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Abstract: Cholera is an infection of the small intestine of humans caused by a gram negative bacterium called
Vibrio cholerae.lt is spread through eating food or drinking water contaminated with faeces from an infected
person. It causes rapid dehydration and general body imbalance, and can lead to death since untreated
individuals suffer severely from diarrhoea and vomiting. In this paper we formulate amathematical model to
assess the role of rehydration and antibiotic treatment onreduction of cholera mortality. All solutions in our
model are positive and boundedhence well posed. The stability analysis of the model has been done.
Numericalsimulation shows that rehydration and administration of antibiotics play a majorrole in reducing
cholera deaths.
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l. Introduction

Cholera is an infection of small intestine caused by a gram-negative bacterium called Vibrio cholerae.
The dynamics of cholera involve multiple interactions between the human host, the pathogen, and the
environment, which contribute to both human to human and indirect environment to humans transmission
pathways Mari et al[12]. The bacterium is generally present in the faeces of an infected person for 7 to 14 days,
though with treatment, the symptoms do not last long. The bacterium is acquired by humans through eating food
or drinking water contaminated by faeces from an infected person. The incubation period of the bacteria is 12
hours to 5 days. During infection the bacteria attach themselves to the intestinal walls where they multiply and
produce toxic proteins which cause the intestines to secrete large amounts of fluids. Signs and symptoms include
stomach cramps, mild fever, vomiting and watery diarrhoea will lead to death due to dehydration Nelson et al
[14].

Diagnosis is done through culture of the stool, agglutination tests are then done forconfirmation of the
disease. Treatment is based on the severity of dehydration of the patient. Simple oral rehydration solutions
containing salts and glucose are used to treat mild to moderate cases. For severe cases, treatment is based on
antibiotics that can shorten the cause and diminish the severity of cholera, but it is important to replace the
fluidsthat have been lost through diarrhoea. WHO[16]. The existence of acquired immunityagainst the cholera
disease has been known since very ancient time. Patients recovering cholera are either protected against re-
infection with the same Vibrio cholerae, or thesubsequent episodes are less severe Lavine et al[10]. Prevention
and control measures ofcholera include improved food safety,provision of safe drinking water, proper
sanitation,and strengthening surveillance. Health education is also very important Aryda et al[1].

Several mathematical models of cholera transmission dynamics and protection measuressuch as
vaccination, improved sanitation, water chlorination, and education have beenformulated but did not incorporate
rehydration and antibiotic treatment, for Emmanuelet al. [6] formulated an SIR-C cholera model to study the
dynamics of cholera with control strategy where C denotes the pathogen concentration. Based on their
idea,choleradeaths can be reduced by good sanitation and water treatment. Other control strategieslike
vaccination and curative treatment were not considered in the model.Aryda et al[1] developed and analyzed an
SIR model to investigate cholera disease witheducation and chlorination. They concluded that with no
chlorination, the disease freeequilibrium is shown to be globally stable and the sensitivity analysis of basic
reproduction number shows that it is most sensitive to education, per capita birth and death rateof the bacteria.
They also concluded that per capita birth and death rate of the bacteriacan be increased by chlorination. The
model ignored factors such as environmental factorswhich may promote disease outbreak among poor
communities. The model also ignoresthe role of rehydration and antibiotic treatment.
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1. Model Description and Formulation
2.1 The model
The total human population N(t) is divided into classes of susceptible S(t) , infected 1(t)
and recovered R(t) , where I(t) = I, + Iy, I, represents individuals infected with thebacteria in the intestine only
and I, represents individuals infected with bacteria in boththe intestine and the bloodstream.
The total population is given by;
N(t) = S(t) + I(t) + R(t) 1)

The flow chart diagram for the dynamics of the transmission is given by the figurebelow.
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Figure 1: The model flow diagram

The system of differential equations describing the dynamics of the model is as follows;
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In our model, there is a decrease in human population through natural death at a rate p or as a result of
the infection either in the intestine only y; or the infection both in theintestine and the bloodstream v,.
When rehydration is done the bacteria shed rate as a result of the infection in the intestine only reduces at the
rate o, and the bacteria shed rate as a result of the infection inboth the intestine and the bloodstream is reduced
at the rate o, due to rehydration andadministration of antibiotics. Recovery rate as a result of rehydration is 3,
and recoveryrate due to rehydration and administration of antibiotics is 8, , B is the concentration ofVibrio in the
environment, K the carrying capacity of Vibrio where, K > 0.

