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Abstract: We show the Concept of a Series on a Hardy-Sobolev space and give its atomic decomposition. As
an application of a Seriesfunctions we shown a div-curl lemma.

I. Introduction and Preliminaries
From [13], the Hardy space H' (C")is the space of locally integrable series functions f.for which H*(C™)

D MU = sup Y 1) = ()]
belongs to L'(C*) , where z,breD(C")r, '

W), (x) = tinlpr G)t >0, [, ¥, (x)dx = 1, supp ), < B(0,1), a ball centered at the origin with radius 1.
The norm of H(C")is definedby

D H L e = ) IMUEDllen
r=0 r=0

Among many characterizations of Hardy spaces, the atomic decomposition is an important one. An L?>(C*) a
seriesfunctions a,is an L'(C™) -atom if there exists a balln B = B, in C" satisfying:

(1) supp a, < B.

@) S llay 12 < 1BI7Y2;

@)X [, a,()dx=0
The basic result about atoms is the following atomic decomposition theorem (see [3] and [9,13]): A series
function £,.on C"belongs to L' (C")if and only if f.has a decomposition

Zfr =Zzlk (@)

r=0 k=0
where the (a,),’s are H'(C™) -atoms and

Zw < canrnHl(cn

The tent space NM¢~1(C**1)(e >0) is the space of aII measurable series functions Fon C%*'for which
S(F,)eLf~1(C™), where S(F,)is the square functions definedby

c c dyde)'"?
S(F = F.(y,0)|?
2, S0 ;([F(x)| 0.08 25

I'(x) = {(y,t)e C**1: |y — x| < t}is the cone whose vertex at xe C*. The norm of F,eN¢~1(Ct™) is defined

by
Z||F||Ng+1((cn+1) Z||5(F)||Lg+1(@

An NéeT1(Ct)-atom is a series functlon arsupported m atentT(B) = {(x,t)eCt i |x —xy| <5 -t} =

(x,t)} € C*, for which
| Zmr(x or &% < 5
T(B)
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In [5,13], Coifman, Meyer and Stein showed the following atomic decomposition theorem:

any Fe V¢~1(C**1)can be written as,
ZFS‘ =Zzlk (a; )k
s=0

r=0 k=0
where the (a,), are V¢~ 1(C™)-atoms and

ZM"' < CZHF [Iy—

Let D'(C") denote the dual of DD(C"), often called the space of distributions.
For fe D'(C"), its gradient is defined, in the sense of distributions by

Z(vmr) = - f Zﬁdw 0, dx

for all p,.eD(C*, C"). For f, = (er)l, o, (fi)n) €D(C, (C") We say that curl f, = 0onC"if

fcn ; ((fr)j ox, (fr)ia—xj) dx =0, ¢, €D(C™),i,j=1,..,n

Let H!(C™, C™)denote the Hardy space of functions series f. = ((f,)1, ..., (f;),)€ach of whose components (£.),
isinH (C*)(I = 1, ..., n)with norm

ZHfrHH L ey = ii”(ﬁ)zﬂﬂ L

r=01=1
In this work, we investigate the space of f.in D'e(C™) whose gradient Vf.is in H'(C",C"). We call it Hardy-

Sobolev space and thus set
HY'(C) = {f. € D HI(C"): Vf. € H'(C*, HV1(CY))}
with the semi-norm of £, € HV1(C™)

annu(tn) vamn @

(see [2,13] for more information on a sllght different Hardy -Sobolev space). We call a series functions a, €
L*(C™)an H'(C™, C™)-atom if there exists a ball Bin C*such that
(1) suppa, c B;
) lla:ll 28y < 5(B)|B|~/2, where §(B)denotes the radius of B ;
(3) Va,is an H*(C*, C*)-atom.
It is easy to see that if a,is an HV'1(C™)-atom, then a, € HY1(C™). Sincef,is in H1(C")if and only if £, + C is
in HY1(C™)is a constant), we consider all a series functions f. + C are same asf. . From [13], as a main
theorem of the work we show that any £. in H%*(C™)can be decomposed into a sum of H'!(C™)-atoms. As an
application of the decomposition we show a div-curl lemma.

Throughout the work, unless otherwise specified, C denotes a constant independent of seriesfunctions
and domains related to the inequalities. Such C may differ at different occurrences.

