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I.  Introduction.

Fixed point theorem general known as the Banach contraction mapping theorem. Banach Contraction
principle [4] is a basic result in fixed point theory. Later, a larger number of articles have been devoted to the
improvement and generalization of the Banach Contraction Principle by using different form of contraction
condition in various spacesin this theory contraction is one of main tools to prove the existence and uniqueness
of a fixed point. Banach Contraction Principle which give an answer on existence and unigqueness of a solution
of an operator equation

Tx = x.
This equation is the most widely used for fixed point theorem in all analysis. This principle is contractive in
nature and is one of the most useful tools in the study a non-linear equation. There are a lot of generalizations of
the Banach Contraction Mapping Principle in the iterative.
The Banach Contractive Principle was used to establish the existence of a unique solution for a nonlinear
integral equation [4]. There are many generalizations of the Banach Contraction Principle particularly in the
metric space see for instance([ 1][2][3],[71[12][16],[19][20][21],[22][23][24]). There are a lot of generalization
of this principle has been obtained in several directions.
In 1989, Bakhtin [25] introduce the concept of b-metric space. In 1993, Czerwik [26] online the results of b-
metric space which is a generalized the famous Banach contractive Principle in metric space. Using this idea
researcher presented generalization of the renowned Banach Fixed Point Theorem in the b-metric space for
([271,[28][29]). Many authers have studied the extension of Fixed Point Theorem in b-metric space, see for
instance ([30],[31,32,33],[34],[35],[36],[37][38].[39].[40,41][42][43],[44],[45] &[46] &[47]).
In 1978, Feisher and khan [9] generalized the Banach Contraction Principle with rational expression and proved
some fixed and common fixed point theorems.

Recently Azam et al. [2] introduced the notation of complex valued metric space and proved some
common fixed point theorems for mapping satisfying rational inequality which are not meaningful in cone
metric space.

In the same way, various authers have studied and prove the fixed point result for mapping satisfying
different type contractive conditions in the framework of complex valued metric space (see [15] ,[8] , [5]
,[18],[17] ). In 2013 Rao et al [13] introduce the concept of complex valued b- metric space which was more
general then the well known complex valued metric space. In sequal A.A. Mukheimer [11] obtained common
fixed point result satisfying certain rational expression in complex valued b-metric space. In sequel A.K. Dubey,
etal. (2015) obtain fixed point results for the mapping satisfied rational expression in complex valued b-metric
space. The main purpose of this paper is the present common fixed point results of two self mapping satisfying
rational expression in complex valued b-metric spaces our results in this paper are generalization of work done.
A.K. Dubey, et al in [48].

Il.  Preliminaries
Definition2.1 (see [30]) Let X be a non empty set and let s > 1 be a given real number .A function d: X x X -
[0, o0) is called b-metric if for all x,y,z € X .The following condition are satisfied.
Dd(x,y) =0iffx =y
(id(x,y) = d(y,x)
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(ii))d(x,y) < S[d(x,z) + d(z,y)].
The pair (x, d) is called a b-metric space. The numbers >1 is called the coefficient of (X, d).
Example 2.1.1(see [10]) Let X = {—1,0,1}.Define mapping d: X x X - R* by
d(x,y) =d(y,x) Vx,y € X.

\ d(x,x) =0, d(-1,00=4, d(-1,1) =1, d(0,1) =2
Then d:X x X - Ror (X,d) is b-metric space, but not metric space, since the triangle inequality is not
satisfied indeed.

d(-1,00+d01) =4+2=6>1=d(-1,1)
and d(-1,1)4+d(-1,00=1+4=5>2=4d(0,1)
are both true but
d(-1,1)+d(01) =1+2=3<4=d(-1,1)
is not true. So (X, d) is b-metric space with S=4/3.
Example 2.1.2 (see [10]) Let X = [0,1] and d: X X X — [0, ] be defined by
d(x,y) = (x —y)? Vx,y € X .Clearly (X,d) isb-metric space.

