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ABSTRACT: Sum Combination of elements of an Artex Space over a bi-monoid and the sum span of a subset
of a completely bounded Artex space over a bi-monoid induced to define the sum span of sum span of a subset of
a completely bounded Artex space over a bi-monoid. It is proved that the sum span of sum span of a
subset of a completely bounded Artex space over a bi-monoid is the sum span.
Product Combination of elements of an Artex Space over a bi-monoid and the product span of a subset of a
completely bounded Artex space over a bi-monoid induced to define the product span of product span of a
subset of a completely bounded Artex space over a bi-monoid. It is proved that the product span of product span
of a subset of a completely bounded Artex space over a bi-monoid is the product span.
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I.  Introduction

The algebraic system Bi-semi-group is more general to the algebraic system ring or an associative ring.
Artex Spaces over Bi-monoids were introduced. As a development of Artex Spaces over Bi-monoids, SubArtex
spaces of Artex spaces over bi-monoids were introduced. From the definition of a SubArtex space, it is clear
that not every subset of an Artex space over a bi-monoid is a SubArtex space. We found and proved some
propositions which qualify subsets to become SubArtex Spaces. Completely Bounded Artex Spaces over bi-
monoids were introduced. It contains the least and greatest elements namely 0 and 1. These elements play a
good role in our study. Sum Combination of elements of an Artex Space over a bi-monoid and the sum span of
a subset of a completely bounded Artex space over a bi-monoid induced to define the sum span of sum span
of a subset of a completely bounded Artex space over a bi-monoid. Product Combination of elements of an
Artex Space over a bi-monoid and the product span of a subset of a completely bounded Artex space over a bi-
monoid induced to define the product span of product span of a subset of a completely bounded Artex space
over a bi-monoid.. As the theory of Artex spaces over bi-monoids is developed from lattice theory, this theory
will play a good role in many fields especially in science and engineering and in computer fields. In Discrete
Mathematics this theory will create a new dimension.

Il. Artex Spaces Over Bi-Monoids
2.1 Artex Space Over a Bi-monoid : Let (M, +, .) be a bi-monoid with the identity elements 0 and 1
with respect to + and . respectively. A non-empty set A together with two binary operations  and v is said to
be an Artex Space Over the Bi-monoid (M, +,.) if
1.(A, A, V) is a lattice and
2.for each meM , mt0, and a€A, there exists an element ma € A satisfying the following conditions :
(i) m(aAb)=maAmb
(i) m@Vb)=maV mb
(ii) maAna<(m+n)a and maVna<(m+n)a
(iv) (mn)a=m(na), for all m,neM, mt0, m0, and a,beA
(v) la=aforallaecA.
Here, < is the partial order relation corresponding to the lattice (A, A, V) .The multiplication ma is called a bi-
monoid multiplication with an artex element or simply bi-monoid multiplication in A.
Example 2.2.1 Let W={0,1,2,3,...}.
Then (W, +,.) isabi-monoid , where + and . are the usual addition and multiplication respectively.
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Let Z be the set of all integers

Then ( Z, <) is a lattice in which A and V are defined by a A b = minimum of {a,b} and a V b = maximum of
{a,b}, for all a,beZ.

Clearly for each meW,m#0, and for each aeZ, maeZ.

Also,

(i) m@aAb)=maAmb

(i) m@vhb)y=maVvmb

(i) maAna<(m-+n)a and maV na<(m-+n)a

(iv) (mn)a=m(na)

(v) la=a,forall mneW,m+0,n+0 anda,beZ

Therefore, Z is an Artex Space Over the Bi-monoid (W, +,.)

Example 2.2.2 Asdefined in Example 2.2.1, Q, the set of all rational numbers is an Artex space over W
Example 2.2.3 Asdefined in Example 2.2.1, R, the set of all real numbers is an Artex space over W.
Example 2.2.4: Let Q’=Q" U {0}, where Q" is the set of all positive rational numbers.

