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I.  Introduction:

The concept of statistical convergence was introduced by Fast [4 ] and it was further investigated from
the sequence space point of view and linked with summability theory by Fridy [2], Connor [3], Fridy and Orhan
[1], Salat [5] and many others.

The idea of arithmetic convergence was introduced by Ruckle [ 9]. Yaying and Hazarika [8] used this
concept of arithmetic convergence introduced arithmetic statistical convergence and lacunary arithmetic statistic
convergence of single sequence. We shall use the concept of statistical convergence of double sequences. [ see
Mursaleen (6) ] to extend the results of Yaying and Hazarika [8] to double sequences.

Il. Lacunary Arithmetic Statistical Convergence.
Definition 2.1:( Yaying and Hazarika [2017] ) A sequence x = (x;) is called arithmetically convergent if for
each € > 0 there is an integer Isuch that for every integer k we have |xk — x(k,l)| < &, where the symbol (k, )
denotes the greatest common divisor of two integers k and I. We denote the sequence space of all arithmetic
convergent sequence by AC.
Definition 2.2 :( Fridy and Orhan [1993] )Let 8 = (k,.) be a lacunary sequence. A number sequence x = (x;) is
said to be lacunary statistically convergent to lor Sy-convergent to [, if, for each > 0,
1
limh—l{k EL:|x,—1l=¢c}=0
r—00
In this case, one writes Sy — limx, = [ or x;,—(Sy).The set of all lacunary statistically convergence sequences
is denoted by S,
Definition 2.3: ( Yaying and Hazarika [2017] ) A sequence x = (x;) is said to be arithmetic statistically
convergent if for each £> 0, there is an integer | such that
1
lim = |{k € n:|x, — x| = €}| =0

n—-o N
We shall use ASC to denote the set of all arithmetic statistical convergent sequences. Thus for & >0 and
integer |

. 1

ASC ={(xk): lim,, e, ;|{k € nilx — xup| = €| = 0} .
We shall write ASC — limx;,, = x; to denote the sequence (x,) is arithmetic statistically convergent to
x(k,l)-
Definition 2.4: ( Yaying and Hazarika [2017] ) Let 8 = (k,.) be a lacunary sequence. The number sequence
x = (x;) is said to be lacunary arithmetic statistically convergent if for each € > 0 there is an integer | such
that

1
lim h—|{k € I: |xk - x<k‘l>| = s}| =0

T —00
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We shall write

4SCy ={x = (x): lim, oo - |{k € L: i = x| = €} =0}

We shall write ASCy — limx, = x,, to denote the sequence (x;) is lacunary arithmetic statistically
convergentto x .

Definition 2.5: (Yaying and Il-lazari,ka [2017] ) Let 6 = (kr) be a lacunary sequence. A lacunary refinement
of 0 isa lacunary sequence 8 = (k,)satisfying (k,) S (k). (See Freedman et al. [].

Definition 2.6: (Yaying and Hazarika [2017] )A function f defined on a subset E of R is said to be lacunary
arithmetic statistical continuous if it preserves lacunary arithmetic statistical convergence i.e. if

ASCg — limxk = X<k’l)imp|iESASC9 — llmf(xk) = f(x(k,l))'

Theorem 2.1:( Yaying and Hazarika [2017] ) Let x = (x; ) and y = (y; ) be two sequences.

0] IfASC — limx, = x4 and a € R, then ASC — limax, = axy .

(i) If ASC — limx, = x4, and ASC — limy, = yu, , then ASC — limifix, + y,) = (xp +
Y1y )

Theorem 2.2:( Yaying and Hazarika [2017] )Let x = (x;, ) and y = (v, ) be two sequences.

0] IfASCy — limx, = x4, anda € R, then ASCy — limcx, = cxy

(ii) IfASCy — limx, = x4,y and ASCy — limy, = yyy,then ASCy — lim(x, + yi ) = (xgpy +
VL)

Theorem 2.3: ( Yaying and Hazarika [2017]) If 8" = (k, ) is a lacunary refinement of a lacunary sequence
0 = (k,)and (x;) € ASC, then (x,) € ASC,.

