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I. Introduction

The Mann iteration scheme [Error! Reference source not found.], introduced in 1953, was used to
prove the convergence of the sequence to the fixed points of mappings of which the Banach principle is not
applicable. In 1974, Ishikawa [Error! Reference source not found.] devised a new iteration scheme and
established it’s convergence to a fixed point of Lipschitzian pseudocontractive map when Mann iteration
process failed to converge. Noor [Error! Reference source not found.] introduced the three-step iteration
process for solving nonlinear operator equations in real Banach spaces as follows.
Let E be a real Banach space, K a nonempty convex subset of E and 7:K—K, a mapping. For an arbitrary xoeK

, the sequence {xn}cK defined by

X41 < (l—cxn)xn+(anyn,
v, = (=B )x B, Tz,
z, = (l—yn)xn+yn T X,

(M

Where {an},{Bn} and {yn} are three sequences in [0,1] is called the three-step iteration (or the Noor
iteration). When yn=0, then the three-step iteration reduces to the Ishikawa iterative sequence. If Bn=yn=0, then

the three-step iteration reduces to the Mann iteration.

Glowinski and Le Tallec (1989) used the three-step iterative schemes to solve elastoviscoplasticity,
liquid crystal and eigen-value problems. They have shown that the three-step approximation scheme performs
better than the two-step and one-step iterative methods. Haubruge et al (1998) have studied the convergence
analysis of three-step iterative schemes and applied these three-step iteration to obtain new splitting type
algorithms for solving variational inequalities, separable convex programming and minimization of a sum of
convex functions. They also proved that three-step iterations also lead to highly parallelized algorithms under
certain conditions. Thus, it is clear that three-step schemes play an important part in solving various problems,
which arise in pure and applied sciences.

In 2013, Chika Moore et al [Error! Reference source not found.] introduced the M-step process and proved
strong convergence of the process to the common fixed point of finite family of hemicontractive maps. Let K be
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a nonempty convex subset of a normed linear space E and let T:K \o (—) K be a map. For any given xoeK,

The m-step iterative process is defined by

Y n,0 )
yn,i = (l—ocn)xnv“ochyn’l._l; i=1,...m 2)
Ym X1Vt 1.0 where ntl=im; n>0

For a finite family {T l.} =1 of m-maps,the m-step iterative process becomes

Yno T F

n
Vi - (l_an)xn+anTm+1—iyn,i—l; =1,...m
(3)
yn,m - xn+1:yn+1,0
+1 +1 +1
where ntl=im (or i(n)=Res [ n—i|=m( n_)_ [ n—:D,nZO
m m m

In the case where at least one of the maps in the finite family has some asymptotic behaviour (satisfies an
asymptotic condition) then the iterative process becomes:

yn,O )
r _
Vi - (l_an)xn+anTm+1—iyn,i—1; #=1,...m
yn,m - xn+1:yn+l,0;

“)
with n and m as in equation(3) and =1+ |: %:| Our purpose in this paper is to prove strong convergence of the

m-step iteration process to a common fixed point of a family of uniformly continuous asymptotically

nonexpansive in the intermediate sense Maps when such point are known to exists.
%

The following definitions is vital in this work. Let £ be a normed linear space and let J:E—>2E be the
normalized duality mapping defined by

%
JO=AfeE (= P=f*}: ¥ xeE
k %
where £ denotes the dual space of £ and (.,.) denotes the generalised duality pairing between E and £ . The
single-valued normalised duality mapping is denoted by j. Let K be a nonempty closed convex subset of £ and

T:K—K be a map. The mapping T is said to be uniformly L-Lipschitzian if there exists a constant >0 such that
for any x,ye K and Vr>1

IT"3=1"yI<L-y]
Let K be a nonempty subset of a real Hilbert space H. A mapping 7:K \o (—) K is called nonexpansive if and
only if for all x,yeK, we have that

| Te=Ty[<pe—yl. )
The mapping 7T is called asymptotically nonexpansive mapping if and only if there exists a sequence

.. lim
{1}y cl04e) ,with 0 p =0 such that for all xyek,

|Tnx—7ny|£(1+pn)|x—y| YV neN (6)

T is called asymptotically nonexpansive in the intermidiate sense (ANIS) if and only if there exist two sequences
lim lim

oot =0 s such that for all x,yek,

{un}I’lZl’{nn}nZlC[O’—‘rw) , with
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T e-T Y eytm,, - n21 ™

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [] as a generalisation of
nonexpansive mappings. As further generalisation of class of nonexpansive mappings, Alber, Chidume and
Zegeye [Error! Reference source not found.] introduced the class of total asymptotically nonexpansive
mappings, where a mapping T:K \o (—) K is called total asymptotically nonexpansive (TAN) if and only if
lim lim
n>1 n—ootn"" n—w'ln
continous function ¢:[0,+0) \o (—) [0,+0) with $(0)=0 such that for all x,yeKk,

there exist two sequences {un}n>1,{nn} c[0,+x) , with and nondecreasing

=T yi<kytu o, n2l ®)

