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Abstract: In this paper, we construct the irreducible character table for symmetric groupS,following the same
procedure used by Rao and Shankar (2016), in constructing irreducible character of Ss i.eusing the
permutation module and the semi-standard young tableaux.
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I.  Introduction
We explore a connection between representations of the symmetric group S,, and Combinatorial objects
called Young tableaux. So how are representations of S, related to Young tableau?. It
turns out that there is a very elegantdescription of irreducible representations of S,, through Young tableaux. Let
us have a glimpse ofthe results. Recall that there are three irreducible representations of Ss. It turns out that they
canbe described using the set of Young diagrams with three boxes. The correspondence is illustrated below.
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Trivial representation

Sign representation Standard representation

It is true in general that the irreducible representations of S,, can be described using Young diagrams of n boxes!
Furthermore, we can describe a basis of each irreducible representation using standard. Young tableaux, which
are numberings of the boxes of a Young diagram with {1,2,3,4,...,n} such that the rows and columns are all
increasing.

Il. Construction of Character Table of S5 Using Permutation Module And Semi Standard

Young Tableaux.
.Definition 2.1:(Rao and Shankar [2016] ) A partition of a positive integer n is a sequence of positive numbers
A=, Ag, Ag, e, Ay) Satisfyinghy = A, 2 A3 ==X, >0and n = Aq + A, + A3+ - 1. We write Arn to
denote that A is a partition of n. For instance the number 4 has five partitions: (4), (3,1), (2, 2), (2, 1, 1), (1, 1,1,
1).
Definition 2.2:( Rao and Shankar [2016] ): A Young diagram is a finite collection of boxes (called nodes)
arranged in left-justified rows, with the row sizes weakly decreasing.
The Young diagram associated with the partition A= (A4, A, A3, ..., A;) is the one with [ rows and A;.boxes in the
ith row. For instance, the Young diagram corresponding to the partition (2, 2) and (3, 1) of 4 is given below
respectively.

[ ]

Clearly there is a one-to-one correspondence between partitions and Young diagrams, so we shall use these two
terms interchangeably.
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Definition 2.3 ( Rao and Shankar [2016] ) A Young tableau t of shape A, is a Young diagram of A+rn with (
1,2,3,...,n) filled in the boxes (nodes) of the Young diagram, where each number occurs exactly once. In this
case, we say that t is a A-tableau.

Definition2. 4 ( Rao and Shankar [2016] ) A standard Young tableau is a Young tableau whose entries are
increasing across each row and each column. The standard tableaux for (2,1) are

1 [2 ] 1 [3 ]

3 2

Definition 2.5( Rao and Shankar [2016] ) A Young tabloid is an equivalence class of Young tableau under the
relation where two tableau are equivalent if each row contains the same elements.

We observe that S, acts on the set of A-tableau: if m is any number in a node of the A tabloid t then ma is the
number in the corresponding node in the new tableau. The new tableau is then to. This action gives an n!
dimensional representation of S,, where elements of the group act on the right.

Definition2.6( Rao and Shankar [2016] ) Let M* be the representation of S, whose basis is indexed by the set
of Young tabloids and the action on the basis is the action on the tabloids.

Definition 2.7( Rao and Shankar [2016] ) Suppose A+n.Let M* denotes the vector space whose basis is the set
of

A-tabloids. ThenM* is a representation of S,, known as the permutation module corresponding to A

Proposition 2.1( Y. Zhao[2008 ] ): If A=(Aq, X, A3, ..., At), then

n!

dimM* = ———
A LA Azl dg!

Proposition 2.2( Y. Zhao [2008 ] )SupposeA=(rq, Az, A3, ..., &) be a partition of n, let u = (uq, uz, ..., 4,) be
the cycle type of g € S,.The character M“evaluated at an element of S, with u cycle type u is equal to the

coefficient ofx. x)? ... x;* in

,
1_[ P S S SR
i=
Example 2.1(Rao and Shankar [2016] )
let us compute the full list of the characters of the permutation modules for Ss. The partitions of S; are given as
follows, (5), (4,1),(3,2),(3,1,1),(2,2,1), (2,1,1,1)), (1,1,1,1,1).
The character at the identity element is equal to the dimension,and it can be found through proposition 7 For

instance, the character of MGL1 = % =20

Say we want to compute the character ofM*1 at the permutation which has cycle type (3,1,1),by using
proposition 8 ,we see that the character is equal to the coefficient of xjx?

in (x +x3)(x; + x,)? . Other characters can be similarly computed, and the result is shown in the following
table.

Table 2.1: (some irreducible characters of S5)(Rao and Shankar [2016] )

S. 11,110 (21,11 221 | G.11) (3.2) @n |G
IE) 1 1 1 1 1 1 1
MED 5 3 1 2 0 1 0
MGD 10 4 2 1 1 0 0
MGLD 20 6 0 2 0 0 0
M@2D 30 6 2 0 0 0 0
M0 | 60 6 0 0 0 0 0
MALLD | 120 0 0 0 0 0 0

Note that in the above table , we did not construct the character table Ss, as all the M* are infact reducible with
the exception of . in the next facts , we take a step further and construct the irreducible representation of Ss. This
method depended on the inner product formula, to inference irreducible character indicator in the example
below. The trivial representation is already irreducible, so the top row is an irreducible character; let's call it
Ss = M®) We can figure out how many copies of Xs€ach of the lower characters contains by taking inner
products.