Example2.1.3 (see [11]) Let (X,d) be a metric space and d*(x,y) = (d(x,y))P with p = 1is a real number.
Then (X, d*) is a b-metric space with § = 2P~1,

An ordinary metric d is a real valued function from a set X X X into R where X is non empty set that is
d:X XX — R. A complex number z € C is an ordered pair of real numbers where first co-ordinate is called
Re(z) and second co-ordinate is called Im(z). Thus a complex valued metric space d is a function from a set
X X X into C, where X is the non-empty set and C is the set of complex number .
Thatisd: X X X — C .Let z,, z, € C difine a partial order < on C as follows
z; <z, iff Re(z;) < Re(z;),Im(zyy < Im(z,) .
It follow that z; <z, ifone of the following condition are satisfied:
()Re(z,) = Re(z,) and Im(z,) < Im(z,)
(ii)Re(z,) < Re(z,) and Im(zy) = Im(z,)
(iii)Re(z,) < Re(z,) and Im(z,) < Im(z,)
(iv)Re(z,) = Re(z,) and Im(zy) = Im(z,)
In (i),(ii),(iii) we have |z, | < | z,|. In (iv), we have |z, | = | z,|. SO |z, | < | z,| In particular |z, | £ | z,]| if
z; # zpand one of (i), (ii), (iii) is satisfy. In this case |z, | < |z,|. We will write z; < z, iff (iii) satisfy.
Further
0<z352 =|z|<|zl
zZy Szyand z, <z3 = 77 < z3.
Definition 2.2 (see [2]) Let x be a nonempty set. Suppose that the mapping d: X x X — C satisfies the following
conditions:
(Dd(x,y)=0and d(x,y) =0 = x = y.
(iD)d(x,y) =d(y,x) (symmetic)
(li)d(x,y) <d(x,z) +d(z,y) (the trinagle inequalities).
Then d is called a complex valued metric on X and (X, d) is called a complex valued metric space.
Example 2.2.1(see [8]) Let X = C Define the mapping d: X X X - C by
d(x,y) =ilx—y| ,vx,y € X . Then (X,d) is complex valued metric space.
Example 2.2.2 (see [19]) Let X = C Define the mapping d: X X X — C by
d(x,y) = e*|x — y| where k € R and,Vx,y € X,

Where k € [Og] ,Vx,y € X.Then (X, d) is called a complex valued metric space.

Definition 2.3 (see [4]) Let X be a nonempty set and mapping d: X x X — C satisfy the following conditions:

(0 <d(x,y)and d(x,y)=0iffx=y Vx,y€EX.

(i) d(x,y) = d(y,x)

(ii))d(x,y) < S[d((x,z) + d(z,y)].

Where s > 1 is a real number. Then d is called complex valued metric space and (X,d) is called complex

valued b-metric space.

Example2.3.1 (see [13]) Let X =[0,1].Define a complex valued metric d:XxX —->C by
d(x,y) =|x—y|*+ilx —y|?,Vx,y € X

Then (X, d) is a complex valued b-metric space with S=2.

Remark 2.4: If S=1, then the complex valued b-metric space always reduces to a complex valued metric space.

Thus every complex valued metric space is a complex valued b-metric space, but not conversely. This

generalizes the notation of a complex valued b-metric space over complex valued metric space.

Definition 2.5 (see [13]) Let (X, d) be a complex valued b-metric space consider the following:
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(i) A point x € X is called interior point of a set A < X whenever point. There exists 0 < r € C such that

B(x,r) ={y e X:d(x,y) <r} C A
(ii) A point x € X is called a limit point of a set A whenever there exists for every 0 < r € C,
B(,r)n(4A—-X) = 0.
(iii) A subset A < X is called open whenever each element of A is an interior point of A.
(iv) Asubset A < X is called closed whenever each element of a A belong to A.
(v) A subbasis for a Housdroff topology t on X is a family
F={B(x,r):x €Xand 0 <r}.
Definition 2.6 (see [13]) Let (X, d) be a complex valued b-metric space and {x,} a sequence in X and x € X
consider the following:
(i) If for every c € C ,with 0 <r ,there is n € N such that for all d(x,,x) < c. Then {x,,} is said to be
convergent , {x,} coverges to x and x is the limit point of {x,,} .We donote this by lim,,_,,, x, = x or {x,} -
xasn — o
(i) If for every ¢ € C with 0 < r, there is n > N d(x,, X4m) < 1. Where m € N. Then {x,} is said to be
Cauchy sequence.
(iii)If every Cuachy sequence in X is convergent, then (X, d) is said to be a complete complex valued b-metric
space.
Lemma 2.7(see [13]): let (X,d) be a complex valued b-metric space and Let {x,} be a sequence in X. Then
{x,} converges to x if and if only |d (x, x| = 0 asn - oo.
Lemma 2.8 (see [13]): let (X, d) be a complex valued b-metric space and Let {x,} be a sequence in X. Then
{x,,} is a Cauchy sequence if and if only |d (x, Xp1m)| = 0 a5 — co,where m € N.

