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I. Inroduction

This is a research article wherein present equations of Arithmetic Progressions are modified such that
they are more useful to the students. In most of the prevailing solutions to the problems of Arithmetic
Progression, before finding the required result, finding the first term is very essential. Whereas, using
remodelled equations, most of the solutions to same problems of A.P are found, without the help of first term.
By this, several steps are skipped out; hence it is possible to arrive directly at the result. Solution to example2.5
is found using (3), hence it can be solved within a very few steps. At section IV of this article, theory of
conjugate pairs is newly introduced. This idea helps to solve some of the problems in a different and better way.
Example 3.4, shows that in such case data ‘d” and ‘a’ are not required to find the solution and solution is drawn
within a very few steps. Solution to example.4.2, is noteworthy because it unearths family of solution and
required elements like ‘d’, ‘a’, etc, from minimum available data.

I1. Modified Equation For n™ Term Of Arithmetic Progressions
2. We know that prevailing equation for general term of Arithmetic Progression is

T,=T1+(n—1)d ————— (1.1
(1.1) can also be written as
T,=a+ n-1)d ;[sinceTy=a]————— (1.2)

Where T, denotes the general term for n'" term of an Arithmetic Progression,
'n’ denotes the number of terms and 'a’ or T, denotes first term.
(1.1) & (1.2) facilitate to solve the problem for T,, usually when T, or 'a’ is known.
To improve the generalisation of (1.1) or (1.2), following method is followed.
To start with, neutral pair of 'd' is added to (1.1).
Then, T, = [Ty + (n—1d]+d—-d
Rearranging them conveniently, we have
T,=T+d)+(n—1)d—-d
=T,+ (n—2)d; [sinceT, =T, +d]
Repeating the same steps, we have
T,=T+d)+(n—2)d—d
= T3 + (n - 3)d

Similarly repeating steps up to ‘p’, we have
T,=T,+ (n—p)d;whencep<n ————— 2)
Proof of T, =T, + (n—p)d;whencep <n,
T,=T,+(m—-p)d
T,—T,=Mm—-p)d

TTl - Tp . . . 1%
d= W ; this is an already known relation for 'd
Thus proved.

Example.2.1.1f 3" and 9" terms are 4 and — 8 respectively, which term of this A.P.is zero? [7]
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Method.1. Solution to this problem as given in, [8].
Here,T; = 4,and To = —8.
~usingT, =a+ (n—1)d
= Ty=a+2d=4

To=a+8d=-8
Subtracting (1)from (2) we get,
(a+8d)—(a+2d)=-8—-4

= 6d = —12

= d=-2

Now from (1) we have,
a+2d=4

= a+2(-2)=4

=a=8

Let the n'" term of the A.P be 0.
~T,=a+(n—-1)d=0

=8+n-1)x(-2)=0

= n—-1=4

= n=>5

Thus the 5" term of A.P is 0.

Method.2. Solution using remodelled equation.
Data: T;,=4; To=-8; T, =0;n =?

Tq _Tp

q-—p

Initially,’d is found by known relation,d =

-8—-4

Putting the known values, we have, d= -3
d=-2

Using (2),nis found,i.e., T,=T,+(n—p)d

Putting the values we have, 0 =4+ (n—3)(-2)

After simplification we have,n =5

~ 5" term of the A.P.is 0.

Note: In method. 1, prevailing equation to find the nt" term is applicable only when initial term 'a’ is
found.Whereas in method. 2. answer is found by using remodelled equation without the help of

initial term 'a .

Example.2.2.An A. P consists of 50 terms of which 3™ term is 12 and last term is 106. Find 29"

term. [9]
Solution- Method.1: Prevailing method. [10]
Given T3 = 12,and Tsy = 106,

