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Abstract: In  this  paper  the  finite  Fourier  sine  transform  is  presented  for obtaining solutions  for  Klein-

Gordan  equations.  The initial-boundary  value problems  for the  Klein-Gordan  equations  are  solved  on  the  

half  range,  using finite  Fourier sine  transform.  Such  problems  posed  on  time-depend  domain. The  results  

reveal  that  the finite  Fourier  sine  transform  is  very  effective, simple,  convenient  and  flexible.  
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I. Introduction 
In  this paper  we  consider  two  important  equations  of  mathematical  physics,  the  homogeneous  Klein-

Gordan  equation[10] 

 

𝑢𝑡𝑡 𝑥, 𝑡 − 𝑢𝑥𝑥  𝑥, 𝑡 + 𝑢 𝑥, 𝑡 = 0                                                                            (1) 

 

and  the  non-homogeneous  Keilin-Gordan  equation  

 

𝑢𝑡𝑡 𝑥, 𝑡 − 𝑢𝑥𝑥  𝑥, 𝑡 + 𝑢 𝑥, 𝑡 = 0                                                                           (2) 

 

which  appear  in quantum  field  theory,  relativistic  physics,  dispersive wave-phenomena,  plasma  

physics,  and  applied  physical  sciences.  Several  techniques  including  finite  difference,  collocation,  finite  

element,  scattering, decomposition  and  variation  iteration  using  Adomian's  polynomials  have  been used   

to  handle  such  equations [1,2,10,11].  He [4,13]  developed  the  homotopy perturbation  technique  for  

solving  such  physical  problems. In  recent  years, many  research  workers  have  been  paid  attention, to  

study  the  solutions  of partial differential equations by using various  methods. Among these are the Adonian  

decomposition  method (ADM) [3], He's semi-inverse method [3], the tanh method, the  homotopy  perturbation 

method (HPM),  the  differential transform  method  and the  variational  iteration  method (VIP) [5,8].  He [6,7] 

developed  the homotopy  perturbation  method (HPM)  by  merging  the  standard homotopy  and  perturbation  

for solving  various  physical  problems.  Various ways  have  been  proposed  recently  to  deal  with  these  

partial  differential equations,  such  as Adomian  decomposition  method.  In  this  work we apply the finite  

Fourier  sine  transform  method  to  solve  homogeneous   and  non-homogeneous  linear  Klein-Gordan  

equations[12]. 

 

II. The  finite  Fourier sine transform 
Definition (1): 

The  finite  Fourier  sine  transform  of  a function 𝑢(𝑥, 𝑡) denoted 

𝑢  𝑛, 𝑡  is defined by[9]: 

 

ℱ𝑠 𝑢 𝑥, 𝑡  =   𝑢  𝑛, 𝑡 =  𝑢 𝑥, 𝑡 sin  
𝑛𝜋𝑥

𝑎
 

𝑎

0

𝑑𝑥                                    (3) 

 

 

where 𝑛 is an integer. The function 𝑢(𝑥, 𝑡) is then called the inverse finite Fourier  transform  and is given by :. 

 

𝑢 𝑥, 𝑡 =
2

𝑎
  𝑢  𝑛, 𝑡 sin  

𝑛𝜋𝑥

𝑎
 

∞

𝑛=1

                                                                 (4) 

 

 



Solutions  of Klein - Gordan equations, using Finite Fourier Sine Transform 

DOI: 10.9790/5728-1306041924                                www.iosrjournals.org                                              20 | Page 

Definition (2): 

If 𝑢 is some function of 𝑥 and 𝑡, then finite Fourier of 𝑡 for 0 < 𝑥 < 𝑎  and 𝑡 > 0 is given by [9]: 

 

ℱ𝑠  
ð

2𝑢(𝑥, 𝑡)

𝜕𝑥2
 =

−𝑛2𝜋2

𝑎2
𝑢  𝑛, 𝑡 +

𝑛𝜋

𝑎
  𝑢 0, 𝑡 − 𝑢 𝑎, 𝑡 cos(𝑛𝜋)           (5) 

 

 

To  illustrate  the  basic  idea  of  this  method,  we  consider  a general  non-homogeneous  linear  partial  

differential  equation  of  the  form: 

 

    𝐴𝑢𝑡𝑡  𝑥, 𝑡 + 𝐵𝑢𝑥𝑥  𝑥, 𝑡 + 𝐶𝑢 𝑥, 𝑡 = 𝑕 𝑥, 𝑡                                              (6) 

