
ri =2 (b + by sy =5 iy = By (25)
Clearly, g is closed if and only if s;; = 0. We put
Tio = rijy_} » Too = fijyly] ) = blrij _ (2.6)
sio =Sy, s =Db'sy, ro=ny, sp=s5¥ 2.7)

For a Finsler metric F = F(x,y), the geodesics are characterized by system of second order ordinary
differential equations,

i+ 2G'(x, X) = 0, (2.8)
where G' = G'(x, y) are called spray coefficients and are given by,
Gl =y = 26Gi(x, y) 29)

in standard local coordinates (x!, y') in TM, then the spray of F is the vector field G =yi%—

. a
26i(x, )57 [9].
The S-curvature is an important non-Riemannian quantity introduced by Z. Shen [14], defined with respect to a

volume form dV = _(x)dx by,
_aa"m om0

= o ~ V" g (I 0p (). (210)
Here the volume form can be the Busemann-Housdorff volume form dVyy, = oy (x)dx, where
Vol (B™)
opy(x) = (2.11)

Vol{(y!)eR™|F (x,y)<1}
or the Holmes-Thompson volume form dVy; = oy (x)dx, where
0r (¥) = iz fo e yyer 466093 (6 3)dY). (2.12)

Unless specified, the S-curvature usually defined with respect to the Busemann-Housdorff volume form.
Definition 2.2. A Finsler space (M, F) is said to have almost isotropic S-curvature if there exists a smooth
function c(x) on M and a closed 1-form 5 such that:

Sk, y )=+ Dc)Fy)+nly), xeM, yeTM. (2.13)
Note: (1). F is of isotropic S-curvature if ¢ = c¢(x) is a scalar forand n = 0.

(2). F is of constant S-curvature if c is a constant and n = 0.

In [12], authors defined the S-curvature of the (a, 8)--metric F = ¢ (s), in local coordinate system by,

S = {21/) - z/:f—((l;))} (ro +s¢) —at 2% (100 - 2aQsy, (2.14)
where
Q=T2, A=1+sQ+ B> —sH)Q, ¥=0Q'/2a (2.15)
®=—-(Q-sQ){nA+ 1+5sQ}— (b?>-5%)(1+s5Q)Q"
(2.16)

and the function f(b) in the formula is defined as follows,
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( Jy sin"~2 tdt

m  sin" 72t if AV = dVgy
Foy = { I Blbeosr @
T einn—2
sin"7“t) T (bcos t)dt
Ut )T ) if dV = dV_HT
Jy sin"~2 tdt

where T(s) = ¢p(¢p —sp )" 2 {(¢p — s¢') + (b> —s2)¢"} . Then the volume form dV is given by dV =

f(b)dvV,, where dV = /det(al-j)dx, denote the Riemannian volume form of a.

I11.  S-Curvature Of Homogeneous Finsler Space
Two Finsler spaces (M;, F;) and (M,, F,) are said to be isometric if there exists a diffeomorphism ¢ from M;
onto M,, such that F;(x,y) = F,(¢(x),¢(y)) for any x € M; and y € T,M;. In 2006 [6], S. Deng and Z.
Hou proved that the group of isometrics of Finsler space is a Lie transformation group on the original manifold
which can be used to study homogeneous Finsler spaces.

2
A homogeneous Finsler space M can be written as a coset space G /H with a G-invariant (a, 8)-metric F = % +

B, where both Riemannian metric a and the 1-form g are invariant under the action of G. In [8], S. Deng and Z.
Hou, specified that, § corresponding to a unique vector u in T,(G/H) which is fixed under linear isotropy
representation of H on T, (G/H) and o = H is the origin of G/H. And in [7], S. Deng and X. Wang gives the
following result,
Theorem 3.1.[7] Consider an G-invariant (a, 8)-metric F = ¢(s) on the reduction homogeneous manifold
G /H with a decomposition of the Lie algebra

g=h+m (3.1)

Then the S-curvature of F has the form

50,9) = =755,z ellwylm, y) —a@)Q(wylmu)}, y € m, (3.2)
where u is the vector in m corresponding to the 1-form 8, and we have identified m with the tangent space of
G/H atorigino = H.