T, —T,
When two terms of A.P are given common dif ference can be found by the equation ,d = ; — qq
_Tso— T3
50 -3
_ 106 —12
Y
= d=2
nanA.P.,T,=a+(n—-1)d————— )
Put,n = 3, T;=a+(3—-1)2
= 12=a+4
Hence, a=28
Put,d =2;a=8,andn =29in (1)
Ty =8+ (29 —1)2
ng = 64’
= The 29" term is 64.
Solution — Method. 2. solution to same problem using remodelled equation.
T, —T,
Initially common dif ference is found using the relation,d = ; — qq
Tso — T3
~d= c0_3
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106 — 12
47
=>d=2
Using (2) the remodelled equation, T, = T, + (n — p)d, solution can be found without finding
first term.
Substituting the given values, we have Tyg = 12 + (29 — 3)2
= Tyg = 64
Note: This method skips out, steps to find ‘a’, which is done in method.1.
Example.2.3: Determine the A. P whose third term is 16 and the 7" term exceeds the 5"
term by 12.[11]
Method.1: Current method of solution: [12].
Let the first term = a and the common dif ference = d.
~ T, =a+ (n—1)d, we have

T; =a+2d
=>a+2d =16
And, T, =a+6d; Ts =a+4d
According to the condition,

T7—T5=12
= (a+6d)— (a+4d) =12
= a+6d—a—4d =12
= 2d =12
12
= d=7=6
Now, from (1) and (2), we have,
a+2(6) =16
= a+12=16
= a=4

~ The required A.P is 4, [4+6], [4+2(6)], [4+3(6)],.... Or. 4,10,16,22,...
Method.2: Solution using remodelled equation:
Remodelled equation, T,=T,+(n—p)d

T, =Ts + (7—2)d

= (7-2)d=12

= d=6

The sequance is : T; — 2d,T3 — d, T3, ...
i.e.,4,12,16, ...

Comparatively, this method is easier than method. 1.

Case study of equation,T,, =T, + (n—p)d.

Case.1. Whenp =1, remodelled equation, T, = T, + (n — p)d will be
T, =T, + (n — 1)d ; this is the present form of equation for T,.

Case.2:
Note that n is a natural number since it is an ordinal
_ N |number that specify the position of the term, it should
Whenp = - ; . ;
2 be an even number, in this case.

T,=T,+(n—p)d
n
Putting the defined variable of p in the above equation, T,, = T( ) + (n - 5) d

n
2
n
T, = T(rz_z) + (E) d
Example.2.4: The AP is 3, 8, 13, 18, ... find 8" term.
Data:d=T2—T1 =8_3=5

Tn =Tg =T, = 18; therefore equation derived in case 2 is applicable.
2 2

Then, T, =T () + (E) d

7 \2
T, = T + (8) 5
570 T2
Ty =18+20=38
Case.3:
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ntl L o
Whenp = ; ,relation (2)i.e.T, = T, + (n — p)d, will be ; ( p is a natural number, n )

should be an odd number
nt1

n+1 n—1
Further,cases p = andp = are dealt separately, as following,
n+1
a) Whenp = 2

T,=T,+Mn—p)d

n+1
Replacing the relation of p,in the above equation, T, = T(ﬂ) + [n - ( > )] d
2

T, = Tyns1y + <n _ 1) d

- =Ty +| (7))
Example.2.5:The 8" term of an A.P is 17 and the 19" term is 39. find the 25" term..
Method.1.: Current solution to this problem is as following;

Data: T8 = 17, T19 =39 ,Tzs =72

Tp _Tq

First 'd'is found using the relation,d =

q
Tyg—Tg 39—17 22

19-8 11 11
d=2

Consider,Tg = 17
a+7d=17 ; [+ T, =T, + (n — 1)d]

a+7(2) =17
a+14 =17
La=3
To find Tys, T.=Ti+(n—1)d
T)s =3+(25-1)2=3+(24%x2)=3+48
& Tys =51
Method.2: Same problem is solved using remodelled equation (2) as following,
L, -1

First'd is found using the relation,d =

P—q
Tyo—Tg 39-17 22

19-8 11 11
2

i.e., d
sd

Now using (2), we have
T,=T,+(n—p)d
Tys =39+ (25 —19)2
T25 = 51
This method brings down several steps, in comparison with the former method.

n—1
Replacing the relation of p, in the above equation, T, = T(E) + [n - < > )] d
2

= i T, = T(n—l) + [(n ; 1)] d

n
Example.2.6:If ——= 17,and 17" term is — 27,and d = -3, find n'" term.