 

with boundary conditions: 

 

𝑢 0, 𝑡 = 𝑢 𝑎, 𝑡 = 0                                                                                           (7) 
and initial coditions: 

 

𝑢 𝑥, 0 = 𝑓 𝑥                                                                                                              (8) 

 

𝑢𝑡 𝑥, 0 = 𝑔 𝑥                                                                                                             (9) 
 

where 𝐴, 𝐵,and 𝐶 are constants. Taking  the  finite  Fourier  sine transform  of  both sides  of  Eq(6),  we  obtain 

 

𝐴
𝑑2

𝑑𝑡2
𝑢  𝑥, 𝑡 +  𝐶 − 𝐵

𝑛2𝜋2

𝑎2
 𝑢  𝑛, 𝑡 +

𝑛𝜋

𝑎
 𝑢 0, 𝑡 − 𝑢 𝑎, 𝑡 cos(𝑛𝜋) + 𝐶𝑢 (𝑛, 𝑡)     

 

                                                                                                                    = 𝐻 𝑛, 𝑡        (10)  
 

where 𝐻 𝑛, 𝑡 = ℱ𝑠 (𝑕 𝑥, 𝑡 ),using the boundary condition (7) and associating like terms, Eq(10)becomes 

 

 

𝐴
𝑑2

𝑑𝑡2
𝑢  𝑥, 𝑡 +  𝐶 − 𝐵

𝑛2𝜋2

𝑎2
 𝑢  𝑛, 𝑡 = 𝐻 𝑛, 𝑡                                                      (11) 

 

 

which is a second order ordinary differential equation, and has the following solutions:  

 

Case1:  if 𝐶 > 𝐵
𝑛2𝜋2

𝑎2  then,  solution of Eq(11)is: 

 

𝑢  𝑛, 𝑡 = 𝑐1 cos 𝛽0𝑡 + 𝑐2 sin 𝛽0𝑡 + 𝜆( 𝑡)                                                           (12)   
  

Case2: if 𝐶 < 𝐵
𝑛2𝜋2

𝑎2   then, solution of Eq(11) is: 

 

𝑢  𝑛, 𝑡 = 𝑐1 cosh 𝛽0𝑡 + 𝑐2 sin 𝑕 𝛽0𝑡 + 𝜆( 𝑡)                                                   (13) 

 

where 𝛽0 =  
𝐶𝑎2−𝐵𝑛2𝜋2

𝐴𝑎2  and 𝜆(𝑡) is the particular solution of Eq(11). 

It is easy to show that 𝑐1 = 𝜆 0 + 𝑓(𝑥) and 𝑐2 =
𝜆 0 +𝑔(𝑥)

𝛽𝑛
  by  applying  the  finite  Fourier  transform  to  the  

initial  conditions  (8) and (9). 

 

Case3:   if 𝐶 = 𝐵
𝑛2𝜋2

𝑎2 , then the solution of Eq(11) is: 
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𝑢  𝑛, 𝑡 = 𝑓 𝑥 + 𝑡𝑔 𝑥 
1

𝐴
  𝑡 − 𝜏 𝐻 𝑛, 𝑡 𝑑𝑡                           

𝑡

0

                              (14) 

Taking the inverse finite  Fourier sine transform  to get the final solution using Eq(4). 

 

III. Applications 
The  finite Fourier  transforms  are used  to  solve  differential  equations arising  in  boundary  value  problems  

of  physics  and  mechanics [9].  In this section we will apply the finite Fourier sine transform  to solve 

homogeneous and non-homogeneous linear Klein-Gordan equations [12]: 

 

 3.1   Illustrative example  

Consider  the  following  boundary value problem [9] 

𝜕𝑢

𝜕𝑡
= 2

𝜕2𝑡

𝜕𝑥2
                                                                                                                (15) 

 

with  boundary  conditions: 

 

𝑢 0, 𝑡 = 𝑢 5, 𝑡 = 0      ,                                                                                          (16) 

 

and  initial  condition: 

 

𝑢 𝑥, 0 = 10 sin(4𝜋𝑥)     ,            0 < 𝑥 < 5                                                             (17) 

 

Taking finite Fourier sine transform of both sides of Eq(15), and using Eq(5) (with 𝑎 = 5), we obtain 