Then (Q’, +, . ) is a bi-monoid. Now as defined in Example 2.2.1, Q, the set of all rational numbers is an Artex
space over Q’

Example 2.2.5:R’=R"U {0}, where R" is the set of all positive real numbers. Then (R’, +, . ) is a bi-monoid.
As defined in Example 2.2.1, R, the set of all real numbers is an Artex space over R’

2.3 Properties

Properties 2.3.1 : We have the following properties in a lattice (L , A,V)

laAa=a I’aVa=a
2aAb=DbAa 2’aVb=bVa
3(aAb)Ac=aA(bAc) 3’.(aVb)Vc=aV(bVg)
4aA(aVb)=a 4aV(aAb)=a,forallab,cel
Therefore, we have the following properties in an Artex Space A over a bi-monoid M.
(i m(a A a) =ma (i)’.m(a Va)=ma
(i) (m(a A b)=m(b A a) (ii))’m(a Vb) =m(b V a)
(iii) m((a Ab)A c)=m(a A(b A c)) (iii)’.m((a Vb) Vc)=m(a V(b V ¢))
(iv) m(a A (aVb))=ma (iv)’.m(a 'V (a A b)) = ma,

for all meM, m+0 and a,b,c € A
2.4 SubArtex Space : Let (A, A,V) be an Artex space over a bi-monoid. (M, +,.). Let S be a nonempty
subset of A. Then S is said to be a SubArtex Space of A if (S, A,V) itself is an Artex Space over M.
24.1 Example : As defined in Example 2.2.1, Z is an Artex Space over W = {0,1,2,3,.....} and W is a
subset of Z. Also W itself is an Artex space over W under the operations defined in Z. Therefore, W is a
SubArtex space of Z.
25 Complete Artex Space over a bi-monoid : An Artex space A over a bi- monoid M is said to be a
Complete Artex Space over M if as a lattice, A is a complete lattice, that is each nonempty subset of A has a
least upper bound and a greatest lower bound.
2.5.1 Remark : Every Complete Artex space must have a least element and a greatest element.
The least and the greatest elements, if they exist, are called the bounds or units of the Artex space and are
denoted by 0 and 1 respectively.
2.6 Lower Bounded Artex Space over a bi-monoid : An Artex space A over a bi-monoid M is said to be
a Lower Bounded Artex Space over M if as a lattice, A has the least element 0.
2.6.1 Example : Let A be the set of all constant sequences (x;) in [0,%0)
Let W= {0,1,2,3,...}.
Define <’, an order relation, on A by for (x,), (Ya) in A, (X,) <’ (y,) means x, < y,, foreach n
Where < is the usual relation “ less than or equal to “
Therefore, A is an Artex space over W.
The sequence (0,), where 0, is 0 for all n, is a constant sequence belonging to A
Also (0,) <’ (x,), for all the sequences (x,) belonging to in A
Therefore, (0,) is the least element of A.
That is, the sequence 0,0,0,...... is the least element of A
Hence A is a Lower Bounded Artex space over W.
2.7 Upper Bounded Artex Space over a bi-monoid : An Artex space A over a bi-monoid M is said to be
an Upper Bounded Artex Space over M if as a lattice, A has the greatest element 1.
2.7.1 Example: Let A be the set of all constant sequences (x;) in (-0,0] and let W = {0,1,2,3,...}.
Define <’ ,an order relation, on A by for (x,), (Yn) in A, (X)) <* (y,) means X, <y,, forn=1,2,3,..., where <is
the usual relation “ less than or equal to “
Ais an Artex space over W.
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Now, the sequence (1,), where 1, is 0, for all n, is a constant sequence belonging to A
Also (x,) <’ (1,), for all the sequences (x,) in A
Therefore, (1,) is the greatest element of A.

That is, the sequence 0,0,0,..... is the greatest element of A
Hence A is an Upper Bounded Artex Space over W.
2.8 Bounded Artex Space over a bi-monoid : An Artex space A over a bi-monoid M is said to be a

Bounded Artex Space over M if A is both a Lower bounded Artex Space over M and an Upper bounded Artex
Space over M.

2.9 Completely Bounded Artex Space over a bi-monoid: A Bounded Artex Space A over a bi-monoid M
is said to be a Completely Bounded Artex Space over M if (i) 0.a=0, forall a € A (ii) m.0 =0, for all m e M.
2.9.1 Note : While the least and the greatest elements of the Complemented Artex Space is denoted by 0 and
1, the identity elements of the bi-monoid ( M , +, . ) with respect to addition and multiplication are, if no
confusion arises, also denoted by 0 and 1 respectively.