2

Solution: It is given that =17
=n=35
n+1
Then n'" term can be found using, T, = T(n_—l) + [( 2 )] d
2

. 35+1

Putting the known values, we have, T35 = T(35_—1) + [( 2 )] -3
Z

T35 = -81
Case.4:Whenp=n-1
T,=T,+m—-p)d
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T, =T, 1+ (n—(n-1))d
T,=T,.1+d
Case.5:Whenp =n
T,=T,+m—-p)d
T,=T,+(n—n)d
T, =T,
Case.6: When two A.P have same c.d, (Common difference), The difference between equidistant terms will
be constant.
i.e.,If Ty, Tz,Tg, w, Ty and T{,TZ', T3’, ...,T,; are the two A. Ps that have same c.d ,
i.e.,d=d
Then dif ferance between same terms in both A. Ps will be constant.

i

Tota —Tpra =T — T, = c;aconstant — — — — — — — 3)

Proof:
Let T,and Tp' be the chosen terms to find the dif ference.i.e.,value of T, — TI;
ThenT,—T, =Ty +(p—Dd—[T{ +(p—1)d];~d=d
T,-T,=T,—T
For (p + 1) term
L1 =T =Ti+(@+D-1)d— [ +(@+1D-1)d]
Tps1 =Ty =T = Th
Similarly

’

Tpia - Tpia =T —-T
This shows that difference of all equidistant terms is a constant.
Thus proved
Example.2.7: Two A.Ps. have the same common difference. The difference between their 100 th terms is 100.
What is the difference between their 1000" terms? [13]
Method.1: Solution to this problem given in the book. [14]
Let for the 15 A.P, first trem = a
Tig0 = a+99d
And for 2™ A.P,the first term = a'
~ Tio =a +99d
It is given that, T;gy — Ty = 100
= a+99d — (a +99d) = 100
= a-— a =100
Let Tio90 — T1000 = X
~a+999d — (a +999d) = x
a—a =x =100
~ The dif ference between the 1000 th term is 100
Method. 2: Soulution to this problem is found directly using (3)
i.e.,Thyq — T,;J_ra =T — T{ = c;a constant
Given T,y — T1po = 100
“ T1p00 — T1000 = 100

I11. Sum Of First ‘n’ Terms Of Arithmetic Progressions
2. Further we know that S, is the algebric notation for sum of series of Arithmetic
Progressions for n terms. And current equations for sum of A.P are

Sp =M +T] —————~ (4.1)
Se=mlatl] == ————- (4.2)
S, = g[Za +(n—1)d] — — — (43)

Where, Initial term = T; = a; Last term =T, = | ; number of terms = n and
common dif ference = d
3.1. Remodelling of (4.1), (4.2), (4.3) are done as following.

n
Consider prevailing equation , S, = > [Ty + T,]
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Using (2), above equation can be written as,
n
Su =5 [T, +{T, + (n—p)d}] - ——————— (5)

Let n — p = x ; substituting this relation in the above equation and rearranging
conveniently we obtain.

n
S, = E[T,!, + (T + xd)|
We know thatT; +d =T,
T, +2d =T;
Ti+xd =Ty ————— (6)

n n
In view of (6) and (5) the equation, S, = > [Tp + (T, + xd)] can be written as, S, = 7 [Tp + T(x+1)]
Once again substituting the relation of 'x’ in the above equation, we get
n
Sn = 2 [Tp + T(n—p)+1] _____ ™

This is the remodelled equation for sum of A.P for first n terms and this resembles (4.1) and (4.2).
3.2. Further, (4.3) is remodelled as following,

i.e.,S, = g[Za + (n—1)d]
Replacing 'a’ by T;, we have
S, = g[zn +(n—1)d]
Adding neutral pair 2d ,—2d, to the above equation, we have,
S, = g[zn +(n—1)d +2d — 2d]
Rearranging them conveniently we have
- g[le +2d+ (n—1)d - 2d]

S, = g[zm +d) + (n—3)d]

Similarly, repeating same steps, we have
s, =§[2T2 +2d + (n—3)d — 2d]
S, =[2T; + (n — 5)d]

S, = g[ZTp +{n—(2p-1D}]

Or
n
Sn=35 [2T, + m+1-2p)d] —— —— — (8)
This equation is equivalent to (4.3)
Case Study.
Case.l:

