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I. Introduction and Preliminaries

The study for the existence of fixed points of contractive mappings is a famous topic in metric spaces.
In 1922 Banach's contraction principle [2] guarantees the existence and uniqueness of fixed point of a
contractive mapping on a complete metric spaces. This principle is applicable to a variety of subjects such as
integral equations, differential equations, image processing and many others.

In the past years, many authors generalized Banach's contraction principle in various spaces, for
example Quasi-metric spaces, Fuzzy metric spaces, Partial metric spaces and generalized metric spaces
[8,9,11,13]. In 2008, Bashirov and Ozyapici [1] introduced the notion of multiplicative metric space and studied
the concept of multiplicative calculus and illustrated the usefulness of multiplicative calculus with some
interesting applications. In 2012, Ozavsar and Civikel [6] introduced the concept of multiplicative mapping in
multiplicative metric space and proved some fixed point theorems for this type of mappings.

In 1987, Guo and Lakshmikantham [3] introduced the concept of coupled fixed point. Later, Bhaskar
and Lakshmikantham [11] proved a new fixed oint theorem for a mixed monotone mapping in a metric space
powered with partially order by using a weak contractive type assumption.

Recently X.He et al. [12] proved common fixed oint theorems for four self mappings in multiplicative
metric space. In 2014, Ravi.P et al.[10] proved coupled coincidence point and common coupled fixed point
theorem lacking the mixed monotone property.

In this paper we prove some theorems on the existence and uniqueness of coupled fixed pints, which

are improvements of the results of Shanjit et al.[5].

Definition 1.1. (A.E.Bashirov, E.M.Kurplnara, A.Ozyapici [1]). Let X be a nonempty set. A multiplicative
metric is a mapping d : X x X — R satisfying the following conditions:

(i) d(x,y)=1forall X,ye X and d(x,y)=1,ifandonlyif X=1Y.

(i) d(x,y)=d(y,x) forall X,ye X .

(iii) d(x,y) <d(x,z).d(z,y) forall X,y,z e X .(Multiplicative triangle inequality)

Also (X, d) is called a multiplicative metric space.

Example 1.2. (M.Ozavser, A.C.Cevikel [6]). Let d” : (R")"x(R")" — R" be defined as follows

41X
Vil Y2
where X = (X, X,,...X,), ¥ = (Y;, ¥,,-.Y,) €R" and

* *

d*(x,y) =

DOI: 10.9790/5728-1305037884 www.iosrjournals.org 78 | Page



Coupled fixed point theorems for self maps on partially ordered multiplicative metric spaces

aifa>1
["RT>R"is a'=
| 1 if a<l
a

Then ((R™)",d") is a multiplicative metric space.
Example 1.3. (M.Ozavser, A.C.Cevikel [6]).Let a > 1 be fixed real number. then d, : R* — R™ defined by

n
w2

d,(w,z)=a" where W= (W, W,,..W,),z=(Z,,2,,..,) € R".

Obviously, (R, d,) is a multiplicative metric space. We can also extend multiplicative metric to C" by the
following definition:

n
| W, —2|

d,(w,z)=a" where W = (W, W,,..W,),z=(2,,2,,...2,) € C".
Example 1.4. (M.Ozavser, A.C.Cevikel [6]). Let X ={(x,)) e R*:1<x <2} J{(1,x)eR*:1<x<2}.

Consider a mapping d : X x X —[] defined by d((a,b),(c,d))=( 9] | gl *)%. Then (X,d) is a
multiplicative metric space. ¢

Definition 1.5. (M.Ozavser, A.C.Cevikel [6]).(Multiplicative convergence). Let (X,d) be a multiplicative
metric space, {X.} be a sequence in X and Xe X. If for every multiplicative open ball
B,(X) ={y/d(x,y) <&}, &e>1 there exists a natural number N such that N> N, X € B_(X), the
sequence {Xn} is said to be multiplicative converging to X, denoted by X, — X (n—> ).

Definition 1.6. (M.Ozavsar, A.C.Civikel [6]). Let (X,d) be a multiplicative metric space, {X,} be a
sequence in X and X € X . The sequence {X,} is called a multiplicative Cauchy sequence if, for each & >1,
there exists N € N such that d(X,,X,) <&, forall m,n>N

Definition 1.7. (M.Ozavsar, A.C.Civikel [6]). Let (X,d) be a multiplicative metric space. A mapping
f: X — X is called a multiplicative contraction if there exists a real constant A €[0,1) such that
d(fx, fy) <d(x,y)* forall x,y e X .

Definition 1.8. (M.Ozavsar, A.C.Civikel [6])(Multiplicative continuity). Let (X,d,) and (Y,d,) be two
multiplicative metric spaces and f : X —Y be a function. If for every & >1, there exists 0 >1 such that
f (B;(x)) = B,(f(x)), thenwe call f multiplicative continuous at X € X .