The effective contact rate of the bacteria given by o and the probability of susceptible to catch Cholera defined
by the term K%.The model will take an assumption thatinfected individuals only acquire the bacteria from the
environment. The pathogen population grows logistically and the bacteria enter the pathogen reservoir of Vibrio
cholera at the rate
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CB(1- %) , proportional to bacteria density in this class, where C > 0 isthe per capita growth rate for Vibrio

cholerae, d; is the bacteria shed rate due to rehydration only and d, is the bacteria shed rate due to both
rehydration and administrationof antibiotics such that
d; = d, and bacteria death rate is given by p,

Suppose that the initial condition for the System 2 takes the form:
S(to) = S(0); 1(to) = (Is; 1) = 1(0) = O;R(to) = R(0); to =0 ©)

1. Model Analysis
Since in our model we are studying human population, all solutions for the System ofEquation (2) are all
positive and bounded hence well posed.

3.1 The basic reproduction number, R,

The basic reproduction number Rg:-Is defined as the average number of secondary infections due to a single
infectious individual introduced in a fully susceptible population. IfRy<1 it means the disease is contained in the
population and Ry>1 means the disease ispersistent in the population.

The constant R, determined by the method of Next Generation matrix approach Van

[15] is;

o Ao B
(K 4+ B)(u+ 61 +7)

Ry

3.2 Existence of Disease Free Equilibrium (DFE) point
Disease Free Equilibrium is defined as the state at which no cholera disease is present in the population.

Therefore the
i Al
DFE E°(S°, 19, I?, R°, B°) = (%,0,0,0,0).
3.3 Local Stability of the Disease Free Equilibrium (DFE)
The stability of equilibrium point is related to the basic reproduction number R, of the model.

The stability of equilibrium pointis related to the basic reproduction number Ry of the model.

Proposition 1. For any time t > 0, the disease free equilibrium EY = (;—},(),().().()) of
system (3.3) is locally asymptotically stable when Ry < 1 and unstable when Ry > 1.

Proof. The Jprg for equation (2) yields

—pt —Ro(pt + 8 +7) —Ro(pt + 61 + 1) 0 0
0 ([I+t\~1 + MmN (Ro—1) 0 0 0
Jpre = 0 0 (Ro—1)p + Ro(dy + 71) — (82 + 72) 0 0
0 o, s — 0
0 dyoy daos 0 C—u
(4)
The matrix has eigenvalues; A = —pu, (pt + 61 +71)(Ro—1). (Ro — 1)+ Ro(dy +v1) — (62 +
v2), — 1. C' — py,. For local asymptotic stability, all real parts of A should be negative. The
eigenvalue A = —pu, C' — pu;, have negative real parts, this shows that the DFE is locally

asymptotically stable hence C' > p. The roots A={(pt + 81 + 71)(FRo — 1), (Ro — 1)p +
Ro(8; +711) — (82 + 72)} are negative if and only if Ry < 1. If By < 1, the DFE is locally
asymptotically stable and if Ry > 1, the DFE is unstable. O

3.4 Global Stability of the Disease Free Equilibrium (DFE)
In this section, the global asymptotic stability of the DFE of the model (2) is explored.

Theorem 1. The DFE of the system of equation (2) is globally stable whenever
Ro < 1 and unstable if Ry > 1.

Proof. It follows that S = N’ — I, — I, — R at the steady state. The proof is based on
Comparison Theorem Lakshmikanthan[11] to prove the global stability.
Using the Comparison Theorem. we have:
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EX o o i
(lé)_(;_\>_f(,b)

such that {I,(t), I;(t)}—(0,0) as t — oo hence;

(5o

where:
(H+0+m)(Ro—1) 0 0o 0
o (1 + 6y +m)Ro —(p+d+7) 0 0 -
F = ‘ - 51 62 -—[l 0 ('))
dyo, dyos 0 —u

It follows that the linearized differential equation of system (2)is stable whenever Ry < 1.
Consequently by Comparison Theorem Lakshmikanthan[11], Substituting I, = I, = R =
B = 0 into equation (2), S(t)— S(0) as t — oc. We therefore conclude that [, = I, =
R=B=0ast — oc. It follows that the DFE is globally asymptotically stable whenever
Ry < 1. O
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3.5 Local Stability of the Endemic Equilibrium (EE) points

Theorem 2. The endemic equilibrium E*(S*,I}, I}, R*) of system (2) is locally
asymptotically stable whenever Ry > 1.