I11.  Main Results
The following results are generalizations of theorem 7 and 9 of A. K. Dubey [48].
Theorem 3.1 Let (X,d) be a complete complex valued b-metric space with the coefficient s > 1 and
T, T,: X — X be a mapping satisfying the condition:
Ad*(xy)

d(T,x, T, y) < Trdey THAOTY) 1)
for all Vx,y € X,where 1, u are nonnegative reals with sA + u < 1.Then T; and T,have a unique common
fixed pointin X.
Proof. For any arbitrary point, x,, € X. Define sequence {x,,} in Xsuch that

Xone1 = T1xy forn = {0,1,2,3,...3 2)

Xonaz = ToXoneq forn = {0,1,2,3,...} 3)

Now, we show that the sequence {x, } is Cauchy : Let x = x,,, & ¥ = x5,44 in (1) we have

d(xan+1, X2n42) = A(T1X2n, ToXon41)

Ad%(xenX2n+1)
< ——"="= 4+ ud(x T,x
T+d(oamXanss) # d(Xons1s T2Xone1)

_ Ad*(onXans1)

= T dGonomes) + u d(Xon41, X2n42) (4)
. . . |d(x2n.%2n+1)|
Which implies that|d (X241, X2n42)| < AW |d (X2, Xon+ )| + 1ld(Xons1, Xon42)| )
Since |1 + d(xzn, X2n41)| > [d(X2p, Xan41) |, We get
|d(Xzn4+1, X2n+2)| < AdOap, Xone )| + ild (Xon g1, X2n42) | (6)
and hence
A
|d(X2n+1) X242 < - |d (x2n, Xom41)] )
Similarly, we obtain
A
ld (X242 Xon+3)| < P |d(X2n+1, X2n+2)|- 8

Sincesi+u<land s>1,weget 1+pu<1.
Therefore, with § = ﬁ < 1 and for all n = 0. and consequently, we have
|d (X2n41, X2n42)| < 81d(Xan, Xons1)| < 6%1d (Kpn—1, Xop)| < -+ < 52 d (x0, %)

|d(X2n41, X2n+2)| < 8ld(Xon, Xons )| < 621d (Kppn—1, Xop)| < - < 82 d (x0, X)) ©)
Thus for any m > n,m,n € N and since s§ = % < 1, we get
|d (x2n, Xom)| < s|d(Xon, Xon+1)| + S|1d(2ns1, X2m) |

< s|d (g Xone )| + 52 |d (a1, Xona2) | + 52|d (Kanaz, Xom)|

< s|d (g Xone )| + 52|d (g1, Xona2) | + 53 1d (Kanaz, Xanas)l

+53|d(x2n+3'x2m)|
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|d (Xzn, Xom)| < sld(X2p, Xon41)| + Szld(x2n+1vx2n+2)| + SSld(x2n+2!x2n+3)| + o
T +52m_2n_1|d(x2m—2'x2m—1)| + 52m_2n|d(x2m—1, Xom)| (10)
By using (9), we get
|d (Xzn, Xom)| < 552"|d(x0,x1)| + 5252n+1|d(x0:x1)| + 5352n+2|d(x0,x1)| + e
e+ §EMTILEIM2 1 (0, 0 )|+ S2TEEEMd (x, )|

= YT SIS d (xg, x4 ). (11)
Therefore,
|d(x2n'x2m)| — le;nl—ZnsHZn—lé'HZn—l |d(x0, xl)l
= Z?Lnn_lst@t |d(xg, x1)| (12)
< Z?:m(sa‘)t |d (xg, x1)|
= S|4, 2,))
T 1-(s8) 0,71
and hence
2n
1d (g Xom)| <22 1d(xg, %) = 0 as nm = oo (13)

