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I. 1 Introduction
The theory of sequences of fuzzy numbers was first introduced by Matloka [14]. Then, after all, Nanda

[17], Mursaleen and Basarir [15] and others constructed various types of sequence spaces of fuzzy numbers.

The notion of statistical convergence which is closely related to the concept of natural density or asymp-
totic density of a subset of the set of natural numbers ¥ was first introduced by Fast [9] and Schoenberg [20]

independently. For a set 4 < M, the density of the subset A is defined by
i(A) = i ! ke A: k<
- — _ o E AR =T .
o) = gy ke Ak <nt

where | {k € A: k < n} | denote the number of elements in the set. Over the years and under different
names, statistical convergence was discussed in number theory, trigonometric series and summability theory.
From the point of view of ksequence spaces, the concept of statistical convergence was generalized and

developed by Saldt [19]. Fridy [10], Connor [3] and many others.

The existing literature on statistical convergence was restricted to real or complex sequences, but
Nuray and Savas, [18] extended the idea of statistical convergence to sequences of fuzzy numbers. Later on,
Kwon [13], Bilgin [1] and many others extended the idea of statistical convergence to the sequences of fuzzy
numbers. Using this concept, Dutta and Tripathy [6], Dutta [7] and others discussed various concepts of
statistically pre-Cauchy sequences of fuzzy numbers.

A sequence r = (zp) 1s statistically pre-Cauchy if

limn2|{(4,k) : |z — ;| = £,5,k < n}| =0.
Tl

In [2], the notion of statistically pre-Cauchy sequences was introduced and shown that statistically
convergent sequences are always statistically pre-Cauchy. On the other hand under certain general conditions
statistically pre-Cauchy condition implies statistical convergence of a sequence.. Using this concept Das and
Savas, [4], Khan et al. [11], Yamanc_ and G[Drdal [22] and many others studied different types of sequence
spaces of real numbers.
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The difference sequence spaces f..(A), ¢(A) and ep(A), consisting of all real valued sequences © = ()
such that Ax = (xp — xp41) in the sequence spaces f.., ¢ and cg were defined by Kizmaz [12]. Later on
using the idea of mth order difference sequence, these spaces were generalized by Et and Colak where
the mith order difference sequence is defined as, for m € N, Az = (z), Ar = (2 — 23 1), A™x =
(A™xp) = (A™ 1z — A™ 1xy 1) and so that

m
AT = (1) ( ﬁ.] ) Thti.
i=i0

i

The purpose of this paper is to introduce the concept of A™-statistically pre-Cauchy sequences of fuzzy
numbers using a modulus function. A necessary and sufficient condition is proved for a sequence of fuzzy

numbers to be A™-statistically pre-Cauchy.

I1. Definitions and Preliminaries
Let D denote the set of all closed and bounded intervals A = [ay, as] on the real line . For A, B € D,

we define
d(A, B) = max{|a; — by, |as — bo[}

where A = [a1,a9] and B = [by, bo]. It is known that (D, d) is a complete metric space [5].

A fuzzy number X is a fuzzy set on |, that is, a mapping X : R — [0, 1] which has the following
properties:

(1) X is normal, that is, there exists a ty € K such that X (fp) = 1:

(i) X is fuzzy convex, that is, for ;. fo € Rand 0 < A < 1, X (M) +(1—-XA)ts) = min{X(#;), X (fa)};
(1) X is upper semicontinuous;
(1v) supp X={t € B : X(f) = 0} is compact.

The set of all upper-semicontinuous, normal, convex fuzzy numbers with compact support is denoted by

L(R). Throughout this paper, by a fuzzy number we mean that the number belongs to L(R).

The set i of all real numbers can be embedded in L(R). Forr € R, T € L(R) is defined by 7(t) =
1 forr =tand0 forr #t.
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The a-level set X of X & L(IR) is defined as

xa _ t:X(t)=a if ae(0,1],
t: X(t) =0 if a=0.

The set L) forms a linear space under addition X' + Y and scalar multiplication AX, where X. Y €
L(R) and A £ R, in terms of - level sets as defined below:

X +V]* = [X]* + [¥]™ and [AX]™" = A[X]" foreachD < a < 1.

For each ov € [0, 1], the set X is a closed, bounded and nonempty interval of F.

Let XY & L(R) and the a-level set of fuzzy numbers X and ¥ be X = [X® X" and Y =
Y Y], a € (0, 1]. Then a partial ordering * < * in L(IR) is defined by X <Y if and only if X* < Y
and X" <Y foralla € (0,1].

