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Abstract

Let (X,7) be a topological sphee. We consider the collection 7° =
{&° : & & 7} of all the T-closed subsets of X. If 7° is a topology on
X then we call 7 a complement topology on X. Necessary and sufficient
conditions for a topology T on X to be a complement topology on X are
examined. We proved, among other things, that

1. Any finite topology (topology with a finite cardinality) is a comple-
ment topology:

2. A topology 7 on X is a complement topology on X if, and only if,
it is closed under arbitrary intersections;

3. The family of the complements of the topologies in a chain of com-
plement topologies on any set X is itself also a chain of complement
topologies on X .
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I. Introduction

It is known that a topology 7 on a set X is the collection of all the open subsets
of X. Hence, a topology 7 on a set X is a collection of subsets of X which satisfy
the ariom of openness; the standard four conditions. Openness of a subset is
therefore relative to the topology under consideration. Some sets which are
considered closed in one topology are open in another topology and vice-versa.
A question of interest is Can all those sets considered closed with respect to a
topology on a set X be precisely the ones considered open with respect to another
topology on X ¥ Of course, we are excluding the trivial cases of the discrete and
indiscrete topologies on X. This seemingly academic but rather interesting
question is the main motivation for this paper.

I1. Main Results|De_Nitions, Properties And Im- Plications
Definition 2.1 Let (X, 7) be a topological space and let 7° be the collection
=G :Ger}
of complements of T-open sets. Then we call 7° the complement of the topology

T on X.

Definition 2.2 Jf (X.7) is a topological space and the complement 7° of 7 is
itself also a topology on X, we call 7 a complement topology, on X.

REMARK

Since 7 = (77)°, it follows that 7 is a complement topology on X if and only
if 7° is also a complement topology on X. It turns out that large classes of
topologies are complement topologies,

Theorem 2.1 FEvery topology on a finite set is a complement topology.
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Proof:
Let 7 be a topology on a finite set X and let 7% be its complement. Then

1. Clearly both @ and X helong to 7°.

2. Let {G5}2, €7 Then N, G: = (U-,G%)". But G; € 7° = G € 7.
= UL, Gier. = NL,Gi = (UL,G5° € . = 7 is closed under

finite intersections.

3. Let {Go}Yaca © 7% Then |J,cn Go = (Naca G2)°. Now, G, € 7° =
Ge € 7. = [,ea G5 € 7, as finite intersections of sets of 7 belong to
7. (We observe that the intersection cannot be infinite since X is finite.)
Hence, since the complement of every set in 7 is collected in 77, it follows
that | J .\ Go = (ﬂnea G;}E = 7°. This implies that 7° is also closed
under arbitrary unions. Hence the complement of every topologv on a
finite set is a topology on the set.

Example 2.1
Let X = {x1. 29,23, -, s} be any non-empty finite set and let
T={0. X {z1}. {z1,72}}
be a topology on X. Then 7¢ = {X. 0, {zs, x5, -,z }, {T3. 24,---.x, }} 1s
clearly a topology on X.
Example 2.2
Let X = {zy, 79,74, ---.7,} be a non-empty finite set and let

T = {“:-X:-{II}: {II:-IZ}:"'-. {II:IZ'. T :Ik}};l = k < n.
Then 7 is a topology on X . for all k. Now

7" = {X, 0. {z2,---.xn}t. {za, - T} {TRr1, - B} )

is also a topology on X, 1 << k < n. (This example illustrates the remark after
Definition 2.2 above. More of such examples appear at the end of section 3.)
The proof of theorem 2.1 above points the way for a more general result.

Theorem 2.2 Let X be any nonempty set and let v be a finite topology (topology
with finite cardinality) on X. Then 7 is a complement topology on X.

Corollary 2.1 Let X be an infinite set and let 7 be a topology on X. Then the
complement 7% of the topology v is itself a topology on X if 7 contains only a
finite number of open sets.

