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Abstract o
In this paper, we study a new graph invariant named reformulated Harary index A, which

is defined for a connected graph G as HA(G) = 1 t = 0. On the other hand. it

£

EL'L‘EZV(G) m’
is the generalized version of the Harary index. In this paper. we obtain the exact formulae for the
reformulated Harary indices of some composite graphs such as join. disjunction. strong product.
comyposition and tensor product of two graphs.
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I. Introduction
All the graphs considered in this paper are simple and connected. For vertices u,v € V(G&), the
distance between # and v in G, denoted by dg(i,v), is the length of a shortest (i, v) -path in G.
Ajoin G+ H of two graphs & and H with disjoint vertex sets F(G) and F(H) is the graph on
the vertex set F(G) U V(H) and the edge set E(G)U E(H) U {wv | u € V(G), v € V(H)}. Hence.
the join of two graphs is obtained by connecting each vertex of one graph to each vertex of the

other graph. while keeping all edges of both graphs.

The disjunction G v H of graphs G and H is the graph with vertex set V(G) x V(H) and
(11,v1) is adjacent with (u#2,12) whenever wujur € E(G) or vivo € E(H). The strong product
of graphs G and H, denoted by G ® H, is the graph with vertex set V(G) x V(H) = {(u,v) :
u € V(G),v € V(H)} and (i, x)(v,v) 1s an edge whenever (i) u = v and xv € E(H), or (i7)
uv e E(G) and x = v, or (iii) wv € E(G) and xv € E(H). The composition of the graphs G and
H, denoted by G o H, has vertex set V(G)x V(H) inwhich (g1, /11)(g2, /12) is an edge whenever
g1go isan edge in G or, g1 = g2 and /nhz i1s an edge in H. For two simple graphs G and H
their rensor product, denoted by Gx H, has vertex set V(G)x V(H) inwhich (gy,/,) and (g2,/,)
are adjacent whenever gygr is an edge in G and /i;/; 1s an edge in H. Note that if G and H

are connected graphs. then G x H is connected only if at least one of the graph is nonbipartite.

A topological index of a graph is a real number related to the graph: it does not
depend on labeling or pictorial representation of a graph. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physicochemical.
pharmacologic. toxicologic, biological and other properties of chemical compounds [6]. There
exist several types of such indices. especially those based on vertex and edge distances. One of
the most intensively studied topological indices is the Wiener index: for other related topological

indices see [10].

Let G be a commected graph. Then Wiener index of G is defined as W(G) =

1Y de(u,v) with the summation going over all pairs of distinct vertices of G. Similarly.
“ u,ve F(G)

the Hararyv index of G is defined as H(G) = it

dglev)”

=T

u,ve F{G)
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The reformulated Hararv index of a connected graph G is defined as H{(G) =

m, t 2 0. The reformulated Harary index is the generalized version of the Harary

1
p)

u,ve V(G)
index. It is natural and interesting to study the mathematical properties of this novel graph index.
The Harary index of a graph G has been introduced independently by Plavsic et al. [8] and
by Ivanciuc et al. [7] in 1993. Its applications and mathematical properties are well studied in
[1. 2. 3. 9]. Zhou et al. [4] have obtained the lower and upper bounds of the Harary index of
a connected graph. Very recently. Xu et al. [5] have obtained lower and upper bounds for the
Harary index of a connected graph in relation to ¥(G), chromatic number of G and w(G), clique
number of G. and characterized the extremal graphs that attain the lower and upper bounds of
Harary mmdex. Also. Feng et. al. [2] have given a sharp upper bound for the Harary indices of
graphs based on the matching number, that is. the size of a maximum matching. In this paper, we

obtain the exact formulae for the reformmulated Harary indices of some composite graphs such as

join, disjunction. strong product, composition and tensor product of two graphs

I1. Composite Graphs
In this section, we compute the reformulated Harary indices of join, disjunction, strong product and composition
of two connected graphs.

IZZIiis:[JS\I/Q obtain the reformulated Harary indices of join of two graphs.
Theovem 2.1. Let Gy and Gy be graphs with n,m vertices and p,q edges, respectively. Then
Hi(Gy + Gy) = &g | L (2e=lemncD) _ (5, 4 ), £ 0.
Proof. By the structure of the join of two graphs. we have
0, ifu=v
deeg(u,v) =11, ifuv € E(G)oruv € E(H) or (u € V(G) and v € V(H))

2, otherwise.