Letd: L(R) x L(E) — R be defined by
d(X,Y)= sup d(X*,Y).
D<= 1

Then d defines a metric on L(R) and (L(R), d) is a complete metric space [5].
Definition 2.1. (Matloka [14]) A sequence X = (X)) of fuzzy numbers is a function from the set I of all

positive integers into L(R). Thus, a sequence of fuzzy numbers (X ) is a correspondence between the set of
positive integers and the set of fuzzy numbers. that is, to each positive integer k, there corresponds a fuzzy
number X . The fuzzy number X, is called the kth term of the sequence X = (X}.). Let w(F') denote the
set of all sequences of fuzzv numbers.

Definition 2.2. (Matloka [14]) The sequence X = (X)) of fuzzy numbers is said to be bounded, if there
exists fuzzy numbers X and Yy such thar X < X < Y, for all k = M and convergent to the fuzzy number
Xo, written as klggo X = Xy, if for every ¢ = 0, there exists a positive integer ko such thar d{ X, Xg) < ¢
forall kb = ky Let £ (F) and c(F') denote the set of all bounded and convergent sequences of fuzzy

numbers, respectively.
Lemma 2.1. (Talo and Bagar (21])Let XY, Z.V € L(R) and k = E. Then,
(i) d(kX,kY) = |k|d(X,Y)
(ii) d{X +Z.Y + Z)=d(X.Y)
(iii) d(X +ZY + V) =d(X,Y)+d(Z,V)
(iv) |d(X,0) —d(Y,D)| < d(X,Y) < d(X,0) +d(Y,0)
Definition 2.3, (Nakano [16]) A real valued function f : [0, 2c) — [0, o0) is called a modulus if
(i) f(x) = 0 forall z,
(it) f{x) =00 and onlyifz =0,
(iii) flz+y) = f(z) + fy) forall x, y = 0,
(iv) f is an increasing function,

(v) [ is continuous from the right ar 0.

DOI: 10.9790/5728-1304036169 www.iosrjournals.org 63 | Page



A"-statistically pre-Cauchy sequences of fuzzy numbers

I11. A™-statistically pre-Cauchy sequences of fuzzy numbers

The idea of statistical convergence depends on the density of subsets of the set I¥ of natural numbers.

Definition 3.1. (Nuray and Savas [ 18]) The sequence X = (X)) of fuzzy numbers is said to be statistically
convergent to the fuzzy number L, if for every ¢ = (),
1 _
im — <n:d i) = =
Jim — Hk<n:dXpL)=ce}| =0
where the vertical bars indicate the number of elements in the enclosed set. In this case, we write 5 —

lim Xj. = L and 5(F) denotes the set of all statistically convergent sequences of fuzzy numbers.

Definition 3.2. The sequence X = (X}.) of fuzzy numbers is said to be statistically pre-Cauchy, if for every
=0,
) 1 . - .

ﬂllrn-:lgnj HL_‘I =n:d(X;, X;) = f}| =10.
Let S¥ denotes the set of all statistically pre-Cauchy sequences of fuzzy numbers.
Definition 3.3. The sequence X = (Xy) of fuzzy numbers is said to be A™-statistically convergent to the
fuzzy number L, if for every ¢ = 0,
1 B
— |{k <n:dA™Xg L) = c}

=0

In this case, we write S(A™) — lim Xi = L and S(A™)(F) denotes the set of all A™-statistically conver-

gent sequences of fuzzy numbers.

Definition 3.4. The sequence X = (X ) of fuzzy numbers is said to be A™-statistically Cauchy, if for every

£ = 0, there exist a positive integer ky (depending upon = only) such that

lim © Hk<n:dA™Xg, A" X)) z e} =0.

Definition 3.5. The sequence X = (X} of fuzzy numbers is said to be A™-statistically pre-Cauchy, if for
everye = 0,
1 — .
lim — [{i.j < n:d(A™X; A™X;) > c}| =0.

In this case, we write S(A™)—lim X = L and .S"!"(:'}.m} denotes the set of all A™-statistically pre-Cauchy

sequences of fiizzy numbers.

Theorem 3.1. If a sequence is A™-statistically convergent sequence, then the sequence is A™-statistically

pre-Cauchy.
Proof: The proof follows using the technique of theorem 2 of Connor et al. [2].

