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ABSTRACT. If G(2) is an analytic family of operators on a Banach space
which is of finite rank for each 2, then rank 7(z) is constant except for isolated
points.

In this note we consider the analytic group G(z) of operators on a complex
Banach space z, such that the rank of G(z) is finite for each 2 . We show that
the rank of G(z) is constant on the domain of analyticity, unless for seperated
points. .

Definition 1 Let X be a real vector space . The complexfication of X is the
complex vector space X¢ := X @ C, with scalar multiplication defined by a(x @

B) =z@af(ab € C)
Lemma 1 If G € B(x) , then rank G = N iff there exist bounded projections

P and(Q) of dimension N such that PF() has rank N.

Proof. If rank ¢ < N, then rank PGQ < rankG < N. Conversely, if
rankG = N, there are X,,....zx such thatGz,,...,Gzy are linearly inde-
pendent. If P projects on the span of Gz,....,Gry and @@ on the span of
Xi,...,zn , then PGQ has rank N.

Now we show that If G(2) is analytic on a domain €2 and rank G(2) is finite
for each z, then there is an integer n such that rank G(z) = n except at some
points where n > rankG(z).

Proof For each k < 0, let E; ; = {2z € QrankG(z) < j — 1}. Since
Q= U;C E;_y, E;_, is uncountable for some integerk, and so there is a smallest
integer n such that E,, has a point of accumulation within €2 .

If P and @ are arbitrary projections with dim P = dim({) > n, then the de-
terminant d(z) of PG(2)Q, computed with respect to fixed bases of Px and
(Qx, vanishes on E,,, and hence on all of 2. Since P and () are arbitrary, the
follwing lemma satisfying E,, = (). Since n is minimal, E\n — 1) consists of
isolated points.

This proof also shows that the rank of G(z) is determined by its values on any
set with an acecumulation point in 2 |, and hence that no analytic continuation
of G(z) can have rank exceeding n.

When we refer to the lemma we find that the norm and rankd&, =< n, then
rankG = n. For if P and ) have the same dimension exceeding m , then
detPGQ) = limdet PGLQQ? = 0 .The hypothesis of previous theorem can be
weakened by assuming only that the set of points at which G(z) has finite rank
is uncountable; however, it does not suffice to assume only that (2) has finite
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rank on a set with an accumulation point in €2, for if G(2) is the infinite diagonal
matrix G(z) with diagonal elements a,(2), as(2), asz(2)....an(2)

where a,,(2) = (2—1)(2—1/2) ... (2—1/m), then G(2) is analytic for | 2 |< 1,
while rankG(1/n) =m — 1.
It G € B(X) has finite rank, then we let 3(G) denote the operator norm of G
and

T(G)=inf ) |a] ||z |
i=1

where the infimum is taken over all representations G = inf 3, (27, -)2; of
(. T is a norm, and

| trG < T(F), (1)
B(G) < 1(G) < 5(G) rank G (2)

and
T(AG) < B(A)T(G) for any A in B(x). (3)

Theorem if (G(2) is analytic and the rank of G(2) is finite for all 2 in € | then
tr(G(2) is analytic, and tr%zz—] =trG'(z)

Proof. the rank G(z) < n < oo for some integer n. The rank of D(2,h) =
h='[F(z 4+ h) — F(z)] cannot exceed 2n, so that midh~ 1[trG(z + h) — trG(z) —
trG'(z)]

= midtr(D(z,h) — G'(z)) < 7(D(2,h) — G'(2))

< AnB(D(z,h) — G'(2)).

But the final term tends to zero as h — 0, since (z) is analytic in norm.
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