Theorem 2.4:( Yaying and Hazarika [2017] )Suppose S = (l.) is a lacunary refinement of a lacunary
sequence 8 = (k,).Let I, = (k,_1, k. ] and J, = (l_1,L.],r=1,2,... If there exists § > 0 such that
% > 6 forevery]; < I;. Then (x;) € ASCy = (x) € ASG.

Theorem 2.5: ( Yaying and Hazarika [2017] )Suppose B = (l,.) and 6 = (k, ) are two lacunary sequences.
Let I, = (k1 ke ], Jr =L, L ],r=12, . ; =1 nJ;, i,j=1273.. Ifthereexists § > 0 such
that

% > 6 foreveryi,j=1,2,3,.., I # 0.

Then (Xk) (S ASCQ = (xk) (S ASC{;

Theorem 2.6: ( Yaying and Hazarika [2017] )Let 6 = (k.. ), r=1,2,3,.. ., be a lacunary sequence. If lim inf
q, > 1,then ASC < ASC, .

Theorem 2.7: ( Yaying and Hazarika [2017] )Forlim sup g, < o, we have ASC, ASC.

We shall now use analogy to extend the above concepts and results to double sequences;

I11. Lacunary Arithmetic Statistical Convergence For Double Sequences.

Definition 3.1: A double sequence x = (x;,,) is called arithmetically convergent if for each e > 0 there is an
integer I, n such that for every integer k, m we have |xk_m - x<k_l)_<m_n)| < &, where the symbol (k, [, m,n)
denotes the greatest common divisor of four integers k, I, m and n. We denote the double sequence space of all
arithmetic convergent sequence by (AC ),
Note that: g = (((k, ), (m, n)))where g denotes the greatest common divisor (gcd) for double sequences.
Therefore we shall use g as the above equality throughout this paper.
Definition 3.2 :Letf = (k, ;) be a lacunary double sequence. A double sequence x = (x;, ,,) is said to be lacunary
statistically convergent to lor Sy __-convergent to [, if, for each &> 0,

. |

r}sl_qloom|{k,m € L: |xk_m - l| > £}| =0
In this case, one writes Sp_ — limx;,, =1 0r x;,,—(Sp, ). The set of all lacunary statistically convergence
double sequences is denoted by Sy,

Definition 3.3 : A double sequence x = (xy ,,) is said to be arithmetic statistically convergent if for each £> 0,
there is an integer I, n such that
1
lim —|{k,m € n: |xk,m - xg| = s}| =0

n—on
We shall use (ASC ), to denote the set of all arithmetic statistical convergent double sequences. Thus for
€ > 0andinteger I, n
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(ASC)H, = {(xk,m): limn_,wﬂ{k,m € n: |xk,m - g| = £}| = 0} .
We shall write (ASC), — limx,,, = x, to denote the double sequence (x,,) is arithmetic statistically
convergent to x,
Definition 3.4 : Let 6 = (k, ;) be a lacunary double sequence. The double sequence x = (x;, ) is said to be
lacunary arithmetic statistically convergent for double sequences if for each ¢ > 0 there is an integer I, n such
that for every integer k,m = L,n

r;gignwi|{k,m € byt fxm — x| = &) =0

We shall write

ASCHH = {x = (X m): limy o i |{k,m € I |xk‘m — xg| > £}| = 0} .

We shall write ASCy, . — lim xk,,'n = x, to denote the double sequence (x,) is lacunary arithmetic
statistically convergent to x,

Definition 3.5 : Let 8 = (k, ;) be a lacunary double sequence. A lacunary refinement of 6 is a lacunary double
sequence 6 = (k, ,)satisfying (k,;) S (k,). (See Freedman et al. [7].)

Theorem 3.1 : Letx = (x4, ) and y = (¥, ) be two double sequences.