— 1-(s8)
Thus, {x,,} is a Cauchy sequence in X. Since X is complete, there exists some u € X such that x, » u asn — .
Suppose that is not possible; then there exists z € X such that

ld(u, Tyw)| =1z| >0 (14)
Now,
z=dW,Tu) < sd(U, Xop42) + 5d(Xop40, T1W)
= sd (U, Xzn42) + 5A(ToXzn42, T1U) (15)

sAd?(x u
< AW, Xpnss) + (X2n+1.U)

which implies that
|z| = ld(u, Tiw)| < sld(w, x2n42)| +

1+d(x2n+1.U) +sud(w, Tiw)
sA|d? (xzns1 )|
ERTP TN} + sul|d(u, Tyw)l. (16)
Taking the limit of (16) as n — o, we obtain that |z| = |d(u, T;u)| < 0, a contradiction with (14).

So |z| = 0. Hence Tyu = u.

Similarly, we can show that T, u = u.

Now show that T; and T, have unique common fixed point of T; and T,. To show this, assume that u* is another
fixed point of T, and T, .Then,

dlu,u”) =d(T u, T, u*) < W%+ud(u ,Tou™) 17
So
* dz( 4 *) * * *
jdCu,u)] < AL g, ) 4+ pld @, o) (18)
Since
11+ d(u,u”)| > |dw,u)| (19)
Therefore
l[d(u, u)| < Ald(u,u”)| + pld @, u)| (20)

= Ald(u,u*)|, acontradiction.
So, u = u*, which proves the uniqueness of fixed point in X. This completes the proof.
Theorem 3.2 Let (X,d) be a complete complex valued b-metric space with the coefficient s > 1 and
T,,T,: X — X be a mapping satisfying

ud(x,T1x)d(y,T2y)
d(T1x; Tz)’) < Ad(x, y) + d(x,Ty)+d (¥, Ty x)+d (x,y)’ 1)

for all x,y € X such that x # y , d(x, T,y) + d(y, T, x) + d(x,y) # 0, where A, u are nonnegative reals with
sA+u<tlord(Tix,T,y) =0ifd(x,T,y) + d(y,Tyx) + d(x,y) = 0. Then T;& T, have a unique common
fixed point in X.
Proof. For any arbitrary point, x, € X.Define sequence {x,} in X such that
Xons1 = T1Xon  for n=(0,1,2,3....) (22)
Xonsz = ToXoney  fOr n=(0,1,2,3....) (23)
Now, we show that the sequence {x,,} is Cauchy: Let x = x,, & y = x,,,41 in (21) we have
d(Xan+1,Xan+2) = A(T1X2n ToXon41)
< Alxan, Xone1) +

ud(x2n, T1X2n)d (X2n+1.T2X2n+1)
d(xX2n T2X2n+1)+d(X2n+1,T1X2n) +d (X2n X2n+1)
ud(xXanx2n+1)d(X2n+1.X2n+2) (24)
d(x2n X2n+2)+d(X2n+1.X2n+1)+d(X2n X2n+1)

= A(X2n, Xon+1) +
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which implies that

uld(xz2n+1.X2n+2)|
<
|d(Xan+1, Xon42)| < Ald Xy, Xon41)|l + 12Cean Xame2) |12 Coam ama )] ld (X2, X2ne)l, (25)

since
|[d(Xzn+15 Xan+2) | < [d(Xans1, X2n) | + 1d(X2n X2n42) - (26)
Therefore
|d(Xan+1, X2n42)| < A1d (20, Xonta)| + pld(X2n, X2n41)]
= @A+ wld(2n, Xan41)l (27)
Similarly, we obtain
|d(X2n+2, X2n43) | < (A + p)d(Xzn41, Xons2)| (28)
Sincesti+u<land s>1,wegetA+u<1.
Therefore, with 6 = 2 + u < 1 and for all n > 0 and consequently, we have
|d(X2n+1, Xan+2)| < 8ld(Xan, Xon1)| < 82|d(Xpn—1, X3n)| < =+ < 82 d(x0, 1) | (29)
|d(Xan+1) X2n42)| < 81d (Xam, X2ne)| < 8%1d (a1, X2n)| < -+ < 82 d (xg, %)
Thus, forany m >n,m,n € N, we have
|d (X200, X2m) | < s1d(Xgn, Xon41)| + S|d(Xan 41, X2m)
< sld (Xap Xans1)| + %1d (Xans1, Xans2) | + 5%1d (X2n42) Xom)|
= sld (o, Xone )| + 52d (tanr1, Xone2) | + 531d Ceang 2, Xon3)| + 531d (ean ez, Xom)| (30)