Putting p = 1in (7),we get
n
Sn =5 [T + Tonmpysi]
n
Sn=3 [Ty + Tu-1)41]
n
Sn = E [Tl + Tn]
This shows that from (7), prevailing equation is derivable.
Example.3.1: Given a3 = 15,5;, = 125, find d and a,q. [15]
Method.1: Solution to this problem, as given in [16]
Here,a; = 15 = land S;y = 125.
Let, first term of A.P be'a and common dif ference = d

a3 =a+2d
= a+2d=15————— )

n
Again, S, = E[Za + (n — 1)d]

10

DOI: 10.9790/5728-1304031126 www.iosrjournals.org 16 | Page



Remodelling of Equations of Arithmetic Progressions (S, & Ty)

= 125 = 5[2a + 9d]
= 2a+9d=25—--———— 2)
Solving for a and d from simultaneous equations (1)and (2),i.e.,
a+2d=15————— — 1)
2a+9d=25—————— (2)
= d=-1
~From(1),a+2(-1)=15 2a=15+2
= a=17
Now , ajp=a+ (10 —1)d
=17 +9(-1)
=17-9=28

Thus,d = —1and a;yp = 8
Method.2: Solved the same problem using remodelled equations as following.
It is given that, S, = Sy9 = 125,a3 = T3 =T, = 15,Then,p = 3 and n = 10

n
Using (8),i.e.,S, = E[ZTP +(n+1-2p)d]

10
Then, (8) is, 125 = 7[2 X154+ (10+1 -2 x 3)d]
5=6+d
Consequantly,d = —1
Then,using (2),T, =T, + (n —p)d
Tyo =T5+ (10 = 3)(—1)

T10 = 15 - 7
= TlO = a10 = 8
This is shorter and easier than the current method of solution.

n
Method..3: Using (7),i.e.,S, = > [Tp + T(n_p)+1] this problem is solvable.

10
125 = - [T5 + Taa0-3)41]

T8=10
Tg — T-
Now,d = ;_ 3
10 — 15

Then,using 2) T, =T, + (n—p)d
Typ =Tz + (10 — 3)(—1)
Tip =154+ (10 — 3)(—-1)
Tip =8
In method. 2. and method. 3.,value of 'a’ is not required to find the solution.
Example.3.2: The sum of the third and seventh terms of an A.P is 6 and their product is 8.find the sum of first
sixteen terms of A.P. [17]
Method.1:Present solution to above problem is, [18].
Sol: Here, T3 + T, =6 and T3 X T, = 8
Let, first term = a and the common dif ference = d
~Ty=a+2dand T, = a+ 6d
v T3 +T,=6
(a+2d)+(a+6d)=6
=>2a+8d=6

Again, T3 X T, = 8
~(a+2d)x(a+6d)=38

= (a+4d—-2d)x(a+4d+2d)=8
=> [3—-2d]x[3+2d] =8
= 9-4d°=8
=>dz—1
4
d +1
=>d=+—
-2
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1
Whend = >
From (1), we have
1
4(-2)=3
@t ( 2)
= a=1
n
Now, using S, = 5 [2a + (n — 1)d]

S = 16[2(1)+(16 e
10 — 2 2
S0 =76

When,d = — -
end =—>

From (1), we have,

+a 1) 3

a )=

= a=>5

Again sum of first 16 terms

S = ? [2(5) + (16— 1) (— %)]

Sis = 20
Method.2: Same problem is solved by using remodelled equations.
Given,T3+ T, =6and T3 XT, =8
Sol: Multiplying first datam by T3, we have
T3(T5 + T7) = 6T3
=3 TZ + T3T, = 6Ty
= T? —6T; +8 = 0;sinceT; X T, = 8
Factorised the above quadratic equation as following.
T? —4T; — 2T, +8=0
T:(T; —4)—2(T; —4) =0
(T3 -4H)([T3-2)=0
Consequantly,T; = 4 or T3 = 2
Then, T, =6—4=2 orT,=6—-2=4

To find 'd’, known relation is used, i.e., d=
T,—T; 2—-4 =2 1

Then,d =

7-3 7-3 4 2
n
Then, to find sum of first 16 terms, S,, = > [ZTp +(n+1- Zp)d] is used.

Accordingly, substituting known and obtained values, we have,

16 1 1
Si6 =7[2><4+(16+1—2><3)(—5)];Where,n= 16,T, = Ts =4andd=—§

11
su=afo-2]
i.e.,S;g =20
Similarly, sum of sixteen terms for another value of T; can be found.
Advantages of method.2., in comparison with prevailing method i.e, method.1.
1. Number of steps are remarkably less than the previous method.
2. In prevailing method, finding first term is essential, whereas in case of remodelled equation finding first
term is not essential to find the result or required value.
3. ‘d’ is found directly using a little advanced method.
4. Finally, sum of sixteen terms is found without the help of first term.