Therefore
H{(Gy1 + Gy) 1 1
t 1 2. = - S —
2 uVEV(G+Ga) dg v (V) + 1
1 ( ) ] + l
. weE(G) dG+Gy (11, V) + 1 wEE(Gr) de e (V) + 1 weE(G?) dergl(t,v) + 1

1 1 )
+ -+ _
Z dey+a (11, V) + 1 uer’(Gl)Z.\;e (Ga) dg+G, (1, V) + 1

wveE(Gh)
_ P 1 nn—1) q 1 mi(m—1) mn
= Trita 2 AT TRE s )+ T4
D+ g+ mn 1 n(mn— 1)+ mim—1)
= + ( ~ -+ ). [ |

1+ 24+t
If we consider 7 = 0, in Theorem 2.1. we obtain the Harary index of join of two graphs.
Corollary 2.2. Let Gy and G> be graphs with n,m vertices and p,q edges, respectivelv. Then
H(Gy + Ga) = mmn + %(p +qg)+ %(?.i‘(?? — 1) +m(mn — 1)). |
Using Corollary 2.2. we have the following corollary.
Corollary 2.3. Let G be graph on n vertices. Then H{(G + K) = mn + % |[E(G)H| + }1(?1(?: -1+
(i — 1)) |
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Using Corollary 2.3. we compute the formula for Harary indices of fan and wheel graphs.
Py + Ky and ¢, + K7.
Example 2.4. (i) H(P, + K1) = 3(n> + 517 — 2).
(1) H(Cn + K1) = 202% + 5n).

2.2 Disjunction

Here we obatin the reformulated Harary indices of disjunction of two graphs.
Theorvem 2.5. Ler 1 and G be graphs with n,m vertices and p,q edges, respectivelv. Then

1 mtn? +mn—1

H{(Gy v Ga) = ﬁ((mz — n)p + (72 + ?sjq) + 5 — mZp — ngq).
Proof. Set VF(Gi) = {ur,u2,....u4y) and F(Gz2) = {vi,v2,...,Vvm}. Let x;; denote the
vertex (wu;,v;) of Gp v G>. From the structure of the disjunction of two graphs. we have
IrO. if 2t; = 1 and v; = v,
deve (e, v, (e, v )) = 4 1, if g € E(G) or vyv, € E(H)
2, otherwise.
Therefore
1

H(Gy Vv Ga) =
r( ! l_) ffG‘qVG;(-"st.?(p) +r

1| =

Xij. Xgp € V(G1vG2)

1
{ T r(md’(u;) + nd(vy) — d(u;) + d("})]

1| =

X E F(G1vG2)

+

1
I{nm — md(u;) — nd(v;) + d(e:)d(v;) — 1)}

— 1 (mon2 2 ) 2.2 2 2
= 3(17"‘-’){'2”; p+2ng—2mp + 2:1(_;) + {m H-—2mTp — 2ing + mn — 1]

1
2(2 + 1)

2 2>
1 (m—n— +mn—1

1 5 9 2
= ((m‘ —m)p + (n + ?x)q] + 3 — mzp — n‘qJ.-

1+7 2+t 2
If we consider 7 = 0, in above theorem. we have the following corollary.

Corollary 2.6. Let G1 and Gy be graphs with n,m vertices and p,q edges, respectivelv. Then

H(Gy v Ga) = ”"sz + "qu — pg + %nm(}}m —1). |

2.3 Strong product

Here we obtain the reformulated Harary indices of strong product of two graphs.
Theorvem 2.7. Let G be a connected graph with n vertices and m edges. Then H(G @ K,) =
f'zﬁf(G:} + leﬁnr 77— 1).
Proof. Set F(G) = (w1, 12, ..., 4y} and V(&) = {v1,v2,...,v}. Let x;; denote the vertex (u;,1;)
of G=m K,{. One can see that for any pair of vertices x;;, app € V(G B Kp)., demx, (i, xp) = 1

and doar, (X, Xip) = da(u;, ug).

