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Abstract: This paper seeks to determine the static and dynamic buckling load of a nonlinear elastic model
structure having cubic — quintic nonlinearity. The associated static problem is first solved by adopting phase
plane analysis to obtain the exact result followed by asymptotic and perturbation approach to obtain the
approximate solution of the problem. Next, the dynamic problem after words is solved by employing phase plane
technique to obtain the exact solution and later, by employing asymptotic and perturbation approach to obtain
the approximate solution. In all the cases considered, the dynamic buckling load A, is mathematically related to
the static buckling load Ag. The adoption of asymptotic and perturbation procedure is made possible by the
presence of small non-dimensional parameter on which asymptotic expansions are made possible.
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I. Introduction

In this paper, we shall investigate the buckling (both static and dynamic) of an elastic model structure
with cubic — quintic nonlinearity and with the single aim of determining its static and dynamic buckling loads,
where, in the dynamic case, the structure is trapped by a step load.

Several investigators have previously studied elastic model structures with diverse degrees of
nonlinearities and such investigations include those by [1], [2], [3], [4] and [5], among others. However, relative
to the aforementioned investigations, the subject under discourse appears to present some formidable
complexity judging from the degree and extent of the inherent nonlinearity characterizing the structure.

We shall tackle the problem, first, by resorting to phase plane analysis, and next, by applying
asymptotic and perturbation techniques. The exact method (phase plane analysis) is suitable here because the
step loading situation (in the dynamic case) presents an autonomous nonlinear and nonhomogeneous ordinary
differential equation which can be solved without any much difficulty.

However, the approximate method (i.e the asymptotic and perturbation techniques) are equally
necessary because we cannot use phase plane method in most equations characterizing physically — realistic
engineering structures, even for a loading history that is as simple as step load. Thus, for such materials and for
loading that are explicitly non — autonomous in time, asymptotic and perturbation methods are the next
alternative for any analytical studies of such structures.

Buckling (and dynamic buckle in particular) presents formidable instabilities associated with
engineering structures under compressive loading. While a sufficiently huge quantum of investigation has been
done on static loading (under static compressive loads), the same cannot be said of dynamic loading. The search
however continues. Relatively — recent studies on dynamic buckling include investigations by [6], [7],[8].[9],
[10] and [11] among others.

We must however remarkthat [12] investigated the buckling and post buckling analysis of extensible
beam — column by using the differential quadrature method while [13] studied a simple method to determine the
critical buckling loads for axially inhomogeneous beams with elastic constraint. A similar investigation was
undertaken by [14] when he investigated the stability analysis of non — uniform rectangular beams using
homotopy perturbation method. In the same token, [15] studied exact solution and dynamic buckling analysis of
a beam — column system having the elliptic type loading, while [16] gave a review of recent research on
vibration energy harvesting via bistable systems. Pertinent here is the study by [17] who investigated
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piezoelectric buckled beams for random vibration energy harvesting, while [18] explored mechanical instability
of thin elastic rods.

1. Formulaion Of The Problem
In its simplest form, the required non-dimensional differential equation satisfied by the displacement &(t) of an
elastic model structure with cubic — quintic nonlinearity trapped by an arbitrary time dependent load Af (t) is

§+ (1= Af ()¢ + ag® — p&> = A5f(D),t >0 ey

T
§(0)=¢(0), (O = T (2)

where, A is the nondimensional load amplitude satisfying the inequality 0 < A < 1, & is the amplitude of
imperfection and also satisfying the inequality 0 < & << 1, f(t) is the explicitly time dependent load function
of time t, and for our case, f(t) is a step load satisfying
1, t>0
f® = {0, t<0 ®)

whilea and B are constants to be suitably chosen so as to ensure imperfection — sensitivity of the structure.

As in equation (1), the governing equation of motion has a cubic — quintic nonlinearity and our main task is to
determine analytically, the static buckling loadAs (in the static loading case) and the dynamic buckling load A,
in the case where the structure is trapped by a step load.

I11. Solution Of The Problem
(@) PHASE PLANE SOLUTION OF THE ASSOCIATED STATIC PROBLEM
The associated static problem is obtained from (1) by ignoring the inertia term and by setting f(t) = 1. This
yields

(1= DE+ ad® = &= A8 (4a)
As in [1-2] and [4], the condition for static buckling is the maximization

da

i 0 (4b)

The static buckling load A is here defined as the largest value of the load parameter for the solution of (4a) to
remain bounded. Thus carrying out (4b) using (4a), we get

(1= A¢) +3as§ — 5B = 0 )
whereé; is the value of & at static buckling. Equation (5) is quartic which we solve to get

, | 3a + 9a? —208(1 - 2)
We shall however choose the negative sign in the square root and get
1

11
3a + 2v/5(1 — A5)zp2

5 9 a®\]?
6 = 108 [1 T 20a- 1) (?)] 2
Further simplification of (7) yields

11
3a +2V5(1 — A5)zp?
= ‘]"1

(6)

2
% 108 (8a)
where,
) PR A ; 8b
=M ea-wm\g) @
1 1
1 — Ag)amer
s = —— (9a)
(V5)?p7
where,
1
3 a \|?
=1+ ——— | — (9b)
2V5(1 - As)2ry \B2

To determine the static buckling load A5, we have to determine (4a) at static buckling stage, i.e

&I = A9) + & (a— pEN] = A€ (10a)
This simplifies to

11 o1 LA U

1- /’15)‘;7”1527”25 -2+ 1- /15)27”11527”25 o 1- /15)27‘11527"25 = A€ (10b)
-1 = -
(\/E)Zﬂz \/§‘82 \/gﬁz
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where,

ris = 11(4s), s = 12(As) (10¢)
Further simplification of (10b) yields

(1- As)‘s*:ﬁs%rzs 14 —_MsTes 1<ﬁ1> 1— % ﬁ_% = A& (10d)
wayg | vsa-a0i\e: A

Final simplification of (10d) yields

N|>—~

) |{ 1- /15)27"157‘252 % w
1- }I (10e)
|

)

We note that (10e) gives an implicit equation for determining the static buckling load As.