Proof. The endemic equilibrium point is determined under two cases.
Case [:

I =0

S*‘:K+B

(1t + 1 +7)

61[\(K+B) plp+ 61 +71)]
(2B [p(p + 6 +71) — ady]

*

I' = [QQ(K+B) p(p +51+71;]

7og) (i 4 61 +71) — ady

K(C — !—Lb) + \/K‘Z(C — ,b:b:lz — 401{\;d1fgal

B = 2C

Writing I in terms of Ry yield;

7 — #lopBo(p + 01 +71) — p(pe + 61 + 7))

(gt + 61 + 7)) (B2 [pe(pe + 61 + 1) — 1]

Case II:

I =20
. K+ B - N
S* = B (gt + 02 4 72)
R — [_AL(K_._B) + p(p + 02 + 72)]
K+B [Cl’ég — .u'(.u' + 02 + F}"Q)]

u[—=AGGEES) + p(p + 65 + 7))

(KLJ”Q (62 — p(pe + 62 + 72)]
K(C ,r'.;!b :I: \/_ﬁz C — ,’J,b) 4Cﬁrdgf 0o
2C

Iy =

BJK
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Writing I, in terms of Ry yield;

P pl(=pRo(pe + 6y +m) + p(pe + 82 + 72))
b — r
(1 + 61+ 71) (LR2)[02 — p(pt + G2 + 72)]

Substituting the endemic states in the linearized matrix of system of equation (2)
when I = 0 yield;

N (s o
) 0 _s?f] {F+‘51+’h] 0 0
e (221, 0 (RE)S* — (h+02+7) 0
0 dy by —JL

{ﬁ} ’

Substituting the endemic states in matrix (6) and determining the eigenvalues when [ = 0
vield; \y =—p, Ay =(p+8;4+79) = (48, +7;) and Ag,4 :1[_ F'{—FHD]{F‘{-JI.+71]‘+P[F+52-'-12]}]

8y —p(pt+dy+1o)
1 1 Ro) (481471 4 plp+da+y2) \2 gl Ro ) (481 +41 )+ pl 482 +y2)
:{: [{ By —p(p+da+y2) ) {,1!4-{5 +7 }( dy—pa(p+d24+72) }]

T]lE endemic equilibrium (EE) of system of equation (2) locally asymptotically stable for
A=—p and for =(p1+0, 4 72) = (u+ 6+ 71) if and only if (s + 0y +71) > (1 +02 4 72)
. From Ag,4 we have;

p[(pRo) (g + 81 + 1) — p(p + 82 + 7))

= - =0
( pp+ by +72) — 2 )
2 R 5 -
= (p+d2+7v2) {j‘.t +02+ ”:’2}
Ro(p+ 01 4+m)
-1} =0
{ (=402 +72) }

From A; given by

(k+da+72)—(p+d+m)
Such that

(40 +m) > (p+ 024+ 72)
We have (146, + )

1 1
Fo> {[# + 4y + ’r:e]}
[t implies that
(H+d+7)>(p+da+7) =1

As a result Ry > 1. Therefore for Ry > 1, EE is locally asymptotically stable.
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Theorem 3. for the system of equation (2) endemic equilibrium is locally asymp-
totically stable if and only if Ry > 1 for I} = 0.

Proof. substituting the endemic states in the linearized jacobian matrix of system of
equation (2) when I} = 0 yield.

ald - ald q al
[_rn,i”ﬂ -~ n;_g E_ "H] h+fi}5 0
Jep = {f-: m“:: [ )5 — U! +d1 + 7 } ; ] 1 0
- ! v (sg)S —(p+d2t+72) 0
0 J &z -

ul

Substituting the endemic states in matrix (7) and detennining the eigenvalues when I} = 0

) . - '-15] 11T I-'il."'J"‘l
vield; Ay =—p, Ay =(u+814+71) - (p+82+72) and Ag,y=4[- (FE -5::«{:“? )-

(=pRo)(p+dy +7 Ly +71) . BV ntd (g
3[04y 4 7)) (2 ””jfwi;*j,,,{‘*;‘f” )

Therefore endemic equilibrium (EE) is locally asymptotically stable for Ay=—p and for
Ao =(p+ 8 +71) — (p+ 89 + 7o) if and only if (g + dy + 799) > (u + & + 7). From Az,

we have;