I11. The Sum Span Of A Sub Set Of An Artex Space Over A Bi-Monoid
3.1 Sum Combination : Let (A, A,V) be an Artex Space over a bi-monoid (M, +,.). Leta;, a,, as, .......
a,€ A. Then any element of the form m;a;Vm,a,VmsazV ....... V m,a, , where m; € M, is called a Finite Sum
Combination or Finite Join Combination of a;, a,, as, ....... a, .
3.2 The Sum Span of a sub set of an Artex Space over a Bi-monoid : Let (A, A ,V) be a Completely
Bounded Artex Space over a bi-monoid (M, +,.) and W be a nonempty subset of A. Then the Sum Span of W
or Join Span of W denoted by S[W] is defined to be the set of all finite sum combinations of elements of W.
That is, S[W] = {m;a;Vm,a,VmsasV ...... Vmpa, / mje M and a e W}
3.3 PROPOSITIONS
Proposition 3.3.1: Let (A, A ,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.) and
W be a nonempty subset of A. Then W < S [W]
Proposition 33.2: Let (A, A,V) be a Completely Bounded Artex Space over a bi-monoid (M , +,.). Let W
and V be any two nonempty subsets of A. Then W < V implies S [W] € S [V].
Proposition 3.3.3: Let (A, A,V)bea Completely Bounded Artex Space over a bi-monoid (M , +,.). Let W
and V be any two nonempty subsets of A. Then S [WuV] =S [W] V S [V].

IV. The Sum Span Of Sum Span Of A Sub Set Of An Artex Space Over A Bi-Monoid
4.1 The Sum Span of Sum Span of a sub set of an Artex Space over a Bi-monoid : Let (A, A,V) be a
Completely Bounded Artex Space over a bi-monoid (M , +,.) and W be a nonempty subset of A. Then the
Sum Span of Sum Span of W or Join Span of Join Span of W denoted by S[S[W]] is defined to be the set of all
finite sum combinations of elements of S[W].
Note : S"[W] = S[S[S[S....S[W]...]]1=S[W]  (Sum Span taken n times )
Proposition 4.1.1: Let (A, A,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.) and W be
a nonempty subset of A. Then S[S[W]] =S [W]
Proof : Let (A, A,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)
Let W be a nonempty subset of A
Let U = S[W]
Let x e S[S[W]] = S[U]
Then, by the definition of S[U], x =m;s;Vmys,V ...... vmisiV ... Vm,s, where m;e Mands; e U =S[W)]
Now, by the definition of S[W], s; = mpaiVmiapV..... VgV ... Vmy@ay, where mjje M and aj € W

Therefore x = m;$1VmMys,Vo...... vmisiV...... Vm,S,
= ml(mllaanlzale ...... lekalk)Vmg(m21a21Vm22a22V ...... VmZmaZm)V ................
......... Vmi(miai VmpapV ...... Vimpdi).....ooee. VMM VMeano V... Vimpdny)
= (mmya;;Vmim,anV ...... Vmymyas)V(mMamyi8,0VmomyeanV ... VmyMymaom)V...... ...
~LV(mimpai Vmimgpa V. .. Vmim;a;)... V. (Mmymyan Vmymppan,V ...... VmpMp@n)
= (mymyy) a;;V(Mimy,) apVvo...... V(mimy) aiV(momy; ) anV(mamy, ) axpV ...... V(mamyy, )
mV..oool ..
LLV(mimg ) aiV(mimig y aigV . V(mimi ) aV... V.(mimy ) anV(mymy, ) @V o......
V(MaMpy) age

It is a finite sum combination of elements of W.

Therefore, X € S[W]

S[S[W]I € S [W]

Conversely, suppose x € S[W]

Then x = ma;Vm,a,VmsazVv ... Vm,a, where mje Manda; e W
x=1.(ma;)V1(ma)Vi1(mzas)V..... V 1.(mya,) where m;e Mand a e W
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Each m;a; is a finite sum combination of elements of W

Therefore, each mja; € S[W]

Sincele M, x=1.(ma;) V1.(mya,) V1.(myaz) V...... V 1.(mya,) € S[S[W]]

Therefore, S [W] < S[S[W]]

Hence S[S[W]] =S [W]

Corollary 4.1.2: Let (A, A ,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)and W
be a nonempty subset of A. Then S[S[S[W]]] =S [W]

Corollary 4.1.3: Let (A, A ,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)and W
be a nonempty subset of A. Then S"[W] =S [W]

V. The Product Span Of A Sub Set Of An Artex Space Over A Bi-Monoid

5.1 Product Combination : Let (A, A ,V) be an Artex Space over a bi-monoid (M, +, . ). Let a;, a,, as,
....... ap € A. Then any element of the form mja; A mya, A msasA ....... A mua, , where m; e M, is called a
Finite Product Combination or Finite Meet Combination of aj, a,, as, ....... an .