Definition 1.9. (M.Ozavsar, A.C.Civikel [6]). Let (X,d) be a multiplicative metric space. We call (X,d) is

complete if every multiplicative Cauchy sequence in X is multiplicative convergentto X € X .
Definition 1.10. (T.Gnana Bhaskar, V.Lakshmikantham[11]). Let (X,=<) be a partially ordered set and

S:XxX — X . The mapping S is said to have the mixed monotone property if S is monotone non-
decreasing in its first argument and monotone non-increasing in its second argument. that is, for any X,y € X,

Xy X € X, %=X = S(%, Y)=S(%,, Y),

Y Yo € X, Yi=Y, = S(X, ¥1)=S (X, Ys)
Definition 1.11. (T.Gnana Bhaskar, V.Lakshmikantham[11]). An element (X, Yy) € X x X is called coupled
fixed point of the mapping S: X x X — X if S(X,y)=x and S(y,X) =Y.

Recently L.Shanjit, Y.Rohan et al [5] proved the following coupled fixed point theorem.
Theorem 1.12. (L.Shanjt, Y.Rohan et al [5]). Let (X,=<) be a partially ordered set and suppose that there is a

multiplicative metric d on X such that (X,d) is a multiplicative metric space. Let S : X x X — X bea
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continuous mapping having the mixed monotone property on X . Assume that there exists a A €[0,1) with
A

d(S(x, y),S(u,v)) <[d(x,u).d(y,V)]? foreach X=U and y=v.

If there exists X,, Y, € X such that X,=<S(X,,Y,) and Y,>=S(Y,,X,), then there exists X,y e X such
that X =S(X,y) and y=S(y,X). If for every (X,Y),(X",y") e Xx X, there exists (Z,,Z,) € X x X
such that (S(z;,2,),5(z,,2,)) is comparable with (S(X,Y),S(y,X)) and (S(X*,y"),S(y",x")), then
S has a unique coupled fixed point.

1. Main Result
In this section we improve and extend theorem 1.12.

Definition 2.1. Suppose (X,=<) is a partially ordered set. Suppose (X,y)e X x X and (U,v)e X x X.
Then we write (X, Y)=<(u,V) if X<U and y>V. Also we write (X, Y)>=(u,V) if X>U and y=<v. If either
(X, ¥)=(u,v) or (X, y)>=(u,v) then we say that (X, y) is comparable with (u,V). It may be observed that
(X x X,=) isa partially ordered set with the above orderingon X x X .

Note: Let (X,d) be a multiplicative metric space. Define D:X?xX?—>R" by
D((x,Y), (u,v)) =d(x,u).d(y,v) forall x,y,u,ve X. Then D is a multiplicative metric on X x X
and (X x X, D) is a multiplicative metric space.

Lemma 2.2. Suppose (X x X, D) is a complete multiplicative metric space then X, — X and Yy, =Y in
X iff (X,,Y,)—=>(XYy)in XxX.
Proof: Suppose X, = X and Yy, — Yin X
D((%,, ¥a), (X, ¥)) = d((x,,%).d(Y,, Y)

-1 (since d(x,,X) >1 and d(y,,y) 1)
(XY, (X Y).
Conversely suppose that (X,,Y,) = (X, Y)
Now d((x,,X).d(y,, y) =D((X, ¥,). (X, ¥)) =1
~d((x,,x).d(y,,y)—>1
thatis d(X,,X) >1and d(y,,y) —>1.
SX, > Xand Y, Y.
Lemma 2.3. Suppose (X x X, D) is a multiplicative metric space and S: X x X — X is a continuous
map. If (X,,¥,) = (X,y) in XxX . Then S(X,,¥,) = S(X,y) wrto D in XxX .
Lemma 2.4. Let (X,=<) be a partially ordered set and suppose that (X,d) is a multiplicative metric space.
Let S: X x X — X be a continuous mapping having the mixed monotone property on X . Assume that there
exists  1e[0,2) with d(S(X,Y),S(u,v))<max{d(x,u),d(y,v)} whenever (x,y) and (u,v) are
comparable. Suppose (X,Y) is a coupled fixed point of S which is comparable with (u,V). Define the
sequence (U,,V.) such that U, =S(U,v) and Vv, =S(v,u) and inductively u,,=S(u,,V,) and
V.., =S(v,,u,). Then U, > X and V, > Y.
Proof: Define S(U,V) =u, and S(V,u) =V,, and suppose (X, Y) is comparable to (U,V) .
Without loss of generality we may assume that X<U and y>V.
Now X = S(X, y)=S(u, y)=<S(u,v) =u,
and Y =S(Y,X)=S(Vv,X)>=S(v,u) =v,.
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(X Y)=(5(UV), S(,)) = (U, V)
also S(X, y)=S(S(u,v),S(v,u)) =S(u,,v,) =u,
and S(Y, X)=S(S(v,u),S(u,v)) =S(v,u,) =V,
Similarly (X, ¥) =(S(X,y),S(y, X))=<(u,,v,) .ie, X<U, and y+ V,.
(% Y2, V).
Now X = S(X,Y)=<S(u,,Vv,) =U,
and Y =S(Y,X)=S(V,,U,) =V,
s (6 y)=(Ug, V).
By induction X=<U, and y>V, Vn. ie., (X, y)=(U,,V,).
Now d(x,u,) =d(S(x,y),S(uy,v,)) <max{d(x,u,),d (yivl)}/I
<max{d(x,S(u,v)),d(y,S(v,u)¥. (2.4.1)
d(x,S(u,v))=d(S(x,Y),S(u,Vv))
<max{d(x,u),d(y,v)¥
=a" (where @ =max{d(x,u),d(y,v)})
Similarly d(y,S(v,u)) =a"