1 1

H{(GmkK,) = = —
Xij. Xkp € PIGRES) demk, (Xiy. Xkp) + 7

n—1 r—1 n—1 r—1
1 1

1
- Y LR L
2 !'=Oj.p=0dGEK—?’('\U"J?P:]+I Lk=oj=ong_K‘r(.\;j,.'\kj)+.F
Ve izk

n—1 —1 1
3D
iF=o0 =0 Guk, (Xij, Xkp) + 1

ik j#p
1,mr(— 1) — . —
- E{% + 2 HAG) + 21 — DEAG))
= 2HAG) + ﬁ???'(ﬁ'* 1). [ |

If we consider ¢ = 0, in above theorem we have the following corollary.
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Corollary 2.8. Let G be a connected graph with n vertices and m edges. Then H(G R K;) =
2H(G) + %m'(}' - 1). [ |

By direct calculations we obtain expr essions for the values of the Harary indices of P, and .

o ”( Z J 10 is even
HP)=n(Y i)—nand HC)=1 Tl

=1

H( El %] n is odd.

As an application we present formulae for Harary indices of open and closed fences. P, @ K»
and C, @ K>.

By using corollary 2.8, H(C;) and H(P,), we obtain the exact Harary indices of the following

graphs.
. n
Example 2.9. (1) H(P,mKy) =n(43 1-3)
i=1
?r(l+4z %]— i is even
(i) H(CrBEK>) = =

T
n(l +4 3 %) n is odd.
i=1

I11. Composition
In this section. we obtain the reformulated Harary index of <1 o Ga.

Theorem 3.1. Let Gy and G be two connected graphs with n,m vertices and p,q edges,
R — 2

respectively. Then Hi(G1 o Ga) = m?HAG1) + %[% + W]

Proof. Let V(Gy) = {uy,u2. ... ,uy} and let V(G2) = {v1,v2,..., v} Let x;; denote the vertex

(u7,v;) of G1 o G>. By the definition of 7-Harary index

— 1 1
Hi(GioG = =
r( 1 2:] 2 IU,J'HEV(Gchl d‘GlUGl(xU.‘ ‘k{} 7
n—-1 m-1 n—1 m-1 1
0P I
=0,= OdGluGa(Tr_,re- Xie) + ¢t ik=07=0 dGluG—z(Tr; U._,;l) +17
JEL izk
n—-1 m-1 1
+0 > : )
= AdG,0G, (Xij, Xke) + 1
izk  jEl
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We shall calculate the above sums are separately.

n—1 m-1
Z ) ) = n T 7 + Z poR—— ]
i=0.£6=0 G162 (> i) + 1 vvecE(Ga) & (pve) +1 vive£E(Ga) G (v ve) +1
Jj#l
deg(v;) (m — deg(vy) — 1)]
= n — )
5
NSRRI S AL

1, if Vg € E(GQ)

Since each row induces a copy of G2 and dg, .6, (xij, xie) =
2, 1f vive & E(Gh).

= mz-l 1 [ 2 (mz—zq—m)) (3.1)
. = n : T
z:Oj.fzodclosz(-’t'rjv"ff)+r L+i 2 i
Jj#l
n—=1 m-1
= m
;kZ:O;Z: ”TGmG«(‘U! Xgj) + 1 Z d‘Gl(HI’ )+
ik

Since the distance between a pair of vertices in a column is same as the distance between the

corresponding vertices of other column.

n—1 m-1 1
= 2mHi(G1). (3.2)
z;kZ::o JZ:‘B A, 06, (X s Nk ;} + 7
ik

n—1 m-1 1 n-1 1
- = mim—1) _—
r.kz=:o ;‘.(Z;o AGy oG, (Xij, Xke) + 1 J,AZ:O de, (g, 1) + 1
12k j#i ik
= 2m(m — D)H{G1). (3.3)
By (3.1), (3.2) and (3.3), we have.
H{(G1 0 Gy) = m*Hy(Gy) + (35 + 32), n

If we consider ¢ = 0, in above theorem we have the following corollary.

Corollary 3.2. Let G and G be two connected graphs with n,m vertices and p,q edges,
respectively. Then H(G1 o Gy) = m*H(G1) + %{mz +2q — m]. |
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3.1 Tensor product
The proof of the following lemma follows easily from the properties and structure of G x K.

Lemma 3.3. Let G be a connected graph on n = 2 vertices. For anv pair of vertices
X Np € VIGX Ky), 723, L,ke{l,2,...,n} jpe(l,2,...,r). Then
() If usup € E(G), then

{ o,
L ifj#p,
doxx, (Xif, Xkp) = {2, if j = p and wsuy is on a triangle of G,
3, if j = p and wug is not on a triangle of G.