Now, we have

Zaay M) =1
(3,1,1)y —
<Z(4'1):M ) - 2

DOI: 10.9790/5728-1401014348 www.iosrjournals.org 44 | Page



Construction of Character Table of S, Using Permutation ModuleAnd Semi Standard Young ..

T 1y M**0) = 2
(}((4,1),1\’1(2‘1‘1‘1)) =3
(1(4,1)'1‘4(1'1'1'1'1)) =4
Also

a2y M) =1
32y M**V) =2
(1(3'2),1\,1(2,1,1,1)) -3
<Z(3‘2)'M(1'1'1'1'1)> -5
Thus the character g, ,) = M®» — | and

X311 = Xa2) ~ 2an
Further,

M(3,1,1)> =1
2,2,1)\ —
(1(3,1,1)5 M( ) - 3
2,1,1,1)\ _
<Z(3‘1‘1)1 M( )) - 6
— 221 _ _ _
Therefore, Xa21) = M X311 2 Z32) 2 Za1)
2,1,1,1)\ _
<Z(2‘2‘1)1 M( )) - 2
MALLLDy — 5
1,1,1,1,1)\ —
<1(2,1,1,1)'M ) =4
_ 2111 _ _ _ _
Therefore, 7, ;44 = MC ) -3 Ksin ~ a1 — a2 — 2X 221y AN,

— (1,1,111) _ _ _ _ _
Xagan =M SX2210 ~ i1 ~ e T sz~ e
The complete character table for Ss is given below

(1(3,1,1)5

(1(2,2,1);

Table 2.2: (Character table of S5) (Rao and Shankar [2016] )

S, @LLLLL) @111 @21 GL) [G2 @) 106
7 1 1 1 1 1 1 1
X 4 2 0 1 1 0 1
Zom 5 1 1 -1 1 -1 0
Zony | 6 0 2 0 0 0 1
Zony | 5 -1 1 -1 -1 1 0
Tonin | 2 2 0 1 1 0 1
Zoaiin | L -1 1 1 1 1 1

I11. Construction of Character Table of S¢ Using Permutation Module And Semi Standard
Young Tableaux.
Analogously, we shall now use similar example to construct character table for S
Example 3.1
Now, we construct the character table for S¢.The partitions of S are given as follows
(6),(5,1),(4,2),(4,1,1),(3,3),(3,2,1),(3,1,1),(2,2,2),(2,2,1,1),(2,2,1,1),(2,1,1,1,1),(1,1,1,1,1,1)
The character at the identity element can be found through proposition 1 For instance, the character of

M@2LD = % — 180
2121111

Say we want to compute the character ofMZ22)at the permutation which has cycle type(3,2,1)Using
proposition 1, we see that the character is equal to the coefficient of x?xZx?in (xf + x5 + x3)(x% + x2 +
xX32x1+x2+x3.

Table 3.1:( Some irreducible characters ofS )

S, QILLLY) | @LILY | @210 | 222) | GLLY | G21) | G33) | GLL) | (42) | G.1) | (6)
M©® 1 1 1 1 1 1 1 1 1 1 1
MGED 6 4 2 0 3 1 0 2 0 1 0
M@ 15 7 3 3 3 1 0 1 1 0 0
MELD 30 12 2 0 6 0 0 2 0 0 0
MG 20 8 4 0 2 2 2 0 0 0 0
MGZD 60 16 4 0 3 1 0 0 0 0 0
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MGLLD 120 24 0 0 6 0 0 0 0 0 0
M@22) 90 18 6 6 0 0 0 0 0 0 0
M @211 180 24 4 0 0 0 0 0 0 0 0
M@LLLD) 360 24 0 0 0 0 0 0 0 0 0
MGLLLLY) 720 0 0 0 0 0 0 0 0 0 0

From the above table we observe that only M is irreducible and let M®) = y_.The remaining irreducible
characters are obtained as follows.

We have .

