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I. Introduction

A theorem of M. Hall, proved in [4], states that any finitely generated subgroup
of a free group is closed in the profinite topology. This result has been generalized
by many researchers.

The authors proved in [2] and [3] that the product of two finitely generated
subgroups of a free group is closed in the profinite topology of the free group. The
first published proof of that theorem is due to G.A. Niblo, cf. [6].

Denote the profinite topology on a free group F by PT(F).

A more general result saying that for any finitely generated subgroups Hy,--- , H,,
of a free group F' the set H; --- Hy is closed in PT'(F') was obtained by L. Ribes
and P.A. Zalesskii in [7], by K. Henckell, S.T. Margolis, J.E. Pin, and J. Rhodes in
[5], and by B. Steinberg in [§].

T. Coulbois in [1] proved that property RZ, is closed under free products, where
a group G is said to have property RZ, if for any n finitely generated subgroups
H,,---H, of G, the set H; --- H, is closed in PT(G).

The aforementioned results lead to the following question: is it true that for any
finitely generated subgroup H of a free group F' and for any subset S of F' which
is closed in PT(F), the product SH is closed in PT(F).

In this paper we provide a negative answer to this question by constructing two
counterexamples.

The First Example

Let F' be a finitely generated free group. The profinite topology on F' is defined
by proclaiming all subgroups of finite index of F and their cosets to be hasic open
sets. An open set in PT(F) is a (possibly infinite) union of cosets of various
subgroups of finite index and the closed sets in PT(F') are the complements of such
unions in F.

The following example describes a set S, closed in PT(F'), such that its product
with a free factor of F' is not closed in PT'(F).
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Example 1.
Let F' =< a,b > be a free group of rank two. Consider an infinite sequence
A = {a,a?,a*,--- ,a*' ---} c F. Note that A converges to 1. Indeed, let N be

a normal subgroup of finite index m in F. If £ > m then a*' is contained in N.
Hence any open neighborhood of 1 in F contains all, but finitely many elements
of A, therefore A converges to 1. Note that 1p € A, so A is not closed in PT(F).

Let my,k = 1 be integers such that mj; — mqg € % \ Z in PT(Z), where Z is
the completion of Z in PT(Z). Then a*b™* — a®b™ e F'\ F, where F is the
completion of F in PT(F). Hence the sequence a*b™* has no other limit points. In
particular, it has no limit points in F. Therefore for every w € F with w # a*b™*
for all k£ > 1, there exists an open neighborhood U of w such that a*b™* & U, for
all k > 1. It follows that the set S = {ab™!,a®b™2,---  a*'b™* ...} is closed in
PT(F).

Note that 1 ¢ S < b >, however AC S <b > solpc ACS<b> We
conclude that S < b > is not closed in PT(F’).

The Second Example

The example in the previous section raises the following question: is it possible
to impose some restrictions on a set S, closed in PT(F'), such that the product of
S with a free factor of F' would be closed in PT'(F').

The following example demonstrates that such restrictions on S should be severe.

Let F be a free group on free generators K U L, with |K| = k, |L| = [, and
F =< K > % < L >. We describe a discrete set S, closed in PT(F), such that
S < K > is not closed in PT(F') and the last syllable of all elements of S is in
<L >

Example 2.

Construct by induction a sequence of normal subgroups of finite index

G, >Gy > --->G,, > ---, elements r,,, €< K > and s,, € F, and an
increasing function f(m) satisfying the following conditions:

(1) G, - rm is at distance greater than f(m) from G,, -1 in F/G,,.
(2) Gyisii— G

(3) The last syllable of all s,, isin < L >.

(4) Forall & S4m, Gtk £ Gulin-

Let f(1) be an arbitrary integer. Choose G such that the index of

H, =GN < K > in < K > exceeds 2k(2k — 1)Y= which is the upper bound
on the number of elements in a ball of radius f(1) in < K > /H, around 1. Then
we can choose ry €< K > such that the distance between Gy -ry and G,-1in F/G,
is bigger than f(1). Choose s; € F' such that G;r; = G;s; and the last syllable of
spisin < L >.

