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Abstract: In this paper the finite Fourier sine transform is presented for obtaining solutions for Klein-
Gordan equations. The initial-boundary value problems for the Klein-Gordan equations are solved on the
half range, using finite Fourier sine transform. Such problems posed on time-depend domain. The results
reveal that the finite Fourier sine transform is very effective, simple, convenient and flexible.
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I.  Introduction
In this paper we consider two important equations of mathematical physics, the homogeneous Klein-
Gordan equation[10]

U (6, 1) — Uy (x,8) +ulx,t) =0 €Y
and the non-homogeneous Keilin-Gordan equation
U (1, 8) — Uy (6, ) +ulx, t) =0 (2)

which appear in quantum field theory, relativistic physics, dispersive wave-phenomena, plasma
physics, and applied physical sciences. Several techniques including finite difference, collocation, finite
element, scattering, decomposition and variation iteration using Adomian's polynomials have been used
to handle such equations [1,2,10,11]. He [4,13] developed the homotopy perturbation technique for
solving such physical problems. In recent years, many research workers have been paid attention, to
study the solutions of partial differential equations by using various methods. Among these are the Adonian
decomposition method (ADM) [3], He's semi-inverse method [3], the tanh method, the homotopy perturbation
method (HPM), the differential transform method and the variational iteration method (VIP) [5,8]. He [6,7]
developed the homotopy perturbation method (HPM) by merging the standard homotopy and perturbation
for solving various physical problems. Various ways have been proposed recently to deal with these
partial differential equations, such as Adomian decomposition method. In this work we apply the finite
Fourier sine transform method to solve homogeneous and non-homogeneous linear Klein-Gordan
equations[12].

I1.  The finite Fourier sine transform
Definition (1):
The finite Fourier sine transform of a function u(x,t) denoted
i(n, t) is defined by[9]:

a

Ts(u(x, t)) = 1n,t) = f u(x, t) sin (%) dx €))

0

where n is an integer. The function u(x, t) is then called the inverse finite Fourier transform and is given by :.

0

u(x,t) = 2 Z ii(n, t) sin (?} ©))

n=1
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Definition (2):
If u is some function of x and t, then finite Fourier of t for 0 < x < a and t > 0 is given by [9]:

F (62u(x, t)

—n?r? nmw
o )= a0+ 0,0~ u(a D cosm)] ()

To illustrate the basic idea of this method, we consider a general non-homogeneous linear partial
differential equation of the form:

Aug (x,t) + Buy, (x,t) + Cu(x,t) = h(x,t) (6)

with boundary conditions:

u(0,t) =u(a,t) =0 (7
and initial coditions:
u(x,0) = f(x) 3
u,(x,0) = g(x) 9

where 4, B,and C are constants. Taking the finite Fourier sine transform of both sides of Eq(6), we obtain

az n’m?\ nm .
Amu(x, t)+(C—B p i(n,t) + F(u(O, t) —u(a,t) cos(nm)) + C(n,t)

=H(n,t) (10)

where H(n, t) = F, (h(x, t)),using the boundary condition (7) and associating like terms, Eq(10)becomes

2

4L aweo+(c-B"
aez

2.2

)ﬁ(n, t) =H(n,t) (11

a?

which is a second order ordinary differential equation, and has the following solutions:

2.2
Casel: ifC > B "a’; then, solution of Eq(11)is:
i(n,t) = c; cos(Byt) + ¢, sin(Byt) + A(t) (12)
2.2
Case2: if C < B™—— then, solution of Eq(11) is:

a

ii(n,t) = ¢, cosh(Byt) + ¢, sinh(Byt) + A( L) (13)

Ca?-Bn2n? . . .
where B, = /T and A(t) is the particular solution of Eq(11).

It is easy to show that ¢c; = A(0) + f(x) and ¢, = /1(0);7g(x) by applying the finite Fourier transform to the
initial conditions (8) and (9).

2.2
Case3: if C = B~ then the solution of Eq(11) is:
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t
1
ia(n,t) = f(x) + tg(x) Zf(t —1)H(n, t)dt (14)
0
Taking the inverse finite Fourier sine transform to get the final solution using Eq(4).