Remark 3.1. In general, a sequence which is A™-swatistically pre-Cauchy is not A™-statistically conver-

gent.
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Proof: This result follows from the following example.

Let f(r) =z, pp = 1 forall k € I¥ and consider the sequence X = (X} as follows:

When k is odd,
t4+7 if —7T<t<—6
X = —t—5) if —6<t<-5

0 otherwise

and when k is even,

Xp=4 T—t f6<t<7

The corresponding a-level sets of X3, a € [0, 1] are

[X ]ﬂ { [_T+ﬂf_5_a] if k15 odd
ke =

[5+a,7—aj if k is even
which implies the corresponding a-level sets of AX;, a € [0,1] are
(AT X0 — 2™(—T+a),2™(—5—a)] ifkisodd
[2™(5 + a), 2™(T — a)] if k is even
which implies %g Hk <n:dA™Xg, L) = c}| — 0 as m — oo where L is the fuzzy number such that
[L]* = [-T + @, —5 — a). But the sequence X = (X}) is not A™-statistically convergent to L.
Theorem 3.2. Let a sequence of fuzzy numbers X = (X.) is A™-statistically pre-Cauchy. If (A™X})
has a subsequence (A™ X, ) which converges to Xy and 0 < lim inf H“"E?Tﬂ < oo, then, (A™X}) is
statistically convergent to X,
Proof. Letz > 0 be given. Since A™X,,, — Xy, we can choose ng € I¥ such that E(ﬂank, Xp) < ¢ for

all ng. = nyg.
Let A = {ng : np > ng, k€ N} and A(z) = {k: d(A™X}. X) = }. Now

I = : 1 _
—|{0.k)  dA™X; A"Xy) Z gk <n} 2 —5 Y Xagalii k)
1.k<n

1
= EHM <n:ing € A}
xl|{k < n:d(A™X, Xp) = e}
n

Since, lim inf ang’;& = 0Oand X = (X is A™-statistically pre-Cauchy sequence, so we have
ﬁI"_"H{JT k) : H(ﬁ”‘Xjfﬁ”‘ij =z e,j.k<n}| = 0asn — cowhichimplies X = (X;) is A™-statistically

convergent to Xj. M
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Theorem 3.3. Let X = (X}) be a sequence of fuzzy numbers such that (A™X}.) is bounded. Then, X
is said to be A™-statistically pre-Cauchy if and only if lim ig Z FA(A™X;, A™X;)) = 0 for every
TE—r20 T

ij<n
bounded modulus function f.
Proof. Let lim % Z f(d(A™X;, A™X;)) = 0. Given £ > 0 and for any n € [, we have
n— o0 =
i,j<n
1 - 1 -
3 D JEA™X,A™XG) = 5 ) f(dATX, ATX)
ij<n i.jsn,
AA™X, A™X ;) >e

1 —_
2 > FlA(A™X;, A™X))

i.j=n,
dA™X; AT X<
1 -
> — ). f@@ATX,A™X)
i.jsn,

AHA™X A™X ) >e
> f(E)ay [{k < ndA™X, ATX) 2 e}

which implies Elz' Hi.j<n:d(A™X;,A"™X;) = c}| — 0asn — oco. Thus, X is A™-statistically pre-

Cauchy sequence.
Conversely, let X = (X}) is A™-statistically pre-Cauchy sequence and = > 0 be given. Choose § =

0 such that f(5) < 5. Since f is a bounded modulus function, so there exists an integer I such that

f(d(A™X;, A™X;)) < B. Now for each n € N, consider
1 - 1 -
p Y fAA™X,ATXG) = — 3 F(A™X;, A™X))

]
TL
i,j<n ij<n,

qUA™X: A™X ) <d

1 _
+t— ), J@ATX,ATX)
ij<n,
E(ﬁmxiﬂ.mxjjzc;

< f(&)+ Bi|{i.j <n:d(A™X;, A™X;) = 5}
< §+B {i.j < n:d(A™X;, A™X;) = 5}

Since X is A™-statistically pre—(]au::]‘q,r sequence, so we have

Z FA(A™X;, A™X ;) < —Bforalln > ng.

ij<n
Hence, we have,
3 Z FA(A™X;, A™X;)) < e forall n > ny.
ij<n
that is,
lim — Z F(A(A™X;, A™X;)) = 0.