Assume that for some n > 1 we have constructed the normal subgroups

Gy, > Gy > --- > G, of finite index in F', elements ry,--- ,r, of < K > and
s1,---,8, of F, and f(1) < f(2) < --- < f(n) satisfying conditions 1, 2, 3, and 4
for any m < n.

Let H, =GN < K >m = 1,--- ,n. Let ¢;; : F/G; — F/G; for i > j
be the natural homomorphisms, and let v; ; :< K > /H; -< K > /H; be the
corresponding natural homomorphisms.

We want to define G,, 41, i1 €< K >, 5,41 € F, and f(n + 1).

In order to satisfy condition 4, we need G,417»+1 to be distinet from the cosets

¢;il,1(Gl"l)-. 45;11,2(02"’2)» B c:);-}—l,n(Gnrn)'
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In order to choose G,, 17,41 such that r,,; €< K >, we need to consider the
subgroups H; = G;N < K > and the preimages

'¢’;i1,1(Hl‘rl)a ¢;i1,2(H2‘7’2)a T, 'u;,;—{l—l.n(Hﬂrn)‘

Note that the preimage of H,.,r,, in < K > /H,4; contains [H,, : H,41]
elements. Therefore, H,, . 7r,+1 should be different from [H; : H,11] + [H2
H, 1|+ -+ [H, : Hyt1] out of the total [< K >: H,.,] elements. In addi-
tion, in order to satisfy condition 1, the coset H,+17rn+1 should lie outside the ball
of radius f(n + 1) around 1 in < K > /H, ;. Note that the number of elements
in this ball does not exceed 2k(2k — 1)f(n+1)—1,

Also note that [Hy : Hy oy + [Ha : Hpa]+ -+ [Hn : Hoa] =

1

i - 1 1 L

=< K = Hﬂ+1]([<K>:H,] + =rk>m Tt i [<K>:Hn])'

Assuming that the sequence of indices [< K >: Hy], [< K >: H3],--- , increases
rapidly enough, we may assume that for all n > 1 the quantity

1 1 EOE: DU, LR : il

K>H] T =RK>H] T + x> 18 smaller than 3.

Now we can choose G,, 1 such that the index [F' : GG;,+1] is big enough and for

H, ., =< K > NGn4, the index [< K >: H,44] is big enough.

We choose an element r, ., €< K > such that G,, 7, is outside the ball of
radius f(n+1) in F/G,,+1 around G,,+ -1 and such that G,, 17, is different from
all the elements of the preimages (;5;11’1(017'1 )s qb;il’z(Ggrg), e 7;ll_l’n(G'n'rn).

Choose s, € F such that G,, ;18,41 = G, +17w+1 and the last syllable of s,
isin < L >.

Hence, by induction, we have satisfied conditions 1, 2, 3, and 4.

Let S = {8,832, -}. We claim that S is diserete in P7T'(F"). Indeed, for each
n the coset Gury = Gusa does not contain any Gure = Gusg for £ = n, so we
have found an open neighborhood of s,, containing at most 72 elements of 5. As the
profinite topology on a free group is Hausdorfl, it follows that S is discrete.

Note that S does not have limit points in /. Indeed, consider 2 € F'. For any
n = 1 the coset ,, - 2 is an open neighborhood of 2 in P7T'(F") and the distance
between ¢, - 1 and ¢, - 2 is bounded by the length of .

By definition of S, the distance between 7, - 1 and &, - s,, is greater than f(n)
for alimost all n» = 1, hence the intersection S MG, - o is finite.

It follows that 2 is not a limit of S, therefore, S is closed in P71'(F').

Note that 1 € Gpsnr;;' € GnS <« K > forallm = 1,801 € § < K >, but

1 & .5 < K = because SM < K == (). Therefore, S < K = is not closed in PT'(F).
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