(e MOy =1
(M) =1
(1 M) = 1
(MO =1
(1, MO2D) = 1

(7(6'M(3'1'1'1)> =1
(2 M®2D) = 1
(7(6'M(2'2'1'1)> =1
(7(6'M(2'1'1'1'1)> =1
(Z6'M(1'1'1'1'1'1)) =1

Since we know how many copies of y, occur in the lower representations, we can subtract them of and get a

new table.
Table3.2 : ( Some irreducible characters of S¢)

S (111110 [111) [ 2240 [(222 [BLLY) [G2) ]G3 [41) (G2 [6GD) |6

Ze 1 1 1 1 1 1 1 1 1 1 1
Ys) 5 3 1 -1 2 0 -1 1 -1 0 -1
M@ 14 6 2 2 2 0 -1 0 0 -1 -1
M@&LD 29 11 1 -1 5 -1 -1 1 -1 -1 -1
MG 19 7 3 -1 1 1 1 -1 -1 -1 -1
MG21 59 15 3 -1 2 0 -1 -1 -1 -1 -1
MGLILD 119 24 0 0 6 -1 -1 -1 -1 -1 -1
M@z 89 18 6 6 -1 -1 -1 -1 -1 -1 -1
M@21D 179 24 4 -1 -1 -1 -1 -1 -1 -1 -1
M@LLLY 359 24 -1 -1 -1 -1 -1 -1 -1 -1 -1
MLy | 719 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

Now row 2 is an irreducible character X(s,1y» We can now repeat by taking the inner product of Z(5,1) with the M
characters and subtractingthem off .

We have.

K1y M) =1
(Zs 1y MO = 2
51y M) =1
T2y MO*D) = 2

Therefore,

| Xaz) =
Also

(1(4 2)'M(4'1'1)> =1
(1(4'2),1\,1(3,3)) =1
(Zgay MO*P) =2
(1(4 2)’M(3'1'1'1)> =3
Therefore
X33) = M2
Further,
X1y
(1(4'1'1)’ M(2'2'2)> = 1

Zain =

M(4,2

MGLLDY = 3

M@L _ 2261

2,2,2)\y —
(Z(S,l)’ M( ) - 2
(Z0y MP*0) =3
(l(s'l)lM(Z,l,l,l,l)> =4
(1(5 1y M(l,l,l,l,l,l)) =5
3,1,1)y —
</‘t/(5‘1)1 M( )) - 3

) _
X5

42y MP2D) = 3
(;((4'2),M(2'2'1'1)) -4

(1(4'2)’ MELLLDY = ¢
(1(4'2)’ MALLLLDY = g

X5 X2

2,2,1,1)\ —
(1(4'1'1)! M( )> - 3
M(2,1,1,1,1)> =6

(Z(4,2)' MALLLLDY = 10

(Xa11y

T X2
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321)y _ 221,1)\ —
(1(3,3).M( )y =1 (1(3'3)_1\4( )N =2
Zapy MO = 1 gy MEHID) = 3
(;{(3’3),M(2:2.2)> =1 (z(3’3)’M(1.1.1,1,1,1)> =5
And

22,11y —
21y M )y =4
Haary MO D) =2 (g, MEHHD) =8
222)y = (1,1,1,1,1,1)y _
h T2y M=) = 21351 M )= 16
Therefore
= (321) _ _ B _
Foan ™ M 2¥s0) T 22 T Xaan T X33
= (3111) _ _ - " B
K1 ~ M(zzz) 3'1:(5,1) 3Za2) 37((4,1,1) X33 2;((3‘2'1)
Kaaz = M= = 2250y = 3% T Xaan T X33 T a2
And
2211\ —
(75(3,1,1)'M( y=1
211,11\ —
(75(3,1,1)'M( y=4
(1,1,1,1,1,1)\ _
X1y M )y =10

AN(Z 5,0 M@21D) = 1

(1(2'2'2)'1\,[(2,1,1,1,1)) =2
(1(2'2'2)’M(1,1,1,1,1,1)) —x
(1(2'2'1'1),M(Z,l,l,l,l)) =3
(1(2,2,1,1)'M(l'l'l'l'l'l)) -9
(1(2,1,1,1,1)'M(l'l'l'l'l'l)) —5
X221 = M2 — 3%s1 ~ Yaz ~ 31~ 2Xa3) Xz ~ ez ~ ez
X311 ~ X222
Xe1111) = M@ — 51y~ 0%z ~ a1 T a3 ~ 2222 ~ 32210 ~ 8Xz20) T
X110
Xa11111) = ML — SXs1) ~ Maz ~ 10X 411y ~ 333 " 222 ~ W21~ 162321 —

10)5(3,1,1,1) - 575(2,1,1,1,1)
The complete character table for Sy is given below.

Table3.3 : (Character Table of )

Se LLIL1Y) | GLLiD) | 2201 | 222) | GLiD) | G2Y) | G3) |G | 32 1610 | ®)

Zs 1 1 1 1 1 1 1 1 1 1 1

Z51) 5 3 1 -1 2 0 -1 1 -1 0 1
X2 9 3 1 3 0 0 0 -1 1 -1 0
Za11) 10 2 -2 -2 1 1 1 0 0 1
233) 5 1 1 -3 -1 2 -1 -1 0 0
23,21 16 0 0 -2 -2 0 0 1 0
X3,1,11) 10 -2 -2 2 1 1 1 0 0 0 1
222 5 -1 1 -1 -1 1 -1 0 0
Z22,11) 9 -3 1 -3 0 0 1 1 -1 0
X111 5 -3 1 1 2 0 -1 -1 -1 0 1
Zaa1110 1 -1 1 -1 1 -1 1 1 1 1
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