5.2 The Product Span of a sub set of an Artex Space over a Bi-monoid : Let (A, A ,V) be a Completely
Bounded Artex Space over a bi-monoid (M, +, . ) and W be a nonempty subset of A. Then the Product Span of
W or Meet Span of W denoted by P[W] is defined to be the set of all finite product combinations of elements of
W. That is, P[W] = { mia;A mya, A maasA ....... A mpa,/mje
M and a; € W}.

5.3 The Product Span of Product Span of a sub set of an Artex Space over a Bi-monoid : Let (A, A
,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.) and W be a nonempty subset of A.
Then the Product Span of Product Span of W or Meet Span of Meet Span of W denoted by P[P[W]] is defined
to be the set of all finite product combinations of elements of P[W].

Note : P"[W]=P[P[P[P....P[W]...]]] =P[W]  (Product Span taken n times )

Proposition 5.3.1: Let (A, A V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.) and
W be a nonempty subset of A. Then P[P[W]] =P [W].

Proof : Let (A, A,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)

Let W be a nonempty subset of A

Let U = P[W]
Let x € P[P[W]] =P[U]
Then, by the definition of P[U], X = m;S;A mos; A ... AmMsiA ... A mys, where mje Mands;eU =
P[W]
Now, by the definition of P[W], Si = MypainA MppapA ..... A mijaij/\ ...... A myaix where mjj € M and ajj € W
Therefore X = mS1A MySHA ... AMSA ...... A mgs,
= ml(mllalll\ mpapA ...... A mlkalk)/\ mz(m21a21/\ MoyoazA ...... A m2ma2m)/\ ................
......... A mi(Miz@in A Mig@ioA oo A M) .. A Mp(Mpz@nA MppanoA ... A Mp@ny)
= (mymya1 A MiMpapA ...... A mimgag)A (MoMmyan A MoMyasn A ...... A MyMomaom)A ...
......... A (Mimigain A mimpaipA ...... A mim;iai)... A (MyMpan A MiMpeanA ...... V. mpmpan)
= (mamyg) a A (MiMyo) aA ... A (mamy) ageA (MaMay ) 8 A (MaMyz ) anA ... A (myMyp )
bmA ......
A (Mimig) ainA (Mimigy aipA ... A (mimi ) aiA ... A (MaMpg) @A (MaMp2) @A ... A
(MaMpt) an

It is a finite product combination of elements of W.
Therefore, X € P[W]

P[P[W]] € P [W]
Conversely, suppose x € P[W]
Then x = ma; A mya A maasA ...... A m,a, wherem;je Mandae W
x=1(ma;) A 1.(ma) A L.(maaz) A ...... A 1.(mya,) where mje Manda e W

Each mjg; is a finite product combination of elements of W
Therefore, each mja; € P[W]

SinceleM, x=1.(ma;) A 1.(myay) A 1.(msaz) A ...... A
1.(mnan) € P[P[WI]]

Therefore, P [W] < P[P[W]]

Hence P[P[W]] = P[W]

Corollary 5.3.2 : Let (A, A ,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)and W
be a nonempty subset of A. Then P[P[P[W]]] =P [W]
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Corollary 5.3.3 : Let (A, A ,V) be a Completely Bounded Artex Space over a bi-monoid (M, +,.)and W
be a nonempty subset of A. Then P"[W] =P [W]

V1. Conclusion
The Finite Product Combination and the Finite Sum Combination of elements of a subset of an Artex

Space over a Bi-monoid, the Product Span of Product Span of a sub set of an Artex Space over a Bi-monoid
and the Sum Span of Sum Span of a sub set of an Artex Space over a Bi-monoid will create a dimension in the
theory of Artex spaces over bi-monoids. Interested researcher can do further research in this area of research.
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