According to the above theorem (3.1), in this section we find the formula of S-curvature for homogeneous

2
Finsler space with special (a, 8)-metric. By definition (2.1), we can write (a, §)-metric F = %+ B asF =

¢(s), where ¢(s) = %4— s. Now, by the equations (2.15) and (2.16) we obtained,

s2-1 ' s2+1
Q=7 Q=737 (3.3)
b%(s%+1) _ (n+1Db?(14s2)

A= 252’ ® 2s3 (3.4)
Since (G/H, F) is homogeneous, now we have to compute the S-curvature at the origin o = H. Let
(U, (x,x2,...,x™)) be the local coordinate system. With reference to [5], to find the S-curvature in local
coordinate system, we need to evaluate the following quantities at the origin:

L Tij =% (bi:j + bj;i) and bi’S are defined by '8 = bi(x)dxi,
=bs i ; i, _1(db; db;

2. s = bjsil and s/ are defined by s = E(W - 6_9(]‘)

3. so =Sy,

4. py=p,y', wherep = /1 —|IB1| and [IB]] is the length of the 1-form £ with respect to a.

Let <, > be the inner product on m and consider the Levi-Civita connection of (G/H, a) which will be useful
to calculate the S-curvature of homogeneous Finsler spaces. Then for v € g, define a one parameter
transformation group ¢,, t € R of G/H by

¢ (gH) = (exp(tv)g)H, g €G. (3:5)
Now ¢, generates a vector field on G/H which is a Killing vector field (this is called the fundamental vector
field generated by v in [8]) and we denote this vector field by ©. In [12] authors defined the following formula,

<V171v2 |Dl W) = % (_ <[U1, UZ]ml W) + ([W, Uz]m, Ul) + <[W! 171]?7“ 172)): (36)
where v;,v,,w € m, 0 = H is the origin of the coset space and [v;, v,],, denote the projection of [v;,v,] tom

corresponding to the decomposition (3.1).

Now by using the formula (2.5), we have to compute 1, and s,. First consider,
? _ 9 2 9
b= p(50) = @D = el (37)

and by differentiating b; we get,
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b 9 0 0
a0 = “on o o
a
- c(<va e o+ o Vo —>) (38)
Hence at the origin we have (here we use the symmetry of the connection V 2 %— V_a%— % , % =
0),
1 a a a
s (0) =5CC((V%E,$) +Gm Vo J))
(3.9
Then by equation (3.6) we have,
55 (0) = 3([up ] u) . (3.10)
Since at the origin we have (a;;) = I, we get
Sjl (o) = aik(o)skj (0) =Xk~ 5L'k Skj (o) = s (0). (3.11)
Hence
_ 5:(0) = b(0)s{(0) = cs]'(0) = sn:(0). (3.12)
Now for y = y‘u; € m, we have
1
50 = ¥'s51(0) = ey'su(0) = 5y [, il )
= z([cun'ylul]m' Cun)
= ([ Yl ) (313)
Next we compute 7;;. Suppose i > j. Then we have
7, (0) =_(bij bj;i)lo
1 db; . ab; .
= ax/ b, ji +W‘ blr}'ilo
ab dab;
2L+ 201, — o). (3.14)
By (3.8) we have
ab; , db; 1 L
(ax/ a_x]i)l" = —5([ui,u}-]m,un) = (3.15)
Combining the above equation (3.15) with the connection coefficients I‘iﬁ- defined in [9], we get
ry(0) = =3¢ ((wny] w) + (e wln ), i= . (3.6)
Further
Toolo = 1 (Y'Y = —c{[up, ylm, ¥) - 3.17)

Now by substituting the above quantities and the values of (3.3) and (3.4) into the equation (3.2) we get the
2

formula for S-curvature of homogeneous Finsler space with the special (a, §)-metric F = % + (8 at the origin

as follows,

(n+1) O)(s2-1
S0, 9) = proes D fe(fity, Yoy + 2, 1,0, ), (3.18)
Summarizing above statements we get,

Theorem 3.2. Let F = ¢(s) be a G-invariant (a, 8)-metric on the reductive homogeneous manifold G/H, with a

decomposition of the Lie algebra

g=h+m. (3.19)
2
Then the S-curvature of F = % + B has the form
_ c(n+1)s a(y)(sz_l)
S(O: )’) - bza(_’y)(1+sz) {C<[un'y]mry> + 2s ([U,}’]m,u) (320)

where u is the vector in m corresponding to the 1-form B, and we have identified m with the tangent space of
G/H atthe origino = H.