1. Atomic Decomposition
Lemma 1.Ifg, € H(C*,C") and curl g, = O thengrhas a decomposition

Zgr Zzzk(b i

k=07r=0
where the (b,),'s are H'(C*, C™) -atoms satlsfylng curl (b )r = Oand

Znn < canrnmn &)

Proof. From [6,13], there exists a functlons series ¢, (C” — Csuch that
(1) suppe, c B(0,1);
() ¢ €C™(C");
3) Erofy tlS1* 9. (t)?de; = 1,¢ € €/{0}

Forg, € Hl((C” C"), define

Z F.(x,t) = Z t div(gr * ((pr)t(x)),x e CH,t>0
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Then
D D RO =) tdiv((g)1 * @), s (9 * @) = DD (91 = (010),)e)
WhereS (?qu)l, = .,nr,Z(i)s the component of g... e

From [5,13] (see also [12]), the series operators defined by
Uig > Sy, (Ui1)
is bounded from H!(C™)to L'(C") and

Z"Sw(ut 1)||L1((Cn Z”ul lteny
ZZSV, ()0 = ZZUF

r=0i= r=0i= )

j war(x)dx—o

Cw denotes a constant depending on Cy, . Thus (g,)l € H'(C™)implies S9 ((gr)l)eLl (€")and

lesa,w,(g»,llﬂ o Zc%u(gr)lu,, e
Thatis (g,), * (8,¢,), € N¢~ 1((C"“) further we haveF € J\ff Lcr*Hand

Z"F 2oy < Z Cor N9 l2en ey

Using the atomic decomposition theorem for tent spaces F has a decomposition

; Fs = Zk=0rz=(;/1k(ar)k
(Znn) < cZnF ey

where the (a,.),'s are N2(C**1) -atoms i.e. there exist baIIs Bk such that supp (a,), < T(B,)and

1
jT(Bk)ZKar)k(x oF St <

Where

1/2
ydt
|uL 1* (Qor)tlz tn+1) :ll-’ € D((Cn)

And

With

Define
--[ ZZW((“ G0+ (005 = B D),
r=0i=1
Where bl = f Yo o), (,t) * (al<pr)t —l=1,..n It is obvious that curl b, = O0and easy to check

that by satisfies the moment condition. Since supp(a,)k c T(B,)andg, is supported in the unit ball, a simple
computation shows thatsupp b, < B,,. We next prove that b, has also the size condition. from [5] again, the

sreies operators
ZZ(m iy = Zar 0@

r=0i= Bi) 7
is bounded from V3 (C*1)to L3 ((C") for Y, eD(C™) with [, le ° oY, (x)dx = Oand

ZZn(m D0 @)y < cq,ZuaruNs(W)

r=0i=

Since (a,),are N?(Ct™)-atoms, so (a,), € M3(CHH). The boundedness of (m;_1)y,implies thatbj €

L3(C™)and
" bk“ﬁ(@ﬂ ZZ ”(T[‘ 1)361(” r)k||L3(<C"

r=0i=
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= i Co, (e ) ||§V-3(cn+1)
ftcn Ln+1zc¢r|(ar)k(x 3] )((
fT(B )Zc(,, | (e, )i (x, D) _<ZC 1B, |,

Where ydenotes the characteristic series functions in the unit ball. Therefore || by ||Lz(3k ) < 2720 Cy, | B |-1/2

Finally we prove Y% g, = X7-o A be. Sinceg, € H'(C*,C")and curl g, = 0, there exists a distribution
frsuch that g, = Vf, . We have

Zakbﬁ—bk— f Zzaktv«a»k( D+ o)) T

r=0k=

f ZZV(F( £) * (¢r)o)dt = — f ZV{(tdlv(Vfr)) * (@)}t

s=0r=

So it is sufficient to show that

dxdt
") g dy

f Z(tdw(vm (00 * (@), dt—Zﬁ.

which follows from the condition (3) of <p,sat|sfy|ng, in fact

- fo Z{((t d“’(Vfr))*(%)t)}A (Qadt

) J m [iZ (0 @if) * (wr)t)} ©)9, (9)dt

-=if Zth((alm (@) @, (t)de

r=01Il=

-[ ZZ I CIPAGET

r=0Il=

- jo ;twm(to%(c)dt=Zﬁ(c),

where i is the image unit with i? = —1. The proof of lemma is end.
Let Q be a smooth domain. For fr € L3(Q, C”) , we say that C" curl f, = Oon Q, if
Prydx =0

| Z(((m, e

forallp, € DD(Q,C"),i,j =1,...,n. For freL3(Q (C”) with curl f = 0on Q, define v X f |30y

Jan ;(Uxfr)-%dx=L ;fr.curl @, dx

for all®, € C1(Q, CY)andg, = @, |,q, Where vdenotes the outward unit normal vector. Note that the definition
of v X f,|,qis independent of the choice of the extensions @, ([8]). Let W2(Q) denote the Sobolev space and
I/I/Ol’2 () be the space of functions in W2(Q)with zero boundary values (see [1]). The following lemma can be
obtained from [11].