ij=n
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Theorem 3.4. Let f be a bounded modulus function, then, the sequence X = (X) of fuzzy numbers is
i
A" _statistically convergent to L if and only if lim 1 Z fld(A™ X, L)) =0
n—oo T =1
Proof. Let lim — Z f(d(A™ X}, L)) = 0. Given ¢ > 0 and for any n € I, we have
n—roo 71 —1

n

=Y F@ATNLL) = — Y @ATX.L)
k=1

k=1,
dA™N, L)z
l n
J— d m )
+— g; f(d(A™ X}, L))

A™ Xy L)<e
mn

>~ Y f@ATX.L)
E{a"{d;:.}.gc
> (o) [{k <n:TA"XeL) > <}

which implies 1 [{k < n : d(A™Xy, L) > c}| — 0asn — oo. Thus, X is A™-statistically convergent to
L.

Conversely, let X = (X}) is A™-statistically convergent to L and £ > 0 be given. Choose 4 = 0 such that
f(9) < 5. Since f is a bounded modulus function, so there exists an integer I3 such that f (d(A™X;, L) <

(. Now for each n = [, consider

e - 1 i _ .
—Zf(d(&”‘X:c,LJ) = - Z Fld(A™ X, L))
" " k=1,
AA™ X L)<
1 n — _
+ Z fld(A™X, L))
k=1,

AA™ X L)=8
< f(d) +G% {k<n:d(A™Xy, L) =6}

< %-l—G% H{k<n:dA™Xg, L) = 6}

Since, X is A™-statistically convergent sequence, so we have

T
LS~ f@amxy, 1)) < = forail n > no.
"= 2G

Hence, we have,

mn
% Z f(d(A™ X}, L)) < £ for all n = ng.
k=1
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that is,
l l m _ . .
nh_;&ﬁ; fA(A™ Xy, L)) =

Lemma 3.1. Let X = (X}.) be a sequence of fuzzy numbers such that (A™X ) is bounded and f be a

bounded modulus function. Then, we have

: 1 3 m m v o
nll;rl;m—g_z d(A™X,;, A" X;) =
ij<mn

if and only if
lim — Z FlA(A™X;, AT X)) = 0.

ﬂ—nm}12
J<n

Proof. Assume that lim 2 Z d(ATX;, AT X;) =

n—roo Tl
ig<n

Let V = supd(A™ X}, 0) and define f(x) = (1 + 2V') 17 Then,
k

_ _ d(A™X,, A™X;)
d(A™X;, A™X;)) = (1+2V 1+ 2V)d(A™X:, A™X
fldf i i) = )l—i—d.(.}.mXi ﬂ.ijjl_( Ja( i i)-

Hence, we have,

_, Z (dA™X;, A™X;)) < [1+2L)n > dA™X; ATX).

j=n iJ=n

Since, 11n1 Fll i%ﬂa(.amxi, A™X;) = 0 which implies ﬂllnolo n%%;n fA(A™X;, AT X)) =
Conversely, assume that ﬂlln;o nig Z FA(A™X;. A™X;)) = 0. Now,
ij=n
d(A™X;, A™X )
1+d(AmX;, AmX;)
(1+2V)d(A™X;, A™X;)
1+ d(A™X;,0) + d(A™X;,0)
(14 2V)d(A™X;, A™X;)
- 1+ 2V
= d(A™X;, A™X;)

FAA™X;, A™X;)) = (1+2V)

Hence, we hawaL Z dA™X; ATX;) < — Z FA(A™X; AT X;)).

2 2
n ij<n m ij<n
Since. lim — Z{: f(d(A™X;, A™X;)) = 0 which implies lim Hg > d(A™X;, AT X;) =
L,J=n ij<n

Theorem 3.5. Let X = (X)) be a sequence of fuzzy numbers such that (A™ X,.) is bounded. Then, for any
bounded modulus function f, the following statement holds:
1 B
_ B m_ P . _ . T _ T . T Ny —
= (X}) is A" -statistically pre-Cauchy if and only if nILH;J = Z dAT X, ATX ;) =0

ij=n
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Proof. Using Lemma 3.1 and Theorem 3.3, we get the required result.

Theorem 3.6. Let X = (Xi) be a sequence of fuzzy numbers such that (A™Xy) is bounded. Then, the

following statement holds:
T

. 1 =
X is A™-statistically convergent to L if and only if lim — E d(A™ Xy, L) = 0.
— o0 7 =1

Proof. Consider the modulus function f(x) = (1 +V + L) where V' = supd(A™Xj,0). Then, using
k

the technique of Theorem 3.4 and Lemma 3.1, we get the required result.
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