As a direct application of the above formula we get,

Theorem 3.3. Let (G/H, F) be as in the above theorem (3.2). Then homogeneous Finsler space with special
(a, B)-metric F has isotropic S-curvature if and only if F has vanishing S-curvature.
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Proof: By using the formula derived in the previous theorem (3.2), it is enough to show the direct part. So,
suppose F has isotropic S-curvature;

S@,y) = (n+Dc(IF(y), x €%, y€ T(G/H). (3.21)
Letting x = 0 and y = u then by (3.20) we get ¢(0) = 0. Hence S(o,y) = 0, Vy € To(G/H).
Since F is a homogeneous metric, we must have S = 0 everywhere.

IV.  Mean Berwald Curvature Of Homogeneous Finsler Space

In Finsler geometry, similar to the S-curvature, one more important non-Riemannian quantity is mean-
Berwald curvature. In this section by using the results of Section 3, we give a formula of mean Berwald

2
curvature of homogeneous Finsler space with special (a, 8)-metric F = % + . In [5], X. Cheng and Z. Shen,
give the mean Berwald curvature for Finsler metrics as follows,

1 92 [faG™
Eij - aniayf (ay—m)’ (41)
where G™ = G™(x,y) are the spray coefficients. By (2.10), S-curvature can be defined as
S = Zi—m — (Ina(x)),xy* . 4.2)

Here, since o(x) is the function of x, the second term in the above equation (In a(x)) is also function of x only.
Therefore,

62
W[(ln O'(X))xkyk] = 0.
Hence, the formula for mean Berwald curvature obtained by direct computation,
a’s  9? [66”‘ (no(e) k]
dyidyl  dyiays laym MOy
% [aG™
= 507 G = 28y (4.3)

So that, clearly by partially differentiating the expression of S-curvature derived in section 3, we can determine
the formula for mean Berwald curvature of the homogeneous Finsler space. i.e.,

a%s
ZEi]- = W (44)
Before the computation, we consider the identities,
0%s _1(p _ ym) 9« _y™
aym a(bm ST )' aym o« (4.5)

2
Theorem 4.4. Let (% F) be a homogeneous Finsler space with the special (a, 8)-metric of the form F = % +

B, where a be a G-invariant Riemannian metric on % and 8 be a G-invariant vector field on G/H. Then the
mean Berwald curvature of homogeneous Finsler space is of the form

n+1 S
Ey; = b2 {a(y)(1+sz) ([w,wilm,w) + ([u:uj]m'ui) + ([u;Y]m')’)m

1 B
+ ([u,J’]m,u)E m} (4.6)
where A and B are defined in equations (4.17) and (4.18) respectively.

Proof: Let us consider Finsler (a, 8)-metric F = ¢(s), where ¢(s) = % + s.Put ¢ = ¢ - s¢, then we have,

Q=L = -2 ¢ =2t A= 1450 + (07 -s5H)Q =2 ,
4.7
®=—(Q—-sQMA+ 1+ sQ — (b?- s2)(1 + sQ)Q" =%
(4.8)
Letting ¢ = 1 in the formula of S-curvature defined in equation (3.20), we get
_ (n+1Ds a(y)(s> — 1)
S(o,y) = W{([u' VIn, ¥) + 27([% )/]m‘u)}
_(n+1) s (s2-1
- b2 {a(y)(l +sz)<[u:)’]m:)’) +m([u‘3/]m'u)} (49)

Now by using (4.4) we obtain,
_9°5(0,y)