(@) If g @ E(G), then dexi, (Xij, Xip) = do(u;, ug).
(#71) doxx, (X, Xp) = 2. .

Now we compute the reformulated Harary index of G x K.

Theorem 3.4. Ler G be a connected graph with n = 2 vertices and m edges and let u be the

number of edges of G which do not lie on amy Cs of it. Then H{(G x K;) = 1"HAG) + ”;g;_:f -

where 1 > 3.

Zrm 2
(1+0H(2+7) 2+N3E+0
Proof. Set V(@) = {uy, w2, ..., uy} and V(&) = {v1,v2,...,v}. Let x;; denote the vertex (u;,v;)
of G % K,. From the definition of H;

— 1 1
Hi(GxK,) = =
2 -
= Xij. Xkp € T(GREy) deKr(er- ﬂkp) + 1
n—1 r-1 1
= +
(;Z_(:)JPZ"D ffoA,(\u: Xip) + 1 j‘kZ;’O’;) dexx, (Xij, Xgj) + 1
JEP ik
n—1 r—1 1
+ -
f;ﬂj.p:() ("erK,(x:'_;- Ikp) + ?’]
ik ;#p
n—1 r-1 1
Fil‘St wWe compute .
J"ip
n—1 -1
1
S1o= Z desxk, (Xij. Xip) + 1
F—07p=0 G E, A ijs Aip
J*rp
n—1 r—1 1
= E ——, by Lemuma 3.3
2+1
i=0jp=
JFp
_ onr(r—1)
2+f
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r—1 n-1
o 1
Next we compute S» g > o Tom Gy
—0ik= I(
iz

Let Ey={uv e E(G) |uvisona C3 m G} and E2 = E(G)— E;

n—1 1

)
- 520 doxk (Xip, Xgg) + 1
izk
ﬂerL(TU \kj‘}-f-f Z (?rgx_gr(‘\’u \,(;‘]'-FI Z (f(;x_gr(‘fu,\,(f}-f-:f
h—k

i k
uilipcEy utipcEr

(

ik=0
ik
U2 E(G)
n—1 n—1 1
= Z Z —— |, by Lemma 3.3
)
A~ (fg(m u,rc'}+f 2+3‘ 40 + 1
ik !-.-—k ik
g E(G) uan e Ey uiyEEn
Add and subtract ﬁ on both second and third sums. we have
2 B de(uz, up) +3‘ ffg(ﬂ;, i) + r < (?'G(r.*i up) +t
itk v ek
u-u,,eE(G) a.r,-ukeEl uiupcEr
—, since dg(u;, 1) = 1, in the second and third sums
Z (1+r)(”+r) ?Z A+03B+1) 6l 1e)
h—.& izk
uge Ky g EE,
Add and subtract m on the third sums. we have
1
R I MR ST Y
2 o Aoz, i) + r 1+n2+0 2+H3+1)
:if( :ﬂi‘c rf-f(
e E] ulipeEy
— 2m 2u
= 2H{G)- — — , Where m and p are the numbers of edges of G
(1+0D2+5H 2+DE3+1)
which do not on any C3 and edges of G, respectively. (3.4)
Now summing (3.4) over j = 0, 1,...,7— 1, we get,
< _ r—1 n—1 1
JZ.:O !.‘Zk: o ek, (Xij, Xiy) + 1
ik
— 2mr 25
= 27HA(G) — — H
(1 + 92+ 1) 2+ O3 + 1)
n—1 —1 1
Finally. we compute S35 = § ;(Z: o _}__pz— o Tomzs Gy ep) 7
i® J=p

19 | Page
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n—1 —1

1
53 =
520 p0, dexg, (Xij. Xpp) + 1
izk j#p
n—1 r-1 1
= T by Lemma 3.3
5252, clus, up) + ¢
ik j#p
n-1
1
= 1r—1) Z _
= delu, ug) +t
i#k
= 2r(r — DHAG).
Add Sq to S5 and divide % we arrive the desired result. |

Using ¢ = 0 in the above theorem. we obtain the following corollary.

Corollary 3.5. Let G be a connected graph with n = 2 vertices and m edges and let p be the
number of edges of G which do not lie on any Cs ofit. Then H(GxK,) = J'EH(G)+W{:—_U—%—%,
where 1 = 3. [ |

Using above corollary. we obtain the following corollaries.