Hence, from (2.4.1), we have

A
d(x,u,) < max{a*,a*| =a”.

and d(y,V,)=d(S(y,x),S(v;,u,)) <max{d(y,v;),d(x,u,)}'
= max{d (y,S(v,u)),d(x,S(u,v))¥
<ma{a’,a'}
=a” .
Similarly d(x,u,) <e” and d(y,v,) <a*
By induction d(X,u,) < a* and d(y,v,) < a*
~dxu)<a® -1 (@sn-—>ow0<i<l)
SU =X,
and d(y,v,) <a” -1 (@sn—own0<i<l)
SV, Y.
Theorem 2.5. Let (X,<) be a partially ordered set and suppose that (X, d) is a multiplicative metric space.
Let S: X x X — X be a continuous mapping having the mixed monotone property on X . Assume that there
exists A€ [0,1) with d(S(X,Y),S(u,v))<max{d(x,u),d(y,v)} whenever (x,y) and (u,v) are
comparable. If there exist Xy, Y, € X such that (X, Yo)=(S(Xy, ¥o), S(Yo,%,)), then there exist
X,y € X such that Xx=S(X,y) and y=S(y,X). That is, (X, y) is a coupled fixed point of S . If for
every (X,Y),(X",y") € X x X , there exists (U,V) € X x X such that (U,V) is comparable with (X, y) and
(X*,y"),then S has a unique coupled fixed point.
Proof: Define the sequence (X,,Y,) inductively, by X =S(X;,Y,), Y;=S(Ys X,) and
X0 =S(X, Y1), Vo =S(Y,,X,) for n=1,2,.....
By hypothesis X,<S (X, o) = %, and ¥, =S (Yo, %) = V; -
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Let X, =S(X,,¥;) and Y, =S(¥;,%)

By mixed monotone property of S, we have

X = S(Xo’ yo)ﬁs(xv yo)ﬁs(xl’ yl) =X,

and Y, = S (Yo, X)=S (Y1, %)=S (Y1, X)) = ¥,

By induction we can show that
X a1 S(xn' yn)i_s(xn—l' yn)i_s(xn—l' yn—l) = Xn
yn+l = S(yn’ Xn )js(yn—ﬂ Xn )js(yn—l’ Xn—l) = yn

Now for all N € N, we have
d (X0 %) = A (S (%, ¥ ) S (K15 Yo a)) S max{d (%, X, 4), d (Y, ¥ 1)}
and d (Y1, Yn) = (S (Yar %) S (Vo1 X, 1)) < max{d (Y, Vo), d (%, %, 1)}
write o, =max{d (X, X, ,),d(Y,, ¥, 1)}
therefore (e,.,)" =max{d(x .., x.),d(y. .., y,)}
= max{{d (..., x,)} {d (Vo0 V) ¥}
<max{(e,")*,(e,")'}
<max{(e,)", (@,)" }=(a,)"
) < (@) <(a.) <(a, )" <. ()" —>lasn—>ow
(since =1 and A€[0,2).

e,,,) =1, 1<al, >1

n+1

Hence 1<, —1.

n+1

S1< maX{d(X,Hl, n) d(yn+1l yn)}_)l
A (%0 %) > Land d(Y,.0, ¥,) 21

Now we show that the sequences {X.} and {Y,} are Cauchy sequences in X.