(;.-,[(p,Rﬁ)(;t +01+7) — plp+ 6 + ’".r'l)])
O — p(p + 61 +m))

(1 + 0y + )[Ry — 1]
61 — p(p+ 91+ 7))

( ) >0

Dividing through by

(1 +061+m)
We have #2
31 [R[} . 1] > ()
(n+d14+71)

It implies that Ry = 1. For Ry = 1, EE is locally asymptotically stable. This ends the
proof. (|

4 Numerical Simulation

In this section, we use Matlab software to illustrate the numerical simulations describing
the theoretical results for the system of equation (2). The parameters values used in
the simulation are either obtained from literature or estimated. The parameter values
have been varied to better understand how rehydration and antibiotics use reduce cholera
mortality.
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Table 1: Parameter values for the Cholera Model

Parameters Range/Value Source
A 10 Estimated
K 106 cells mi—! 2]

e 0.05 Varies
T 0.0068 5]

01 0.2 day ™" [13]
o 0.25 day~' assumed
T 0.015 day—! 9]

Yo 0.025 day ! assumed
o) 0.6 [13]
o9 0.75 assumed
i 0.33 day " (4]

C 0.73 day ™! [13]
dy 10 cells per ml day™" 17]
ds 10 cells per ml day~' | assumed

4.1 Simulation Results

Figure (2) below shows the bacteria population growth curve in absence of disease. This
shows that in absence of disease at £ > 0, the bacteria population grows logistically to
the carrying capacity and the disease free equilibrium is globally asymptotically stable
as shown in theorem (1). This implies that no rehydration and antibiotic is given to
individuals since there is no infection, as a result there is no influence to the stability of
the disease free equilibrium. _ _
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. Figure 2: bacteria population growth curve
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Figure (3) below shows the infection curve for cholera model with rehydration of
individuals infected with the bacteria in the intestine only. Initially, there is a sharp
increase in the number of those infected with the bacteria in the intestine only. This
shows that even though they have been rehvdrated. they are not cured immediately.
Though it is clearly seen that after the first day.the infection level starts reducing with
rehydration hence there is recovery.
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Figure 3: A graph showing how the number of individuals infected with bacteria in the
intestine only varies with time in days after rehvdration

Figure (4) below shows the infection curve for cholera model of individuals infected
with the bacteria in both the intestine and the bloodstream. Initially, there is a sharp
increase in the number of those infected. This shows that even though they have been
rehydrated and antibiotics given , they do not start recovering immediately. Though the
curve clearly shows that they start recovering after the first day of treatment. As expected
that the level is supposed to be slightly lower when both rehydration and antibiotic is
given, that is not the case. This could be due to large number of bacteria presence to
the infected individuals at this level. The curve also shows that the disease still remains
endemic.
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Figure (5) below shows that rehvdrating those infected with the bacteria in the in-
testine only (I, ) and rehydrating and administering antibiotics to those infected with
the bacteria in both the intestine and the bloodstream (f,) reduces cholera deaths hence
they recover and the curve shows an increase in mumber of recovered individuals as time
increases since they acquire temporal immunity.

lb,li,Rvarsusl'rru&

b e R

Time (days)

Figure 5: a graph showing the relationship between [,. I, and R against time in days

5 Conclusions

This paper is focused on the role of rehydration and antibiotic treatment in reduction of
cholera mortality. In this section we therefore make conclusions in relation to the objec-
tives of the study.

We have presented a cholera epidemiological model assessing the role of rehydration and
antibiotic treatment in reduction of cholera mortality. There is only environmental to
human transmission pathway. The basic reproduction number R, plays a crucial role in
determining the epidemic and endemic dynamics. We have shown that for Ry < 1, the
DFE is locally asymptotically stable and unstable for Ry > 1. The DFE have also been
shown to be globally stable when Ry < 1. This means that given any perturbation the
disease free equilibrium remains stable.

Endemic equilibrium (EE) is also shown to be locally asymptotically stable when Ry > 1.
Simulation results shows that rehydration plays a major role in reducing cholera deaths
when the bacteria is in the intestine only and when rehydration is done and antibiotics
given to individuals infected with the bacteria in both the intestine and the bloodstream,
cholera deaths are reduced though it still remains endemic with both rehydration and
antibiotic administration.
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