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I.  Introduction
The floor function, which is also called the greatest integer function (see in [1]), is a function that takes
an integer value. For arbitrary real number x, the floor function of x, denoted by | x |, is defined by an inequality

of x-1<|x]<x. The floor function frequently occurs in many aspects of mathematics and computer science.

However, as stated in article [2], except the Graham's book [3], one can hardly find a general know-of the
properties of the floor function though one can find something in the Internet of free wikipedia [4]. Since
Graham's book was first published 30 year’s ago and its following-up editions made few modification on the
part of the floor function, it is necessary to sort out the properties of the function as a reference for researchers.
This article summaries briefly the frequently used properties of the floor function so as for reader to have a
reference in their studies.

I1. Definitions and Notations
The floor function of real number x is denoted by symbol| x | that satisfies| x | < x <| x |+1; the fraction

part of x is denoted by symbol {x}that satisfies x =| x |+{x}; the ceiling function of x is denoted by symbol
[ x|that fitsx <[ x]<x+1. In this whole article, A= B means conclusion B can be derived from condition A;

A < B means B holds if and only if A holds. Symbol Z means the integer set, x e Z means X is an integer and
X ¢ Z indicates x is not an integer.

I11. Frequently-used Properties of the Floor Function
The following properties of the floor functions are sorted by basic inequalities, conditional inequalities
and basic equalities.

3.1 Basic Inequalities
In the following inequalities, x and y are real numbers by default.

D x|y |< [y < )+ [y o1

P2)E | x |- y|-1<|x-y]|<|x|-|y]<[x]-[ y]+1

(P 2 |2y )2 x) [y +[x+ )

(P4)[5]L(m +n)X |+[ (m+n)y || mx]|+| my |+| nx+ny | with m and n being positive integers
(PSP | nx |+ | ny|>(n-1)| x+y |+| x|+| y] with n being a positive integer

(P6) M) | xy |>| x| y | with x,y>0.

(P7)® Mgm with x>1and y>0.

(P8)™ n| x |<|nx];n| x]=|nx| < n{x}<1, where n is a positive integer.
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(P9) HJ > q—;l—l for arbitrary positive integers p and q;

3.2 Conditional Inequalities
In the following inequalities, x and y are real numbers, and n is an integer.

(P1O)Px<ne | x|<n,n<xen<| x|
(P1)¥ x<n<ye|x|<n<|y]|

(P12) ¥ | x|>|y|= x>y

(P13) PISIX <Y = | x|<|y]

3.3 Basic Equalities
In the following equalities, x and y are real numbers, m and n are integers.

(PP | n+ x| =n+| x].
(P15)5! UXJJ - F J with m>1.
m m

- x],xez

(P16)” [x]= {—LXJ ~1xeZ

(P17 | nx | = x |+ Lx +%J+"'+[X+nT_1J with n>0, particularly, | x | +Lx+%J =| 2x | and
X x+1
B
(P18)81| x | = EJ + [HTXJ .. {n _r’ XJ , particularly, EJ + LXTHJ =| x|
(P19 P] - Ln—_lJ+1with m>1.
m m

(P20)1E31 L&J:L LXJJ

(P21)™| log, x| = | log, | x| |
(P22)! | log, m |+1=[log,(m+1)] with m>1.

a

(P23)E LzJ = Lbic for arbitrary integer a and positive integers b and c.

LEJ n{m+1
(P24) 1T [—m + J _jtnd
n {%J+l,n|m+1

(P25)P S 1=| x|

1<n<x

(P26)1| Vn +n+1|=| Van+1]=|Van+2 |=| Van+3 ]|

IV. Applications in Number Theory
The floor function is widely applied in number theory. Here list several very frequently used theorems.

(P27)E 1t needs| log, N |+1binary bits to express decimal integer N in its binary expression.

(P28) ! Let N be an integer; then N —L\/ﬁf >0.

(P29)C!Let mand p be positive integers; then number of p’s multiples from 1 to m is calculated by “;J .
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(P30)!Let m,nand p be positive integers such that 1< p <m < n ; then number of p’s multiples from m to n is

calculated by
n m
S5
p p

v(m,n, p) =
(P31) Arbitrary positive integer i yields
arbitrary positive even integer e yields

and arbitrary positive old integer o yields

oo

Proof. By definition of the floor function, for arbitrary real x , it holds §—1< EJ < % namely,

X—=2< ZEJ < x. Hence arbitrary positive integer i yields i-1< ZBJ <i.When e iseven, let

e =2swith s>0; then ZEJ =2|s|=2s=e. For the case of o being an odd integer, let
0 =2s—1withs > 0; then it yields
2@ - 2Ls—1+%J =2( 2(s-1) |- s-1)) =25 -1-1=0-1

Acknowledgements
The research work is supported by Department of Guangdong Science and Technology under projects
2015A030401105 and 2015A010104011, Foshan Bureau of Science and Technology under projects
2016AG100311, and projects 2014SFKC30 and 2014QTLXXM42 from Guangdong Education Department.
The authors sincerely present thanks to them all.

References

Journal Papers:

[1] Rosen K H. Elementary Number Theory and Its Applications(6th edition). Addison-Wesley, 2011.

[2] Wang Xingho, “A Mean-value Formula for the Floor Function on Integers”, Mathproblems Journal, 2012,2(4),136-143

[3] Graham R L, Knuth D E and Patashnik O, Integer Functions. Ch.3 in Concrete Mathematics: A Foundation for Computer Science,
2nd ed. Reading, MA: Addison-Wesley, pp.67-101, 1994, ISBN 0-201-55802-5.

[4] wikipedia, Floor and ceiling functions, https://en.wikipedia.org/wiki/Floor_and_ceiling_functions

[5] Pan C D and Pan CB, Elementary Number Theory (3rd Edition), Press of Peking University, 2013

[6] Jichang Kuang, Applied Inequalities, Shandong Science and technology Press, 2010

[7] Liu P J, The Collection of Difficult problems of Elementary Number Theory, Press of Harbin University, 2010

[8] Xingbo WANG, Some More New Properties of Consecutive Odd Numbers, Journal of Mathematical Research, 2017,9(5), 47-59

[9] Xingbo WANG. Strategy For Algorithm Design in Factoring RSA Numbers, IOSR Journal of Computer Engineering (IOSR-JCE),
2017,19(3,ver.2), 1-7

Xingbo Wang. “Brief Summary of Frequently-Used Properties of the Floor Function .” IOSR :
Journal of Mathematics (IOSR-JM), vol. 13, no. 5, 2017, pp. 46-48. :

DOI: 10.9790/5728-1305024648 www.iosrjournals.org 48 | Page