Write Zn = (Xn’ yn) and D(Zﬂ’ m) d(Xn’ m) d(yn1 ym)

Now

D05 Yn)s K Vo)) < DIOG Yo (Kt Yoa))- Dot Vi) s Vo))
= D(an Zn+1)'D(Zn+l’ Zn+k)
<D(z,,2,,1).D(2,,1, 2,..).D(2,.2: Z,.1)
<D(z,,2,,)D(z,.1,Z,.5) e D(z,. 1:Z,.4)
=D((X1, Yn)s (Gt Yoe))-D((Kaas Yoria)s (X2 Yaea))evveneeens DX e-tr Yneka)s Koies Vo)
=d (X, X011 A (Yo, Yo A K10 Xa02) A (Vias Yoo )ooeeeeens d (Xpik-1s Xoa ) A Voo You)
< max{d (X, X1, 4 (Yo, Y)Y ML (X, 1, X020 A Vit Yoo Foovroe Max{d (X, 1 X4 Vi Yo )F

= (1) (0, 5) s (@0)°

<[e)" Tllea)" Fl(@) " F ool

_ a2[1"+/1<”+1)+/1(”*2)+ ...... +AMED
A .

n+1? *n

(k1)

I

[7]
<o ¥ »>lasn—owo,

.. Sequence (X,,Y,) isa Cauchy sequence in X x X w.r.to D.

Suppose (X,,Y,) = (X,¥) . Then X, > X and Y, > V.
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Now we show that d (X, .,, S(X,y)) > 1
1.e.,d(S(x,,Y,), S(x,y)) —1.
Since S is continuous, and X, — X, Y, — Y then S(X,,Y,) = S(X,Y)
Now X.., =S(X,,Y,) = S(X,y).
S X=S(X,Y).
And similarly Y., =S(Y,,X,) = S(Y, X).

Sy =S(Y,X).
. (X,y) isacoupled foxed point of S.

Suppose (X, y) and (X', y") are coupled fixed points of S . Then there exists (U,V) € X x X such that
(u,V) is comparable with (x,y) and (X', y")
Casel : Suppose (x,y) and (X, y) are coupled fixed points of S and (X, y) is comparableto (X ,Y")
w.r.to the ordering in X x X .
Claim: X=X ,y=VY .
d(x,x)=d(S(x,¥),S(x", y")) <max{d(x,x),d(y,y)}
(- (x,y)and (X7, y") are comparable)
similarly d(y,y") =d(S(y,x),S(y",x")) <max{d(y,y’),d(x,x)¥
comax{d (x,x),d(y, y")} < max{d (x,x"),d(y, y )}’
somax{d(x,x),d(y,y)}=1 (0<A<))
d(x,x)=Ld(y,y) =1
s X=X,Y=Y .Hence (X,y)=(X",y)
Casell : If (x,y) is not comparable to (X*, y*), then there exists an upper bound (or) lower bound
z=(u,v) e Xx X thenforall n=0,1,2,3,.....
By lemma24 U, —> X , V, =Y (where U, and V,, are as in Lemma 2.4)
and D((x,Y),(u,,v,))=d(x,u,).d(y,v,) >1 as n—w
s(u,v,) = (X Y) as n—oo (2.5.1)
similarly D((X",y"), (u,,V,)) =1
SU, > XV, > Y asn—owo
su,v) = (X, YY) asn—oow (2.5.2)
-, from (2.5.1) and (2.5.2), (X, y) = (X, ¥")
. (X,y) is unique coupled fixed point of S .
Theorem 2.6. In addition to the hypothesis of theorem 2.5, suppose that every pair of elements of X has an

upper bound or lower bound in X . Suppose (X, Yy) is a coupled fixed pointof S ,then X=1Y.

Proof:
Casel : Suppose X is comparableto Y .

Then X =S(X,Y) is comparableto Yy =S(y,X) and A4 €[0,1),
We get d(x,y) =d(S(x,Y),S(Y,X))

<max{d(x, y),d(y, )}

={d(x, y)} (- 2€[0,))
Sdxy)=1
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LX=Y
Casell : If X isnot comparableto VY .
Suppose there exists an upper bound U € X comparableto X and Y .

Then X=<U and y<u and (X, Y) is coupled fixed point of S .

Write Uy = S(U, y) and u," = S(y,u)

Then (X, y)j(ul’ul,)
Further d(X,u,) =d(S(X, y),S(u, y)) <max{d(x,u),d(y, y)}

={d(xu)}.

And d(y,u;") =d(S(y,x),S(y,u)) <max{d(y,y),d(x,u)}’

—{d(x,u)}.

2 d(S(x,y), S(uy, b)) < maxd (x,uy), d (y,uy )}

< max{{d (x,u)¥" . {d (x,u)}'’¥
={d(x,u)¥".

By induction it can be shown that

d((X ), Uy, U, )) <{d (x,u)}*

Also by induction it can be shown that d (u_,u ") <{d(u, V¥
Further d(u,,u,.") ={d(u, y)}*

~u,—> XU —yand d(u,,u)—>1las n—o

~{u.}, {u,"} have the same limit.
LX=Y.
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