1 1
Example.3.3:In an A.P.,if p*" term is E and q'" term is ;,prove that the sum of first pq terms

is %(pq + 1),where p # q.[19].
Method.1: Prevailing solution to this problem: [6]

It is known that general term of an A.P,isa, =a+ (n—1)d
According to given information,
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pttermis,a, =a+(p-Dd=-————— (1)

gt termis,a, =a+(q-Dd==————— 2)
Subtracting (2) from (1) we obtain.

(p—1)d - (q—1)d ==~
p—Dd-(g—Dd=--~
p-h

> (p-1-g+1d=—>
rq

= d=—
pq
Putting the value of d in (1), we obtain
1 1
a+(p-1)—=-
(» )pq p
1 1 1 1
2 a=———+—=—
q9 q9 pq pq
Y _pqz 1)d
. pq_7[a+(pq_ )]

pqr 2 1
=—"|—+@g-1—
2 ql Pd pq
pq
=—Xx—[2+pq—-1]
12 o pq
== 1

2(zoq+ )

1
Thus the sum of first pq terms of the A. P is 3 (pq +1)

Method.2:Same problem is solved using remodelled equations as following:

1 1
Data:T, =—; T, =5;n=pq;

Then,d = L

T (3

.‘.d:—

"3|>—\Q 3=
Q|

_
=

1
Simplyfying the above,we get,d = E

n
Now using remodelled equation S,, = > [ZTp +(n+1- 2p)d]

1
Then sum of first pq terms is,S,, = % [ZTP + (pg+1-2p) E]

1
Simplifying the above, we have ,S,, = 3 (pg+1)

Thus proved.
In this method, direct approach towards the result is noticeable.

Case.ll:
n , ,
Putting p = > in (7), we obtain, (As 'p is a natural number,'n will be an even number in this case)
) n
L. e.,Sn = E [Tp + T(n—p)+1]
n
5= 5|73+ 7oz
n
Sn =E T%+T%+1]
Note: T% + T%+1 is the sum of middle conjugate pair.,refer section IV of this article.
Example.3.4: If fifth term of an A.P, is 15 and sixth term is 18, find sum of first ten terms.
10
Data:n =10,Ts =Tn =15and Tg¢ =Tn , =18, Also 5 = - = 5is a natural number.
2 2

2
Therefore above relation for S, is applicable.
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. n
i.e.,S, ZE[T%-I_T%H]

10
Substituting the given values, we have, S;y = > [15 + 18]
SlO = 165

Case.lll.

Tl+ 1 . n I
When P = —; ,(7)is simplified as following; (Smce Pisa na(izcll;arluilrz::l:lfrer n should be )

. n+1 n
a) Putting p = — we have S, = > [Tp + T(n_p)+1]

=3[7e * Ty
=3[y * T
=5 |27

S,=n [T(nTﬂ)] —————— 9)

Note: T(ﬂ) is the middle term since n is an odd number.
2

5
Example.3.5: Find the sum of the first 111 terms of an A.P,whose 56" term is 37" [20]
Method.1. Prevailing Solution, [21]
The 56" term is % STy =—,n=5

37
ImA.P,T,=a+ (n—1)d
Put n = 56, Ts¢ = a +55d

5
a+55d = 37" )
Now we need to find the sum of 111 terms
S, = g[Za +(n - 1)d]

111
5111 = T [2a + 110d]
5111 = 111[61 + 55d]
Putting relation (1) in the above equation, we have,
5
S111 = 111 |—
=111 ]
5111 = 15

Method. 2. Using remodelled equation this problem is solved as following,

Given; n = 111, Tsq =§
n+1 _ 111 +1 _

Here nis an odd number, -

o= Tugs
5111 =111 [T(111+1)]
7
S = 111[T556]
=111|—
Siur =111

S111 =15
This method is easier and shorter than method.1.