|d(X2m, X2m)| < s|d (%20, X2n41)] +252|gi(x2n+1, Xons2)| + S3|d(x22n+2t2x2n+3)| + -
) et SETE N A (X2, Xom—1) |+ SFTEM A (Xgi— 1, Xom)
By using (29), we get
|d (X2, X2m)| < 5827 d (0, %1)| + 528 d (xg, x| + 53622 |d (%0, x1)| + -+
e F2MT2NTLEZM2 | (0 30 )| + S2TTEREEML d (x, 2x)|

s = D28 d (g, x,)] (31)
erefore
| (X, Xpm)| = T2 520162071 | (5, x,)|
= Tt st6" |d (xo, )| (32)
< Biepn(58)" 1o, )|
_ (s8)
= 2 1d (o, )]
and hence
5)211
| Gezns Xom)| < 1225 1d (g, x)] = 0 as m,m = o0 (39)

Thus, {x,,} is a Cauchy sequence in X. Since X is complete, there exists some u € X such that x,, — u as
n — co. Suppose that is not possible; then there exists z € X such that

|[d(u, Tyu)| = |z| > 0 (34)
So by using the triangular inequality and (21), we get
z=d(u,T,u)

< sd(U, Xap42) + 5d(Xpn42, TU)
= sd(U, X3n42) + SA(Ty X541, TyU)

< sd(W, Xane2) + SAA(ToX0p 41, ) +

sud (xan+1,T1%2n+1)dWTou) (35)
d(xX2n+1.T2w)+d (W, T1X2n+1)+d(X2n+1,U)
sud (xan+1.X2n+2)dWT2u)
d(xX2n+1.T2w)+d(Wx2n4+2)+d(X2n+1,u)

= sd(W, Xan42) + SAd(Xpn41, ) +

which implies that
ol = et Tl ¢ lld Ty
SHId X2n+1.X2n+2 uru
< sld(w Xoni2)| + sAd (znea, Wl + |[d(x2n+1.T1wl+HdWxzn4+2) | +Hd(x2n+1,0)] (36)

Taking the limit of (36) as n — oo, we obtain that |z| = |d(u, T;u)| < 0, a contradiction with (34).
So |z| = 0. Hence Tyu = u.
Similarly T,u = u.
Now show that T; and T, have unique common fixed point of T; and T,.To show that u* is another fixed point
of T, and T, .Then,

d(u,u*) = d(Tyu, T,u")

< Ad(u,u*) +

ud(u,Tyu)dw Tou™)
d(u,Tou*)+du* Tyu)+d (u,u*) (37)

so that

ld(wu?) < 4| du,u?)| + ——Hd@nlldu T (38)

[d(uT2u")]+[d(u*,Tru)|+]d(wu®)|
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< Ald(u,u®)|, acontradiction.

So u = u*, which proves the uniqueness of fixed point  in X. This complete the proof

Now, we consider the following case: d(xy,, T Xon41) + d(Xons1, T1 Xon) + d(Xon, Xone1) = 0 (for any n)
implies d(T; x5, Ty Xpn41) = 0 S0 that x,, = T; Xon = Xons1 = T Xong1 = Xansz - ThUS We have x,,,1 =
T, Xo5 = X,n, SO there exists K;and [, such that K; = T, l; = [;. Using foregoing arguments, one can also show
that there exists K,and [, such that K, =T,l, =1,. As d(l;,Tyl;) +d(,, T, ;) +d(l;,1,) =0 (due to
definition) implies d(T;l;,T;l;) = 0,K; =T, l; = T,l, = K,, which in turn yields that K, =T; [, = T, K;.
Similarly, one can also have K, =T, K,. As K; = K, implies T; K; = K, therefore K; = K, is fixed point of T.

We now prove that T;and T, have unique common fixed point. For thus, assume that K;in X is another fixed
point of T. Then we haveT,K; = K;'. As d(K;, T,K;) + d(K;, T, K;) + d(Ky, K{) = 0, therefore d(K;,K;) =
d(T,K;, T,K;) = 0.

This implies that K; = K; which proves the uniqueness of common fixed point inX. This completes the

proof of the theorem.
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