Ofoedu and Nnubia [Error! Reference source not found.] gave an example to show that the class of
asymptotically nonexpansive mappings is properly contained in the class of total asymptotically nonexpansive
mappings. The class of asymptotically nonexpansive type mappings includes the class of mappings which are
asymptotically nonexpansive in the intermediate sense. These classes of mappings had been studied extensively
by several authors (see e.g.[], [Error! Reference source not found.], [Error! Reference source not found.]).
A map T is said to satisfies condition B if there exists f:[0,00)—[0,00) strictly increasing, continuous,
A0)=0,ir)>0 V r>0 such that for all xeD(T),x—Tx|2fd(x,F)) where F=F(T)={xeD(T):x=Tx} and
d(x,Fy=inf{|x—y|:yeF}.

II. Preliminaries
We shall make use of the following lemmas. We need the following lemma in this work.
Lemma 2.1 /[Error! Reference source not found.] Let {, ,un}, (B n} { ;/n} be sequences of nonnegative numbers

2]
satisfying the conditons: Y, ﬁn=00, ’Bn —2>0 asnlo(—?) woand yn=0(ﬁn). Suppose that
n=>0

2 2
ﬂn+]_<ﬂn_ﬁnl//(ﬂn+1)+7n’. n=12,...
where w:[0,1)—[0,1) is a strictly increasing function with w(0)=0. Then ,un—)() as n—oo

3 Main Result
Proposition 3.1 Let H be a real Hilbert space, let K be a nonempty closed convex subset of H and let

Tl..'K — Kwhere iel={12,...m}. be m

uniformly continuous asymptotically nonexpansive in the intermediate sense mapping from K into itself, then
lim lim

there exist sequences {’un}nzl’ {nn}n2]C 0,+00) , with nsocttn™

= n_ such that Vx,y ek,
—od ' n n—oo'n

no.n
|T.x—T.y|_<(I+yn)|x—y|+77 n2l, Viel )
1 l n
Proof Since T l.:K — Kwhere iel are asymptotically nonexpansive in the intermediate sense maps, there
. lim
exist sequences {“in}nzl’{nin}nzlc[0’+w) such that n—>oo“in*0*n—>oo”m and V x,yek
-1ly<+ + >1,V iel 10
| ix_ iy|_( Hil’l)|x_y| nin nzl,viel. ( )
Now, setting un:=maxi€]{um},nn:=maxl.€]{nl.n} . we have that {un}nzl,{nn}nzlc[o,%o) ,
lim —0= lim dv K
n—ootn U p—yoo'lp NG VLYER,
n n
|Ti x—Tl.y|S(1+pn)|x—y|+nn n>1,v iel (1)

Thus, completing the proof.
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Theorem 3.1 Let H be a normed linear space, let K be a closed convex nonempty subset of H and let

Tl..'K — K where iel={1,2,...,m}. be m uniformly

continuous asymptotically nonexpansive in the intermediate sense mappings from K into itself with sequences
lim lim

{ﬂin}nzl’ {nin}nzlc[0’+@ such  that n_)oduin—O—n_)Oonin and Let M, =max, el{ﬂin} and

N
17, =max; EI{ ; n} Suppose that F == IF(T ’.)¢@ and let {xn}n N be a sequence generated iteratively by (4,
where { an}n N is a sequence in (0,1) satisfying the following conditions:
x© * lim % . %
> @, <o, 0<§<an<5<1 Vn>l . Let x €F then nﬁw\xn—x | exists for x eF
n=1
*
Proof; Let x €F.
Now, from (4 ) we have that

ES
(I-o Yo, —x [+o ﬂ’y x|

n,J wn n n,]l

=
&
IN

% %
= (l—ocn)|xn—x |+an(Han/nJ_1_x \+ﬂn7]~)
* %
S e |+an“n,jb}n,j—l_x |+(xnnn,j
So,
* *
lyn,l_x | < (1+Gn(un,1—1))lxn—x |+0lnﬂn,1
(12)
% % %
e IR (R R I (RN (TR D R LY
2 *
< +0tnnn’7_[1+Otn(un,2—1)+anun’2(un’1—1)]\xn—x |
2
+OLnl’tn,Znn,lJr()ernrz,Z
(13)

* 2 3 *
lyn’3_x | < [1+0tn(un’3—1)+0tnun,3(un,2—1)+0tnun,3(un,1—1)]\xn—x |
2 3
+0Lnnn,3ﬂxn“n,31ﬂln,7_+anun,3Mn,2nn,1