I11.  Applications
The finite Fourier transforms are used to solve differential equations arising in boundary value problems
of physics and mechanics [9]. In this section we will apply the finite Fourier sine transform to solve
homogeneous and non-homogeneous linear Klein-Gordan equations [12]:

3.1 [Hlustrative example
Consider the following boundary value problem [9]

a_u =2 6—2t (15)
ot dx?
with boundary conditions:
u(0,t) =u(5,t)=0 , (16)
and initial condition:
u(x,0) = 10sin(4rx) , 0<x<5 17)

Taking finite Fourier sine transform of both sides of Eq(15), and using Eq(5) (with a = 5), we obtain

7 <6u(x, t)) _ —2n?r? A + 2n_7r [u(0,t) — u(5,t) cos(nm)] (18)
s\ ot 25 ' 5 ’ ’

then using the boundary conditions (16), Eq(18) becomes

d _ 2.2
Eu(n,t)= o5

i(n,t) (19)

which is a separable ordinary differential equation, and has a solution

2.2

n-m ¢
ii(n,t) = Ce 25 (20)
Taking finite Fourier sine transform of the initial condition (17),combining with Eq(20), we have

5

Py — ey (25, for n=20
a0 =C= f 1051n( 5 x) dx = {0 , for all other values of n 1)
0
Hence, Eq(20) becomes
—nZTIZLL
fi(n,t) = 25¢” 25 (22)
Taking inverse Fourier sine transform of Eq(22), we obtain
i(n, t) = 10e~2""t sin(nmx) (23)
which is the required solution.
3.2 The homogeneous linear Klein-Gordan equation
we next investigate the Klein-Gordan equation[12]:
U (3,8) — Uy (0, 1) +u(x,t) =0 (24)

with boundary conditions:
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u(0,t) = u(a,t) = 0 (25)
and initial condition:

u(x,0) =0 (26)

u, (x,0) = x 27)

Taking finite Fourier sine transform of both sides of Eq(24), and using Eq(5), we obtain

2.2

Pt (6,6)) =~ 2, 0) + - [u(0,) = u(a,t) cos(um)] + 2(n,0) =0 (28)
Then using the boundary conditions (25) and associating like terms, we get
2
it —tn,t) + Béii(n,t) =0 (29)

which is a second order homogeneous ordinary differential equations, and has a solution:

i(n,t) = ¢; cos(B,t) + ¢y sin(B,t) (30)
where
B = —@ 31)

¢, and ¢, are arbitrary constants of integration, taking finite Fourier sine transform of the initial
conditions (26), we get

¢ =0 (32)
then Eq(30) becomes:
a(n, t) = c; sin(B,t) (33)

taking finite Fourier sine transform of the initial conditions (27), we obtain

2

c; = — cos(nm) (34)
then Eq(33) becomes
a2
i(n,t) = —y cos(nm) sin(B,t) (35)

Taking inverse Fourier sine transform of Eq(35), we get

)
u(x, t) = 2; nnaﬁn cos(nm) sin(B,t) sin (? x) (36)

Substituting B, from Eq(31), we obtain

u(x, t) = Z cos(nm) sin nin’ +a? t |sin (Ex) 37)
Vn?n? +a?

a a
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which is the required solution.

3.3 The in-homogeneous linear Klein-Gordan equation
We next consider the in-homogeneous linear Klein-Godan equation [12]:

U (X, 1) — Uy (x, ) +ulx, t) = 2sinx
with boundary conditions:

u(0,t) = u(a,t) =0

and initial conditions:
u(x,0) = sinx , 0<x<a

u(x,0) =1 , 0<x<a

Taking finite Fourier sine transform of both sides of Eq(38), and using Eq(5), we obtain

2.2

n°m nm
Fs(uge (x, 1)) = p a(n,t) + " [u(0,t) — u(a,t) cos(nm)] + t(n, t)

= F,(2sinx)

Then using the boundary conditions (39) and associating like terms, we get

2

nm Pl
Wu(n, t) + Béii(n,t) = 750 cos(nm) sinifia)

which is a second order non-homogeneous ordinary differential equations, where

2a* 22 2
€0=22 5 , neme #a
n?m?—a

Eq(43) has a solution
i(n,t) = c; cos(B,t) + ¢, sin(B,t) + 4,

where 3, is as defined in Eq(31), and

Ap = igcos(nn) sinifn)
n

Upon using the initial condition (40) gives

Ay
=+
&
Then, using the initial condition (41), we have
= ( 1)
Ccy = -y cos(nm)

Therefore Eq(43) becomes

(38)

(39)

(40)

(41

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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0

u(x,t) = Z <;—Z cos(B,t) +

n=1

—a

nnp,

nmw
(cos(nm) — 1) sin(B,t) + An> sin (7 x) (49)

which is the required solution.

IV.  Conclusion
After the direct application of finite Fourier sine transform method and from the results obtained, we
can say that this method is easy to implement and effective. As a result, the conclusion that comes through this
work, is that the finite Fourier sine transform method can be applied to other partial differential equation, due
to the efficiency in the application to get the possible results.
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