250 = yiay
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_(n+1) 92 s (s? -1
- bza(y) aylayf {(1 + SZ) ([u’ }’]m;ﬂ + m([u;ﬂm,u)}
_(n+1) 07 s (s?-1)
- b2 aylayl {a(y)(l +SZ)<[H,}’]W}’) +m([u‘ﬂm;u)}
_ (Tl+1) aZ S([u,}’]mJ’) 62 (52—1)<[u;}’]m‘u) 410
b2 |ayiay \a(y)(1 +s2))  dyidy 2(1 +s2) (4.10)
Now consider the first term,
0 (swylwy)\_ s 02
5yay) (a(y)(l ¥ sZ)) = 2+ 5D ayiays (Y y)
2 s
w3 57307 (e 55) (4.11)
but we get,
0* ([, ylm,y) _
a—yi - ([u' ui]mﬂ}’) + <[u'y]mlui),
0% ([, yln, y)
W = ([wwlm ) + ([u'uj]m'ui) (4.12)
where,

SYiN
A=[852(1+s)a® — a1 + s)?-a?(1 + s?)? +25%a?(1 + s?) — 8s*a?] (bl— - %) y/

SYi ; :
—10ba*s(1 + s%) (bi —l) -1+ a)a*s(1+ 526 -ba’y' (1 +s%)?

a
+[2sa(1 + s*) +3(1 + s?) = 4sPa](1 + sP)y'y) + 2bs*a’(1 + s?)y!
+8bs3a* (bi—%) + 2a3s3(1 + 528 . (4.14)

Therefore we have,

0% ([ s{lwylmy)\ _ s
dy' oy \a (1 +s2))  a()(A +s

H[w, ylm, ¥) m

where A is defined in the above equation (4.14). Similarly, by direct computation the value of second term of the
equation (4.10) becomes,

62 (52 - 1)([u,J’]m»u>
dytoy/ ( 2(1 + s2)

2) [([u, ui]m:”j) + ([ufuj]m:ui)]

(4.15)

B
a3(1 + s2)3

) = ([u, ylm,u) (4.16)

where
syt sy;
B = 4[(1 + s*) — 4s*]b;a? <bi —l> + 8s(s? — 1)a? (bi —l)yj
a a
—4a?s2(1 + s2)8) + 4s2(1 + sPy'y/ . (4.17)
Hence by substituting equations (4.15), (4.16) into (4.10) we get,

n+1 N 4
By =5 gy 5 ) + (], ) + (w3 o sy

1 B
+ ([u;)’]m;u)E m} (4.18)

where,
SYiN
A=[852(1+sDa® —a3(1 + s¥)?-a?(1 + s?)? +25%a?(1 + s%) — 85*a?] (bi - %) y!
sY; , ‘
—10ha*s(1 + s?) (bi —%) — (1 + )a?s(1 +s2)26] -ba’y' (1 +s%)?
+[2sa(l + ) +3(1 + s?) — 4s2a](1 + sD)y'y/ + 2bs*a’(1 + s?)y!
+ 853t (b -L) + 203531 + s7)6] . (4.19)
B =4[(1+s?% - 4sz]bj'-a3 (bi —%) + 8s(s? — 1a? ( : —%))/j
—4a’s?(1 + s%)6) + 4s*(1 + sP)y'yl . (4.20)
This is the required formula of mean Berwald curvature of homogeneous Finsler space. This completes the
proof.
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V.  Conclusion
S-curvature is an important geometric quantity in Finsler geometry in that it has some mysterious

interrelations with other quantities such as flag curvature, Ricci scalar, etc. Shen showed that the Bishop-
Gromov volume comparison theorem holds for Finsler spaces with vanishing S-curvature. Therefore, it is also
significant to characterize homogeneous Finsler spaces with vanishing S-curvature. In this paper, we derived an
explicit formula of the S-curvature of homogeneous Finsler space with special («, 8)-metric and proved that a
homogeneous Finsler space with almost isotropic S-curvature must have vanishing S-curvature.

We also derived an explicit formula of the mean Berwald curvature E;; of homogeneous Finsler space.
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