Example 2.3
Let a,b € R be any two real numbers. Then v = {@, R, {a}, {b}. {a,b}} is a
topology on R, Without loss of generality, we can let a = b. Then the comple-
ment
o= {0, R. R— {a}, R— {b}. R— {a.}}}
= {m‘ R:- (_OD:- r_‘.[} U{a: +'30j: {_'30:- b) U{b: +'30): {_OD:- r_‘.[} U':'l. b} U{b~ +GC'}}

of 7 is easily seen to be a topology on K.

Let Gy = N = {0,1,2,---}, Gy = {1,2.3,---}, Go = {2.3,4,---}. Then
7 = {B,GrL};_g is easily seen to be a topology on N. The complement of 7,
7 = {0, N, {0}, {0,1}} is also a topology on V. In general if Gy = NV, Gy =
N—J0},Ga=N-—-{0,1}, Gy =N—-{0,1,2},---, G, =N —-{0,1,2,--- ,n—1},
then = = {{, G} is a topology on N, and its complement 7 is also a topol-
ogy on V.
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Now, every topology 7 on a finite set is necessarily finite. Hence theorem 2.2
asserts, relative to theorem 2.1, that every finite topology on an infinite set is
a complement topology. This raises the following interesting question: Are the
finite topologies the only topologies on infinite sets that are complement topol-
ogy? That is, 1s a complement topology on an infinite set necessarily finite?
The next theorem which answers the above question in the negative provides a
characterization of complement topologies.

Theorem 2.3 A topology T on a set X is a complement topology if, and only
if T is closed under arbitrary intersections.

Proof:

— Clearly if 7 is a complement topology then it is closed under arbitrary
intersections.

<. Let 7 be closed under arbitrary intersections and let 7° be the complement
of 7. We show that 7° is a topology on X. We need only show that 7¢ is closed
under arbitrary unions, as the other properties of a topology are easily seen to
be satisfied by 7¢. So, let {4, : o € A} C 7° be any family of sets of 7. We
consider

{Uctr—:.ﬁ Aﬂ)c = ﬂné.ﬁ ;.1;

Clearly Af, € 7, for all A, € 7°. Since 7 is, by hypothesis, closed under
arbitrary intersections [, A5 € 7. Hence the left side of (1) is an element of

7; implying that [[UDE& _f-ln}c]c = (Upca 4a) €75

From theorem 2.3, it follows that every discrete topology is a complement topology; and in particular it
follows that discrete topologies of in_nite sets (which necessarily contain in_nitely many open sets) are
complement topolo- gies. And there are other complement topologies, with in_nitely many open sets, which are

not discrete topologies.
Lemma 2.1 (Comparison) Let 71 and 72 be any two complement topologies
on a set X such that (say) 7| ts weaker than 7o. Then 77 is weaker than 75.

111. Application

Definition 3.1 A family C = {7,}.ca of topologies on a set, X. is called a
chain of topologies, on X, if elements of C' are pair-wise comparable, in that for
any two topologies, To and g, in C, either 7., is weaker than T3 or vice versa.

Definition 3.2 Any topology which is an element of a chain C' of topologies on
a set is called a chain element topology.

Theorem 3.1 Let X = {x1., 22,23, - -, 2} be any non-empty finite set. There
exrists a finite family of topelogies on X forming a chain. such that the family
of their complement topologies is also a chain.
Proof:
Let
Gy =X —{=}={x2.7a, -,z }.

Then 7 = {@, G, G} is a topology on X
Let
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Gop=2X:
Gy =X _{'rl} = {IZEIE:”‘ r-rn.};
Ga‘:*x- _{‘I’-J.SIZ} == {-1','],1'4,' "::rrt}'

Then 72 = {0, Gr}3_, is a topology on X, stronger than 1.