Corollary 3.6. Let G be a connected graph on n = 2 vertices with m edges. If each edge of G

isona Ci, then H(Gx K,) = 1> H(G) + @ — 5, where 1 = 3. |
Corollary 3.7. If G is a connected triangle fiee graph on n = 2 vertices and m edges, then
HGX Ky) =12 HG) + T _ 2w o here 1> 3, m

By using Corollary 3.7. H(P;) and H(C;), we obtain the exact Harary indices of the following
graphs.

n
Example 3.8. (i) [f n =2 and r = 3 then H(Py, X K;) = m‘z{ > %] — 15115 + 9y — 8).
i=1

."2[?4‘( )

i=1
(1) H(Cpx Ky) = {33 Gr = 3

[ ra=

%) — 1} + 53r—11), if niseven

n-1

rln( )y %] +503r—11), if n> 3is odd.
=1

3.2 More operations
Let G be a connected graph. If we put two similar graphs G side by side. and any vertex of the

first graph G is connected by edges with those vertices which are adjacent to the corresponding
vertex of the second graph G and the resultant graph is denoted by K, e G, then we have
V(K e G) = 2V(G) and E(K; ® G) = 4E(G). Moreover. Ky e G is the graph of K> and G
with the vertex set V(K, e G) = V(Ky) X V(G) and (u;,v;)(ug, v,) is an edge of K, ¢ G whenever
u; = ug and vyvp € E(G) or u; # uy and vyvg € E(G).
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Theorem 3.9. Let G be a connected graph with n vertices. Then Hy (K> o G) = 4H(G) + 5

Proof. By the definition of the reformulated Harary index. we have
1
dKztG(('”fs 1‘_}‘)! ('HJT(: 1‘?’)) + 7

1

Hi(Kr, o G) =

(20.v ). (i vy JE V(K 0 G). (0. vy ) = (g vy )

i) (s 3 )T Ko G, TE20G (1)), (1t vr)) + 1
1
dxyec (215, V), (g, ve)) + 1

+
(u5.v)(utp Ve )EV (K20 Gl

1 1 1 |
= Y N it o et 2 et

uEV(EL) vivee V(G j=r vEF(G) © v, e F(G) . j#r

1 1 bl
= 2 —
2 doC) +1 2. 2 Aot +1 241

ViVEE F(G).j=r Ve FGY v, e F(G).j=r

= 4HG) + L m

24+

Using ¢ = 0 in the above theorem. we obtain the following corollary.

Corollary 3.10. Let G be a connected graph with n vertices. Then H(K; « G) = 4H(G)+ 5. A

Let G be a connected graph. If we put two similar graphs G side by side. and any vertex of the
first graph & is connected by edges with those vertices which are nonadjacent to the corresponding
vertex (including the corresponding vertex itself) of the second graph G and the resultant graph
is denoted by K> » G, then we have V(K> x G) = 2V(G) and E(K> * G) = |[V(G)> . Moreover.
K>x G is the graph of K> and G with the vertex set V(Kpx G) = V(K2 V(G) and (uz, vi)ag, vi)
is an edge of K> « G whenever u; = up and vyvg € E(G) or u; # up and vy € E(G).

n(t+n(t+3)-1)

Theorem 3.11. Let G be a connected graph with n vertices. Then Hy(K» * G) = =00

Proof. By the definition of the Wiener index. we have

1

H{(K > G) =
(2459203 v, JEV (K % G) (14 v ) (g v, dKZ *G (( ti, Tj)' (“k’ 1.}')) +1

1 w6t vy)
_ ! ( .

Y > 2‘(2?;' — disxc(t;, vy) — 1)). since for every vertex
+ +

2 u e ko vieV(G)
(w5, v5) € V(K2 * G). there are dg(v;) + n — 1 — dg(v;) + 1 = 1 neighbors. and

de(v;) +n—1—dg(v;) = n — 1 vertices with the distance 2 from itself

_ l ( 7l n—1

1)
3
uie ks vieV(G) L+1 =+

n(t+n(r+3)—1)
(1+(2+71)

Using ¢ = 0 in the above theorem. we obtain the following corollary.

Corollary 3.12. Let G be a connected graph with n vertices. Then H(K> * G) = %ﬁ'_l) |
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