(14)
Hence
* S| ]
b, X< Za by jo(Hy D, |
t—l
+ Z PN TR | B
0" nj—s 'n,j—t
= om0ty
(15)
* t 1
o< (1 Zoa TP DB, |
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m—1
+1_1t-1
* ZOLn l_[s:OM n,m—snn,m—t

=0

m m « Moom

< (14225 ; (an—l))|xn—x [+2 25 ; N,
J=1 J=1
(16)

lim *
Thus by our hypothesis and lemma Error! Reference source not found., we have that n_)oo\xn—x | exist, this

completes the proof.
Theorem 3.2 Let E be a uniformly convex Banach space and K a nonempty closed convex subset of E , let
m
{T i}i: ] be a finite family of uniformly continuous asymptotically nonexpansive In the intermediate sense maps
K to itself with 0+ hothat ™ == dL
form to itself with sequences {'uir#nzl’{nir#nzlc[ , +0) such that . =0= _ n, and Let
B d = 5 th lim _ lim i © 1)< ® -
Hy=max; iy, and o, =max; fng,} such that =L, 0, =0 2 (1, =1)<e0 2 =%
n=0 n=0
N
Suppose that F:i=1F(Ti) is not empty and let {xn}n>1 be a sequence generated iteratively by (4 ) where
{a n}n 57 s sequences in (0,1) satisfying the following conditions:
o0
an<oo, 0<§<an<e<] V'n=>1 R then
n=I

. lim
Vie{l,?2,..., m},n_)oo|xn—7}xn| =0

*
Proof. Let x eF

*9 ) n * n
xS (o (e, Ty, o (e, g, Ty, )
*2 * 2
< (l_an)an_x | +an(“n,j[yn,j—l_x \*ﬂw)
n
—o, (1o gk, T2y, 4D
* 9 2 * 9
< (l—ocn)|xn—x | +an“n,jb/n,j—l_x |
* n
+an(2“n,j[yn,j—l_x |+nnJ)ﬂnJ—(I—Gn)g(|xn—7}ynJ_1|)
(17)
So
* 9 < 2 * 9 *
R B € (T D e e T e L P L
n
~a (1-0 )g(lx, ~T}x )
(18)
* 9 2 22 2 * )
o [0S (o G, Do 50, D)k, |

* 22 *
+0Li1(2p'n,2b}n,l_x |+nn,2)nn,2+anp'n,2(2p‘n,l|xn_x |+nn,l)nn,l

n 22 n
~ar, (1=a, g, =¥, -0 b, H(1-ct (b, =Ty, )

(19)
So,
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j-1
* 9 t+1 t 1 2 2
b, < (+ o (1, Db, |
s =0Mn,j—s\Mnj—t
J t—O J J=
I 1 )
* za n,]—sb}nJ -1 | nn,] t)nnJ tHs Oun,] —s
=0
gy -1 2
—o,(1-a) Zang(|x tyn,] 1D =0Mn,j—s
=0
(20
Hence,
* t+1_-1 2 *
gy 7 < (¥ z s—Oun,m—s(un,m—t_l))|xn_x |
t—O
m- lt+1 t—l 2 *
* Zoc s Oun,m—s(zun,m—sb}n,m—t—l_x |+nn,m—t)nn,m—t
1- 5 Ht L2 T
@ ( -« ) Zan s=0Mn.m sg(|x tyn,m—t—l‘)
<
*
(142" Z(u Dk 142" Z(zu Wiy b om,
j=1 =1
1) 3 g - Vit
j=1
2y
fim A 0 ,th Ty 0V /=1,
So, n—)oog(lxn_z}yn,j—lb_ > thus n—)oo'xn_ nyj— =0V =
kT | < k-Ty . HTy . T
n j'n njn,]l n,/—ljn
< by T] nyj— I Hn,/[yn,j—l_xn|+nn,j
7
= by, T] ot “n,janpc - lyn,j—2|+nn,j
(22)
lim
So, |x Tx | =0
n—>00
_ 7 lim 0
|xn+l_xn|_an|xn_ myn,m—l| S0 n—)o-o| 1 |
x —Tx |<]x 1 |+|T’.lx -Tx |
n jn™n ja in Tn
-1 -1 -1 -1
|x -7 x| £ x—x_ |tk - |+|Tn x -1 x|
n'j “n n n-1""n-17"5 “"n-1""; “n-17j "n
-1
< (H—“n l,/)|x - 1| |x _T; xn—1|+nn—l,j

(23)
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lim -1 . - n
hence, Ix -7 x |=0 so that by uniform continuity of 7.V |T.x —Tx |=0 and hence
n—w0" j'n “jn

n—"n " j j
lim
n_>oo|xn TJ xn| =0V j=1,. Thus, completes the proof.
Theorem 3.3 Let EK, T, F (T) {x n} be as in Theorem Then, {x n} converges strongly to
m inf

a fixed point of T if and only lf d( F) 0.