(l) If (ASC)Z - limxk‘m = X(k,l)(m,n) and a € R,then (ASC)Z - limaxk,m = ax(k,l)(m,n)'

(ll) If (ASC)Z — limxk,m = X<k‘l),(m‘n)and (ASC)Z — limyk,m = Yk ) (mn) then (ASC)Z —
lmiixy  + Viem) = (Xepyimm) T Y tyimm) )-

Proof3.1:

(i The result is obvious when a = 0 . Suppose a # 0, then for integer | , n

1
u_v|{k <um <v:|axg, — axg| > e}

! {k< < | |> €}|
= — <um <v:|xp, — X, = —
uv k,m 9 |a|

Which gives the result

The result of (ii) follows from

1
u—v|{k <um v |(Xm + Yim) = Cenomm + Yoenma)| = €}l
1

+ —
uv

£

1
<— {k Sum v |Yem — Yonmm| = 5}

uv

{k <um<v: |xk‘m - x<k‘l)_(m‘n)| = g}
O

Thus we defined a related concept of convergence in which the set {k,m : k, m < uv }is replaced by the set
{k,m: k.51 <km < k,}, for some lacunary double sequence (k, ;). (see definition 3.4)

Theorem 3.2 :Letx = (x;, ) and y = (y; ) be two sequences.

(iii) IfASCy — limx, = x4, anda € R, then ASCy — limcx, = cxgp

(iv) IfASCy — limx, = x4y and ASCy — limy, = yu . then ASCy — lim(x;, + y, ) = (xpep +
5229,

Proof3.2 :
(i The result is obvious when a = 0 . Suppose a # 0, then for integer |, n

{k,m € I+ |axyn — ax,| = €}

€
{k,m € L |xk‘m - xg| = m}|

Which gives the result

The result of (ii) follows from
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rs 't |(xk,m + yk,m) - (xg + yg)| 2 €}|

<l sum svifug —xl 2 Gl Sl sum <o - vl 2 3

2
25}+
2

1
S J—
hy s

{k,m € I |xk‘m —xg|

i“k,m € Lst |yem— vyl 2 %H

O

Theorem 3.3 :1f6" = (k;_s ) is a lacunary refinement of a lacunary double sequence 6 = (k, ;) and (xk,m) €
ASCy  then (x,, ) € ASCy, .

Proof3.3 :

Suppose for each I, ; of € contains the pomt ( krs ¢ )”(r ) of 6’ such that

kr 1,s—1 <krsl <kr52 < <k kr,s

wprs) =

'

Where Ir,,s = (k;,s—l ’ kr,s]

Since (km) c( k;,s) ,sovVr,su(rs) =21

Let (1");°s=1 be the double sequence of interval ( I; ;) ordered by increasing right end points. Since (xk‘m) €
ASCy then for each & > 0 and an integer I,n

lim Z > —|{kme1” tim — x,| = €}| =0

CIrSIrsCIrs ,
Alsosince h, s = k, s — kr 1s— 1:50hrs = krs— kr 161
For each € > 0 and integer I,n
1 ) _ 1 .
m“k'm € st |xim — x| 2 €} = mzli,sclmhrsh»«

—-0asr,s » o

{kkm € LI |xem —x,| = €}
This implies (xy,, ) € ASCy,  m

Theorem 3.4 : Suppose y = (l.¢) is a lacunary refinement of a lacunary double sequencesf = (k, ;). Let
L =(koqs-1,keg] and Jo = (Lgs-1,L 5], 7=1,2, ... If there exists § > 0 such that

gl

|Ig”h| 8 forevery],, < I;. Then (xk,m) € ASCy, . = (ka) € ASC,, ..

Proof 3.4 :

For any & > Oand integer I,nevery J, , we can find [;; suchthatJ,, < I;; , then we have

I
ﬁ“k,m € Jon * [Xim — x| = e :(||1;,jh||) (ﬁ)“k,m € Jynt [tim — %] = €]

|11,|)< 1 )
= (kom € L+ [xim = x5 = €)]
<|]Hrh| |11 | J k g
1/ 1
= (5) <|1 )|{k,m € Ly |xem — xg| = €f|m

ij |

Which gives the result.