 

ℱ𝑠  
𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
 =

−2𝑛2𝜋2

25
𝑢  𝑛, 𝑡 +

2𝑛𝜋

5
  𝑢 0, 𝑡 − 𝑢 5, 𝑡 cos(𝑛𝜋)                (18) 

 

then using the boundary conditions (16), Eq(18) becomes 

 

𝑑

𝑑𝑡
𝑢  𝑛, 𝑡 =

−2𝑛2𝜋2

25
𝑢  𝑛, 𝑡                                                                               (19) 

 

which is a separable ordinary differential equation, and has a solution 

 

𝑢  𝑛, 𝑡 = 𝐶𝑒
−𝑛2𝜋2

25
𝑡                                                                          (20) 

 

Taking finite Fourier sine transform of the initial condition (17),combining with Eq(20), we have 

 

𝑢  0, 𝑡 = 𝐶 =  10 sin  
𝑛𝜋

5
𝑥 𝑑𝑥

5

0

=  
25  ,                             𝑓𝑜𝑟  𝑛 = 20
0   ,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑜𝑡𝑕𝑒𝑟 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑛

      (21) 

Hence, Eq(20) becomes 

 

𝑢  𝑛, 𝑡 = 25𝑒
−𝑛2𝜋2

25
𝑡                                                                                    (22) 

 

Taking  inverse  Fourier  sine  transform  of  Eq(22),  we  obtain 

 

𝑢  𝑛, 𝑡 = 10𝑒−2𝑛2𝑡 sin 𝑛𝜋𝑥                                                                   (23)    
 

which is the required solution. 

 

 3.2  The homogeneous linear Klein-Gordan equation 

we next investigate the Klein-Gordan equation[12]: 

 

𝑢𝑡𝑡  𝑥, 𝑡 − 𝑢𝑥𝑥  𝑥, 𝑡 + 𝑢(𝑥, 𝑡) = 0                                                                               (24) 

with boundary conditions: 
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𝑢 0, 𝑡 = 𝑢 𝑎, 𝑡 = 0                                                                                                        (25) 

 

and initial condition: 

 

𝑢 𝑥, 0 = 0                                                                                                                         (26) 
 

𝑢𝑡 𝑥, 0 = 𝑥                                                                                                                       (27) 

 

Taking finite Fourier sine transform of both sides of Eq(24), and using Eq(5), we obtain 

 

ℱ𝑠 𝑢𝑡𝑡(𝑥, 𝑡) =
−𝑛2𝜋2

𝑎2
𝑢  𝑛, 𝑡 +

𝑛𝜋

𝑎
  𝑢 0, 𝑡 − 𝑢 𝑎, 𝑡 cos 𝑛𝜋  + 𝑢  𝑛, 𝑡 = 0     (28) 

 

 

Then using the boundary conditions (25) and associating like terms, we get 

 

𝑑2

𝑑𝑡2
𝑢  𝑛, 𝑡 + 𝛽0

2𝑢  𝑛, 𝑡 = 0                                                                          (29) 

 

which is a second order  homogeneous  ordinary differential  equations,  and  has  a solution: 

 

𝑢  𝑛, 𝑡 = 𝑐1 cos 𝛽𝑛𝑡 + 𝑐2 sin 𝛽𝑛𝑡                                                                         (30)  

 

where 

 

 𝛽𝑛 =
 𝑛2𝜋2 + 𝑎2

𝑎
                                                                                                    (31) 

 

𝑐1 and 𝑐2 are arbitrary  constants  of  integration,  taking  finite  Fourier  sine  transform  of  the  initial 

conditions (26),  we  get 

 

𝑐1 = 0                                                                                                                            (32) 

 

then Eq(30) becomes: 

 

𝑢  𝑛, 𝑡 = 𝑐2 sin 𝛽𝑛𝑡                                                                                          (33) 

 

taking finite Fourier sine transform of the initial conditions (27), we obtain 

 

𝑐2 =
−𝑎2

𝑛𝜋𝛽𝑛
cos(𝑛𝜋)                                                                                                     (34) 

 

then Eq(33) becomes 

 

𝑢  𝑛, 𝑡 =
−𝑎2

𝑛𝜋𝛽𝑛
cos(𝑛𝜋)  sin 𝛽𝑛𝑡                                                                     (35) 

 

Taking inverse Fourier sine transform of Eq(35), we get 

 