56; = Ts4is the middle term of this A.P.,then

Example.3.6: If sixth term of A.P is 18, find sum of first eleven terms of A.P.
n+1 11+1
Data:n = 11, hence > = 2 =6,T, = 18,
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Using the equation derived in case.lll.i.e,S, =n [T(m)]

2
S =11[(18)]
Sll =198

In this case sum of first 11 terms is found without the help of d and a.

But, actual A.P is remaining unknown. Specific A.P is not possible to find in this case, although it is possible to

find set of A.Ps or family of A.P.

It is known that T, = 18, this can be written as ,T; + 5d = 18

This equation Ty + 5d = 18 indicates family of solutions.

To find paticular A.P it requires one more criterion. For example,if T; = d,

we have Ty + 5d = 18

d+5d=18
6d =18
Thend =3

Now only it is possible to find particular A.P i.e., 3,6,9...18...33
Similarly,if T, =8,
putting value of Tyin Ty + 5d = 18 ,we have
8+ 5d =18
Then, d=2
~ A.Pis8,10,12,...18,...,28
~ Ty +5d = 18 indicates family of A.Ps
Example.3.7: Find three numbers in A. P.whose sum and products are respectively.i) 21and 231.
[22]
Method.1: This is the current method of solution.[23]
Let the three numbers bea —d,a,a + d
Given their sum = 21
ca—d+a+a+d=21
3a =21
a=7
And their product is = 231
(a—d)a(a +d) =231
a(a? —d?) =231
7(7% — d?) = 231

72 —d? =33
d=+4
~ Thenumbersarea—d=7—-—4=3
a=7

a+d=7+4=11
They are, 3,7,11
Note- In this method ‘a’ is not initial term. This may lead to confusion because algebraic notation ‘a’ in
Arithmetic Progression is particularly meant to first term.
Method.2: Same problem is solved by using remodelled equations as following.
Given S; = 21
i.e.,applying (9)we have,
21 = 3[T,] ;since T, is the middle term.
T,=7
Also, given that, Ty X T, X T3 = 231
This can be written as (T, — d)T,(T, + d) = 231
(7-a)7(7+d) =231
72 —d* =33
d=+t4
~ numbers are,3,7,11 (sinceT, =7 and d = 4, Tywill be = 3)

n—1
b) Putting p = —we have

n
S =5 [T + Tnpyaa]

=3 [resy Ty
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Example: If fifthterm of an A.P is 15 and seventh term is 21, find sum of first 11 terms.

Then, Sn = E [T(n—l) + T(m)]

2 2

=z T T
=37y * T
=§[T5+T7]

11
=5 [15 + 21]
=198
n
Case.IV:Whenp =n,$, =~ [T, + Ten—py+1] will be,

This resembles case.|.

n
Similarly, same results are obtainable using (8),i.e.,S, = 0 [ZTP +(n+1- 2p)d]

IV. Conjugate Pair And Terms
In (7), it is noticeable that the sum of the terms T, and T, _py41 is @ constant to first n terms of an

A.P. Conjugate pair or conjugate terms or pair of equidistant terms. This can be written as (T,,, T(n_p)+1).
And the sum of conjugate pair is a constant, i. e,S’c’_p = (Tp + T(n_p)+1) =k————-— (10)
where k is a constant for givennof A.P and in Sf_p sum of conjugate terms of pt" term.

For instance, consider the sequance 1,3,5, ..., 23. In this sequance n = 12.

From (9) we have SY, = (T, + Tti—p)+1)

Forp=1,(9) willbe; S}, = (Ty + Taa—1y+1) = (Ty + Typ) = (1 +23) = 24

p=2; S = (To+Taz—pys1) = (T + Ti1) = B+ 21) = 24

p=3; Sy = (T3 + Taaozye1) = (T3 + Typ) = (5 + 19) = 24

Forp=6,(9) will be; S&, = (Ts + Taz-6y41) = (Ts + Ty) = (1 +23) = 24

n n-—

Here maximum value of p = Ewhen nis even number and p = — when n is an odd number.
And a middle term exists when n is an odd number.

In this case,number of conjugate pairs isn., = - = 6; where n.,, denotes number of conjugate

pairs.