Theorem 3.5 :Supposey =(l.;) and 6 =(k,s;) are two lacunary double sequences. Let
Ir,s = ( kr—l,s—l ) kr,s ]Jr,s = ( lr—l,s—l ) lr,s ],r,S: 1, 2,

andl,, = Iy 0 Jy,, a,b=1,2,3... and where a = wx and b yz If there exists § > 0 such that

|1a,b|

Twx | —

Then (x;,, ) € ASCyp. . = (xxm ) € ASC,,
Proof 3.5 :
Let= y U 6. Then u is a lacunary refinement of 6. The interval sequence of puis {Ia b= lux N L, 2 Iy, #

@. where a = wx and b yz.}. Using theorem 3.4 and the condition %

= 6 foreveryy,z=1,23,.., L, # 0.

& gives(xy, ) € ASCy =
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(xkm ) € ASC,, . Since pis a lacunary refinement of the lacunary double sequences , from theorem 3.3, we
have (x;,, ) € ASC, . = (x4m ) € ASC, m

Theorem 3.6: Let 6 =(k,;), rs =123, .., be a lacunary double sequences. If liminfq, ; > 1, then
(ASC), € ASCy, , .

Proof 3.6 :

Let (xim )€ (ASC), and liminfg, ;> 1 . Then there exist « > 1 such that q,, = krk;z -zl+a for

sufficiently larger r,s which implies that k” > 1-‘:0(

Then, for sufficiently large r,s and integer k,m

1
P |{k,m € km:|xk_m —xg| = £}| 2—|{k,m € Ir_s:|xk‘m —xg| = £}|

a
1 + ah,
Thus x = (X3 ) € (ASC)y = (xgm) e Ascgm-
Theorem 3.7 :Forlim sup g, ; < oo, we have ASC,, = S (ASC),.

r,s" |ka_xg| = g}|

Proof 3.7 :
Let lim supg, ¢ < oo then there exist w > 0 such that q, < w for every r,s. Let 7, o = |{k,m € L o |xpm —

Xg = swhere |,n is an integer. Now for £>0 and xk,m € ASCHr,.sthere exists N such that
h = < eforeveryr,s =N

Let M = Max {z,,:1<7,s <N}and letp be any integer with k, ; > p > k,_; ;4 . Then for an integer I,n

1
Ll € b frn = x| > )

[{k.m € kpg|xem —x,] = €}

B kr 1,5—-1
= {ti+ T+ 4 Ty + Ty ot Tl
r—1,s-1
MN 1 TR+1 Trs
< + Rysi—— + 4 hpg——
krfl,sfl krfl,sfl { hN+1 e hr S

(Y s+
= su rs
kr—l,s—l kr 1,s—1 Ts>r1)V hrs N+t
S MN kT,S - kN
krfl,sfl k‘rfl,sfl
< T+ €qy,
kr—l,s—l ’
< T+ cKm
kr—l,s—l

Which gives(x;,, ) € (ASC),
Corollary 3.1.
From there 2.6 and 2.7, if 8 = (k, ) be a lacunary double sequences and if
1 <liminfq, <limsupgq, < o
Then (ASC), = ASC,
In (2016) Yaying and Hazarika introduced lacunary arithmetic convergent sequence ACy as follow:

ACy = S (xp) ¢ 11m iZ:|xk — x(k,l)| = 0 for integer
hy kel,
Analogously, we define double lacunary arithmetic convergence
From theorem 3.6 and 3.7 , if 8 = (k, ; ) be a lacunary double sequences and if
1 <liminfq,; <limsupgq, ; < o
Then (ASC); = ASCy,
Now we introduce lacunary arithmetic convergent sequence ACj, ; as follow:
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ACy, = (xk‘m) : hm — Z Z |ka — xg| = 0 some integers l,n
s S k€L, k,I€l,
In relation to this we shall introduce for double sequences space and give some relation between the double
spaces ACy, and ASCy,
Theorem 3.8 :Letd = (k,, ) be a lacunary double sequence; then if (x;,,) € (ACy), then (x; ) €
(ASCy),
Proof 3.8 :Let(x;.n ) € (ACy), and & > 0. We can write, for an integer I,n

Z |xk.m - xg|

kmely s
= Z |xk,m - xg| + Z |xk,m — X4
kme€ly s kme€ly s
|xk,m—xg|2£ |xk‘m—xg|<£
= |Xim — xg|
kme€ly s

|Xk,m_ xg| =€

= € |{k,m €l |xk‘m - xg| = s}|

]

Which gives the result.
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