𝑢 𝑥, 𝑡 =
2

𝑎
 

−𝑎2

𝑛𝜋𝛽𝑛
cos(𝑛𝜋)  sin 𝛽𝑛𝑡 sin  

𝑛𝜋

𝑎
𝑥   

∞

𝑛=0

                                              (36) 

 

Substituting 𝛽𝑛  from Eq(31), we obtain 

 

𝑢 𝑥, 𝑡 =
−2𝑎2

𝜋
  

cos(𝑛𝜋)

𝑛 𝑛2𝜋2 + 𝑎2
  sin  

 𝑛2𝜋2 + 𝑎2

𝑎
𝑡 sin  

𝑛𝜋

𝑎
𝑥   

∞

𝑛=0

                (37) 
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which is the required solution. 

 

3.3  The in-homogeneous linear Klein-Gordan equation 

We  next consider the in-homogeneous  linear  Klein-Godan  equation [12]: 

 

𝑢𝑡𝑡  𝑥, 𝑡 − 𝑢𝑥𝑥  𝑥, 𝑡 + 𝑢 𝑥, 𝑡 = 2 sin 𝑥                                                                    (38) 

 

with boundary conditions: 

 

𝑢 0, 𝑡 = 𝑢 𝑎, 𝑡 = 0                                                                                                        (39) 

 

 

and initial conditions: 

 

𝑢 𝑥, 0 = sin 𝑥             ,                  0 < 𝑥 < 𝑎                                                               (40) 
 

 𝑢𝑡 𝑥, 0 = 1                    ,                  0 < 𝑥 < 𝑎                                                                (41)   
 

Taking finite Fourier sine transform of both sides of Eq(38), and using Eq(5), we obtain 

 

ℱ𝑠 𝑢𝑡𝑡 (𝑥, 𝑡) =
−𝑛2𝜋2

𝑎2
𝑢  𝑛, 𝑡 +

𝑛𝜋

𝑎
  𝑢 0, 𝑡 − 𝑢 𝑎, 𝑡 cos 𝑛𝜋  + 𝑢  𝑛, 𝑡 

= ℱ𝑠(2 sin 𝑥 )                                                                                               (42)  
 

 

Then using the boundary conditions (39) and associating like terms, we get 

 

𝑑2

𝑑𝑡2
𝑢  𝑛, 𝑡 + 𝛽0

2𝑢  𝑛, 𝑡 =
𝑛𝜋

𝑎
𝜉0 cos 𝑛𝜋 sin⁡(𝑎)                                                     (43)  

 

which is a second order  non-homogeneous ordinary differential equations, where 

 

 

𝜉0 =
2𝑎2

𝑛2𝜋2 − 𝑎2
        ,            𝑛2𝜋2 ≠ 𝑎2                                                                        (44) 

 

Eq(43) has a solution 

 

𝑢  𝑛, 𝑡 = 𝑐1 cos 𝛽𝑛𝑡 + 𝑐2 sin 𝛽𝑛𝑡 + 𝜆𝑛                                                             (45) 

 

where 𝛽𝑛  is as defined in Eq(31), and 

 

𝜆𝑛 =     
𝜉0

𝛽𝑛
2

cos 𝑛𝜋 sin⁡(𝑎)                                                                                            (46) 

 

Upon using the initial condition (40) gives 

 

𝑐1 =
𝜆𝑛
𝜉0

                                                                                                                              (47) 

 

Then, using the initial condition (41), we have 

 

𝑐2 =
−𝑎

𝑛𝜋𝛽𝑛
  cos(𝑛𝜋) − 1                                                                                                (48) 

 

Therefore  Eq(43) becomes 
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𝑢 𝑥, 𝑡 =   
𝜆𝑛
𝜉0

cos 𝛽𝑛𝑡 +
−𝑎

𝑛𝜋𝛽𝑛
  cos(𝑛𝜋) − 1 sin 𝛽𝑛𝑡 + 𝜆𝑛 sin  

𝑛𝜋

𝑎
𝑥   

∞

𝑛=1

(49) 

 

which is the required solution. 

 

IV. Conclusion 
After the direct application of finite Fourier sine transform method and from the results obtained, we 

can say that this method is easy to implement and effective. As a result, the conclusion that comes through this 

work, is that the finite Fourier sine transform method  can be applied to other  partial differential equation, due 

to the efficiency in the application to get the possible results. 
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