If A.Pis1,3,5,...,25. Here conjugates are as following,

Forp =1,(9) will be; Scl_p = (Tl + T(13_1)+1) = (T, +Ti3) = (1+25) =26
Forp =2,(9) will be; S2, = (T, + Taz—1)+1) = (T + T1z) = 3 +23) = 26

Forp =6,(9) will be; S, = (Ts + Taz—e)+1) = (Ts + Tg) = (11 + 15) = 26
n—1

In this case mid term exists, hence number of conjugate terms are ,When

13-1
2

Properties of conjugate pair and terms.

1) In conjugate pair, each term is conjugate to another.i.e., T, is conjugate to Ty _p)41 and

vice versa.

nisodd.Heren., = = 6 pairs of conjugates and next term is middle termi.e.,T; = 13.

[Tp + T(n—p)+1]

2) When n is an odd number, Then value of mid — term is always equal to, T(ﬂ) = 5
2

Example.4.1. Find the middle term of A.P.10,7,4, ...,—62 (Al CBSE 209 C).[24]
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Method.1. Solution furnished in the book. [24]
Solution:Herea =10;d =7—-10=-3; T,, = —62
~using T, = a+ (n— 1)d,we have
—-62=10+(n—1) x (-3)
—-62—-10 -72
— =—3 = 24
= n=25

n+1
~ Middle term = (T) th term

25+1
2
= 13" term
Now T3 = 10+ 12d
=10+ 12(-3)
= —26
Thus the middle term = —26

>n—-1=

T, + Te—
Method. 2. Solution using middle term equation, T(m) = m
2

2
Solution: Let we choose a conjugate terms,a =T, =10 and | = T,y = —62
When n is considered as an odd number then middle term exists and putting the values in the
10 — 62
middle term equation, we have T(m) = [27]
2
= Middle term T(ﬁ) =—26

2
Hence the answer is also guessable by this method.

, . . . [Tp + T(n—P)+1]
Proof of mid term : Consider the expression of mid term, T(n+1) T E—
2

whence n is odd number.
n+1 .
Let p = —— , here nis odd number.

2
_ T+ Topyn]

Then, T(m ) can be written as

> 2
Tm+1y +T
(3 (n—("zil)>+1
e 2
RUEENED)
2
_ [27ns)
B 2
e = e
LHS = RHS

Thus proved.
Example.4.2:let 3,6,9, ...,21is an A. P of 7 terms, find mid term.

n+1 741
Here, n = 7,then = — = 4,T, is the mid term. and value of this term is
T a1y = [Tp + T(n—p)+l]
" _Lp " "n=p)ti]
=) 2

Let value of p be arbitrarily choosen,i.e,let p = 3,then

T3+ Ter_
Putting the values in the above equation, T, = [32&

T3+ T5]
T2
_9+15_

Middle term is; T, = > 12
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[k]; .

[SC5]

n
Consequantly, Sy = 7 [(Tp + Tawp1)] = = == = an

3) Sum of first'n terms is, S, =

NSNS

Above equation can be written as S,, =

Proof of (11)is very simple,i.e., by putting p = 1 we get the already known equation,
n
Sp = E [Tl + Tn]

4)Sum of terms of each conjugate pair is constant to the given A.P to first n terms.

e, [l +T,] =T+ Tp-p] = =T, + To-py] =~ = [T +[T1]] = k

And k=2a+ (n—1)d

Proof,

We know that sum to first 'n’ terms of an A. P is

Sp=Ti+ T+ Ta++T, + 4T, ————— €)

Sp =T+ Ty +Tny + =+ Tonpyyr + -+ Th ———— — (2) [Written in the reverse order]
Adding (1) and (2) we have,

28, = [Ty + T, + [To + Too—p)] + [T + Ty + = + [Ty + Tnpysa| + -+ [T + 1] — — — — — 3)
Similarly, it is known that,

28, =[2a+(n—-1Dd]+--+[2a+ (n—1)d] + -+ [2a + (n — 1)d] upto n terms — — — (4)
Comparing (3) and (4) we have

[Tl + Tn] = [TZ + T(n—l)] == [Tp + T(n—p)+1] == [Tn + [Tl]] = [2(1 + (- 1)d]
~k=[2a+ (n-1)d]

Thus proved.