Gog=X;
G| =X _{-171} = {:rZE-rﬂ:"' r'rﬂ-};-
Ga =X —{.I.'l,-TZ} = {.1‘3,1‘4,- "::ri"t};

G.'EI =_X.- _{I1:I2-—IS} - {1‘4,.1'5,”‘,.1?“};

G.‘c =X - {:I-‘1_.Ig,'” r-rk} - {Ik—le-rk+2.~"'exn}‘-
1<k <mn Then 7. = {H,Gt}f:u is a topology on X finer than 7r._1. Hence
{7 }E_, is a (finite) family of topologies on X forming a chain in that

Ty == T2 =<0 """ = Tn.

We also see that

={0,X,{z1}}
5 = {0, X, {z1 }, {z1,22}]}, ete.

are topologies (in chain) on X.

Proof of Theorem 3.1 can be extended to any set|even if in nite|with a chain

of complement topologies. The next corollary states this.
Corollary 3.1 Let C' = {ta}aca be a chain of complement topologies on any
set X. Then the family C* = {75 : 74 € Claca of complements of the topologies
in C' is also a chain of complement topologies on X. Conversely, the family of
the complements of the topologies in a chain of complement topologies on any
set X is itself also a chain of complement topologies on X.

More Examples

[1] The usual topology uw on the set R of real numbers is not closed under
arbitrary intersections and is thus not a complement topology.
[2] The usual topology on the Cartesian plane is not closed under arbitrary

intersections and is, hence, not a complement topology.

[3] The lower limit (or Sorgenfrey) topology on R is not closed under arbi-
trary intersections and is also not a complement topology.

(4] Let X = {zy,x9.---.2,} be a finite set, and let £ € N be such that
2 —1 < n. Then

Tor—1 = {0, X, {z1}. {z1, 23}, - -, {z1. 23, - - -, w201 }}
is a topology on X, for 1 =< k < [ﬂT;I] We see also that
TZE_I.:—I = {JY-. m'. {IZ:"".IR}'. {325141' n :--Tn}:-"". {1‘2,.-'1'.1-_“ ’ :--rn.}}

is a topology on X.
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[5] Let X = {zy,x2,---,xzn} be a finite set, and let k € N be such that 2k —
ke
1 <mn Then mo._1 = {{D._ X, U {xo: 1 }} isatopologcyon X, forl < k < [“T_l]

t=1

ke
Also 75, | = {X. X — :L—J]{Izt_l}} is a topology on X; 1 < k < [231].

[6] Let X = {x1,x2,---,2xn} be a finite set, n = mi+r,0 < r < m. Let 7, =

k-
X {zmb {Tm. 22m b, s {Tm. T2m. - - Tem }} = {{'fl._ﬁr._iléjj{rim}} -1 =k

|4

[

ke
t. Then 7m is a topology on X . And we see that {X._'L-ﬁ._X - UJ {.‘]"-@m}} 01
i=1
k<t is a topology on X.
Remark
It is known that a topological space (X, 7) is a T-space if, and only if, singletons
are T-closed subsets of X . It is observable from the foregoing that if a topology
7 on a set X is a complement topology then the wvery sets which are seen as
7-closed are the sets which constitute the open sets of another topology on X,
with equal cardinality as 7. These imply the following.

Corollary 3.2 If(X.7) is a T} topological space. then T is a complement topol-
ogy if. and only if. 7 is the discrete topology of X .

Proof:

Since (X, 7) is T, singletons of X are 7-closed. Since 7 is a complement topology
on X and singletons of X are 7-closed, it follows that singletons are among the
7 -open sets. Hence every subset of X is 7“-open, implying that v° is the discrete
topology of X. Since (7°)° = 7, it follows that 7 is the discrete topology of X.

Remark

That a topology is a complement topology does not imply that it 1s T. Also,
every T1-space is not a complement topology. By Corollary 3.2, a Ti-space
which is a complement topology must be a discrete topology. It follows that if a
T -space is not discrete then it cannot be a complement topology. For example,
the set H of real numbers with its usual topology w is T} but u is not a comple-
ment topology. Hence all complement topologies are not Ty and all T -spaces
are not complement topologies.
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