Form [13] and the above lemma the main result of the work is the following atomic decomposition
theorem.
Lemma 2. Let Qbe a bounded smooth contractible domain. If u € L3 (Q, C*)with curl u, = 0and v X u|yq = 0,
then there exists v € W,"*(Q)such that u = Vv and

Ivllwizy < Cllullzqeny,
where the constant Cdepends on the domain Q . When Qis a ball B Q, we have
”U”L3(B) < 65(3)”“”&(3,@),

where C is independent of u, vand B.
Theorem 1. A distribution f.on C"* is in H-1(C")if and only if it has a
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Decomposition

Zﬂ Zsz(ar)k

r=0k=
where the (a,),'s are H-1(C") -atoms and Zk ol Al < . Furthermore

anrum.lmn ~<Z|zk|>
=0

where the infimum is taken over all such decompositions. The constants of the proportionality are absolute
constants.

Proof. Necessity. For f, € H'1(C"), let g, = Vf, .

Theng, € H'(C", C*)and curl g, = 0. Applying Lemma 1, g,.can be written as

Z 9r = Z Aicby
r=0 k=0
Where b, are (C*, C™)-atoms with curl bk =0, and
ZM/J < Z”gr”HZ(C" )

Since b, are H'(C", C*)-atoms, there exist balls B, such that supp b, < B,and

anknLa(Bk,Cn) < Zuskrl/z

Combining this with curl bk 0, Lemma 2 |mpI|es that there exrst (a), € VI/;)“(bk)such that b, = V,,,and

Z Zu(ar)knrawk) < Z C BByl 3 ) < Z C(BOIBLI 2.

r=0 k=0
D k=D Ala
r=0 k=0
where we consideredf, + C as f,.

Hence a,, are H'(C™)-atoms and

Sufficiency. Suppose f,.can be written as a sum of H%2(C",C")-atoms (a,),. To provef.e DD(C"), it is
sufficient to show that the sum ;7,7 , A (a,)ris convergent in the sense of distributions. From
Yir—olAk] = 0as m,m 5 oo, we have.

Z|/1k|—>°° asm,m — oo,

Combining this with the size condition of (a,)k , for anyq,.eD (C*)with compactsupport K, we get

o) m [ee) m’
f Z sz(ar)k prt| < Il Y f (@) prdx
¢ k=0  k=m '~BrkNK

m
Z 1l o 1 L 11 C@r i3 g, iy | Be 0 K12

k=m

m
D el o 12l SBOIB /2B, 0 K2

k=m

Ms

]
o

r

Ms

Il
<)

r

o m
Z Z o, = gomax{L, IKIY2HA | >0 asm,  m' - oo,

The convergence of Zk:;Ak_(ar)kis proved, so f.eDD(C"). Applying the atomic decomposition theorem
forH'(C™) , we have Vf, € H'(C",C")

and
© © m
DMtz = ) IV fillgzenen < € D el
r=0 r=0 k=m
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That is £, € H2(C™). The proof of Theorem 1 is finished.
I11. An Application: Div- Curl Lemma

In [4,13], Coifman, Lions, Meyer and Semmes showed the following well-known Div-curl Lemma:

We now consider the case of € = 2, as an application of Theorem 1 we give theendpoint version of the
div-curl lemma.
Theorem 2. Letf, € H1(C")and e € L*(C", C*)with div e= 0 on C".
Then.Vf. € HY(C") .
Proof. If £, € H>?(C"), Theorem 1 yields that f, has the decomposition

Y E=) e
=0

r= r=0 k=0
where the (a,),'s are H*?(C") -atoms and Y5_y|A, | < oo. Therefore, for e € L* (C*, C*)

Ze. Vfr = ZZAke.V(ar)k.

r=0 r=0 k=0
To provee.Vf. € H>(C") , we need only to show that e. V(a,), are H?(C™)-atoms by the atomic decomposition

theorem for H2(C"). Since (a,),’s is an H?(C")-atom, there exists a ball B, inC* such that supp Via,), ©
Bjand ”V(ar)k”LZ(Bk,(c") < |Bk|_1/2 .
Combining this with e € L* (C*, C*)implies that
||e. V(ar)k ||L3((C”) < ClBk |—1/2’
where C = |le]| = ¢ cny. By a simple calculation and div e= 0, we get

.V, = div ((a;)re)
which yields the moment condition

j e. V(ar)kdx =0
(Cn

We proved Theorem 2.
Corollary.Let f, € H*?(C™)with curl £.= 0 on C"and e.€ L*(C", C*)with dive= 0 on C". Then e.f, €
H1Cn.
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