(where F= F(T)) Proof Let t, =\2""p Z (u ~Dv, =\2""p Z Ny

J=1
Hence,
Ix X, X |<(1+r )|x —X |+v (24)
SO, d(xn+17F)S(1+T )d(x ’F)+V >
hence, by  d hus, " e =0 implies "™ d(x .F)=0
ence, by (x ,F) exists, thus, 500 (xn,F)— implies (xn,F)— .
Now,
« Kk
- o )
|xn+k+1 | < HJ=O(1+Tn+j)|xn x [ ‘ZOV +k—j r—O( e
]_
k
< Hj:O(Hr I, —x |+ Zv
j=0
< O, |+ §Vn+]
. . €
So that given any &0 Eln0>0 , integer, such that Vn>n d(x )< 40+ and
—f i * &
Vn0+j< 4m(QH)V]—1,2,...,m. . So Ix €F such that d(xno,x )< O+ thus,

* €
Fuy™ I 30011

k
*
e I<h o B x| < 20(x, 't v, )
j=0
toS e
< 20050 ™ Im(g+1)
< §+ Ezg
2 2

*
So, {xn} is Cauchy and so converges to some u €K. But, xn—T lxn—>0 as n—oo Viand T ; is continous V i.

lim lim lim
Hence, x -Tx )= x —T(
n—0on i n—o’n " in—on

This completes the proof.
Theorem 3.4 Let E,K,T,F(T),{an},{xn} be as in Theorem , then {xn} converges

* * * *
X )=u —Tu , so that u €F. i.e u =x €F. Hence, X, =X as n—o.

strongly to some point of F' if 7} for some je{l,2,...,m} satisfy condition B.
Proof Let 7} satisfy condition B. 3£:[0,+) \o (—) [0,+o0) such that f{0)=0 and f{(r)>0V r>0 such that
0
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Sl )<, T |

Hence
lim d - lim T 0
nsod GO FNS, s e joxn|_
and hence,
lim d 0
oo )=

*
Thus {xn} converges strongly to some point x €F.

Remark 3.1 Observe that if T is total asmptotically nonexpansive mapping and we assume that 7 ¢>0,k>0
constants such that ¢(t)<ct V' >k, T collapse to asymptotically nonexpasive in the itermediate sense.

Hence we have the following Corrollaries;

Corollary 3.1 Let E be a normed linear space and K be a nonempty closed convex subset of E. Let

Tl..'K — Kwhere i el={1,2,....m}. be m uniformly
continuous  total asymptotically nonexpansive mapping from K into itself with sequences
lim lim ) )
{‘uin}nzl’ {nin}nzl cf0,+) such that n _)0d11in=0=n Seolin and with function
¢l..'[ 0,400 — [0,+) satisfying ¢l.(t)_<M o v M ] for some constants M O’M ]>0, Let
M, =max; I{ H; n} and 1, =max; EI{ ; n} and, ¢(t)=maxl. EI{ ¢l.(t) }Vtel0,00) Suppose  that

N
F=l.:]F(Tl.)¢@ and let {xn}n21 be a sequence generated iteratively by (4 ) where {an}n21 is sequences in
(0,1) satisfying the following conditions:

o0

* li *

> a <o 0<(<a <e<l Vn=>l .Letx &F then " |x —x | exists.

- n n n—»o0"n
n=
Corollary 3.2 Let E be a uniformly convex Banach space and K a nonempty closed convex subset of E. Let
Tl.:K — Kwhere iel={1,2,...,m}. be m uniformly
continuous  total —asymptotically nonexpansive mapping from K into itself with sequences

lim lim . .

{ﬂin}nzl’{nin}nzlc 0,+) such that n»oduin:():n»oonin and with function
¢l.:[0,+oo) — [0,+x) satisfying ¢i(t)_<M0t v t>M ] for some constants M()’M ]>0, Let
M, =max, e]{ H; n} and 7, =max, EI{ ; n} and, ¢(t)=maxl. EI{¢Z.(I)} Vtel0,00) Suppose  that

N
F=l.:1F(Tl.)¢Z and let {xn}n2] be a sequence generated iteratively by (4 ) where {an}n2] is sequences in

(0,1) satisfying the following conditions:

© *

> a, <o 0<({<a, <e<l Vn2l . Let x eF then
n=1

lim
Vie{l?2,..., m},n_)oo|xn—7}.xn|=0 and {xn}n2] converges strongly to
m inf’

. . Cimin _
some point of F if and only if n_)ood(xn,F)—O.
Corollary 3.3 Suppose E,K, Ti’F’ {x n}n N, are as in corollary above, then, {x n}n ] converges strongly

to some point of F if any of the following conditions is satisfied,
1. {xn ! has a convergent subsequence

2. If Ti for somei €{1,...,m} satisfies condition B.
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