Further, conjugate pairs that are made in a particular A.P, number of pairs will be equal to integral number
(i.e., natural number), only when number of terms ‘n’ is an even number. Also, when n is odd number mid- term
exists.

ro., . . n
i.e., When'n is even number ,number of conjugate pairs = ol
e . . n—-1
And,when 'n is an odd number, then number of conjugate pairs = and one

[Tp + T(n—p)+1]
5 .
Example.4.3:In an A. P, if sum of conjugate terms 18" and 52" terms is 176, find
middle term. And find the sum of first n terms. Also find the family of A.P.
Solution: Data; p = 18; [T, + Tiu—py41] = 176; T( ) =?,S, =?,and family of A.P =.

7
T, =Tyg; ~p=18
Similarly, To,—py41 = Ts2
~ Equating the subscripts of T on both sides, we have, (n—p)+1=52
Putting the value of p in the above equation,we have,(n —18) + 1 = 52
Consequantly, n =69
Since n = 69 is an odd number, mid term exists,

T, + T _
Hence,Tn+1 = m

mid — term exists. Also the mid — term T(ﬂ) is always equl to
2

2 2
176 a8
=—=

Also, 88 = k

50,88 = - .
Further to find sum of first 69 terms,S, =n (E) ; since n is an odd number.
i.e., S6g=69X88
- 569 = 6072

Moreover to find the family of A.P, we have,
[Tp + T(n—p)+1] =176
i.e.,2a+ (n—1)d =176
2a+ (69 —1)d =176
2a + 68d =176
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a+34d =88
This is the family of A.P in this case.
For instance, let a = 10d, then by putting this relation in the above equation.
we have a + 34d = 88

10d + 34d = 88
=>d=2
Then, a=10d
=10x 2
a=20
Also,69" term is, Tgg = 20 + (69 — 1)2
Tgo = 156

Consequantly, member of family of A.P.is10d,11d,124d,...,78d

i.e.,20,22,24, ..., 156

This fulfils all the conditions that an A.P should have to exhibit, They are,

1) Common dif ferance is constant.i.e.,d = 22 —20 =2 and d = 24 — 22 = 2 and so on.

2)sum of terms of each conjugate pairs is constant. for example, 20 + 156 = 22 + 154 = --- = 176
3) Sincen = 69 is an odd number, this A. P has a middle term.
and etc.

~ 20,22,24, ...,156 is a member of family of A.P,a + 34d = 88
To find another one,let a = —23d
Then,a + 34d = 88 = —23d + 34d = 88
i.e.,11d =88
hence,d = 8
Further to find the last term, T, = a+ (n — 1)d
=—-23%x8+(69—-1)8
= —184 + 544
T, = 360
Now another member of this family is,—184,—176,—168, ...,360
Similarly, this A. P, also follows all conditions.
i.e,1) Common dif ferance is constant.
i.e.,d =—-176 — (—184) =8and d = —168 — (—176) = 8 and so on.
2)sum of terms of each conjugate pairs is constant.

i.e.,—184 + 360 = —176 + 352 = --- = 176.
3) Since n = 69 which is an odd number, this A.P has a middle term.
And etc.

Example.4.4:The sum of first and fifth terms of an A.P is equal to 26, and product of second and
fourth is 160, find the sum of first six terms.

Solution: Given,T; + Ts = 26 & T, X T, = 160

From 15t to 5" term, number of terms is 5 terms, then mid term is 3" term.

Since Tyand Ts are conjugate terms in A.P of 1to 5 terms
T, +Ts 26
=5 = 13

Hence, T3 =
Using value of T; ,'d can be found as following.
It is given that T, X T, = 160
i.e., (T3—a)(T;+d) =160
(13 -d)(13+d) = 160
132 — d%? = 160
=d=3

Then, S, = g[ZTp +{n+1) - Zp}d]

6
Se =E[2x13+{(6+1)—2x3}3]
56 = 87
Example.4.5: Given a; = 15,5;y = 125, find d and a,,. [15]
This problem is solved at section I11, example.3.1, using current method and remodelled equation. Here same
problem is solved using (11) which is one of conjugate property.

n
Solution: consider, S,, = > [(Tp + T(n_p)+1)]
Here T; = 15, n = 10,
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10
Then ) 125 = 7 [15 + T10_3+1]

= 25=15+T,

= Ty = 10
Tg—T;
Th =—
en,d 8_3
_10—5

-5

d=1
Then,Tm =T8+2d
=10+2

T10=12

V. Conlusion
Generalisation of equations and shortcuts to results will be helpful to students. This article is aimed at both
perspectives.
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