REE

% % = 7‘157”252(

5
(1 - /15)Z = 1
Ti52Tyg ll V5(1 - A5z

(b) PHASE PLANE SOLUTION OF THE ASSOCIATED DYNAMIC PROBLEM
Here, we set f(t) = 1 so that (1) becomes

§+(1— DE+ ag®— p& = ¢ (11a)
§(0)=¢(0)=0 (11b)
On multiplying._(lla) by &, we get _ .
§6+ (1— &S + ag’é — BE¢ = A8¢ (12a)
This implies
B d ~d¢
e R I et O R O R (O R Yo (12b)
Now, the condition for bucklmg in the dynamlc case is the maximization [1]
;; =0 (13)
where, &, is the maL;(imum of the displacement . If we integrate (12b), we get
1 1 =
S84 2= N8 4 af - B = 4 (14)
At maximum value of &, |.e até,, we note that 2 = 0. Thus, we get
ta- g+ ta-Le s
2 a 4 a 5 a a
This implies

(- D&+ 2e3 - Fes =28 (5)

To determine the dynamic buckling load A,, we use the condition (13) which yields

3a 2 4
(1-2p)+ 751)_2550 =0 (16)
where, &, is the value of &, at dynamic buckling.This yields
3a
2685~ S &5— (1= 2p) =0 a7

The solution of (17) is

Ly P20 - 1)

§h = v (18)

If we take the positive square root sign, we get
1 1
, 2+ 2V2p2(1 — Ap)ers
& = Y (

19a)

where,

. 2 « 195
£ 132(1— 1)\ B (190)
Simplifying &3 further, we get
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V2 | ’ (_>

§b = ﬁ (1—/10)27"3“"‘
| avz(1 - )

V2 1 3 a :
a2 (3] e
4/3(1 — Ap)ar; \B2

Further simplification of (21) yields

1
| (20)
|

1
N
V21— )i |

— 1 (s

=)
1+ —|— (22b)
4V2(1 - Ap)zr; \B2

To determine the dynamic buckling load, A, we determine (15) at ¢, = &, to get

ola-m+a(5- Fa)|=20ies

$p = (22a0)

where,

r4_ =

This gives
— ) _ Ap)err?
T R e (GO k) V7| YO
B V2B2
Final simplification of (24) yields
_ % 2 2
21,f = L= 2T Il+ . <a>(1‘ —su)l (25)
2v2(1 - AD)z B2

e
(vze2)

For all the analysis so far, it is certain that we must choose @ > 0, 8 > 0.

From (10e) and (25), we can relate the static buckling load A to the dynamic buckling load 4, by

2 (@ 3 ﬁ% ]
risras| T (A=2p)2risras|
BZ
— -\ 7

V501 1p)2 l Vs J

14+ 27 (1 - )2 (i_)(l— 243

1
B2

1+

5
2

= -Co e

Based on the fact that the analysis leading to the results of (10e), (25) and (26) has not encountered any form of
approximation, we may regard these results as exact solutions obtained from phase plane consideration. Such a
method may not, in most cases, lend itself to easy application when actual engineering structures are
encountered in practice. Thus, for this other type of materials (engineering materials),we can only seek for
approximate results obtained from approximate methods such as asymptotic and perturbation methods. To
buttress the applicability of these alternative methods we shall use them here and obtain approximate results
with a view to comparing the exact and approximate solutions obtained.

V. Asymptotic And Perturbation Methods
(@) ASYMPTOTIC METHODS FOR OBTAINING THE STATIC BUCKLING LOAD, 4g.
Here, we recast equation (4) as

(1= D¢+ ad—ps® =48 27)
Let

§ = Zflfl (28)

On substituting (28) |nto (27) and equating the coefficients of &, we get
0(8): 11— 1§ =2 (29)
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0(8%): 11— D& =0 (30)
0(8): 1 - V& = —a&f €3]
0(§"): (1 - D& = 387, (32)
0(8%): (1— & = BE — 38143 (33)
From (29), we get
A
$1=B= 1-21 (34)
From (30), we get
$2=0 (35)
From (31), we get
B —aé} B —aB3 36
GS=1"1=1-2 (36)
On substituting for &, in (32), we get &, = 0.
We substitute for & and &5 in (33), and get
_1(532)_BSB<1+3a) 37
55—1_/1.351 aflf3—1_/1 1- A8 (37)
So far, we get
§= i+ &+ &+ (38a)
where,
_28, o= _ BB 38b
a=2B &=173 ST g (38b)
0, = [(1 —D+3 (g)] (38¢)
As in [4], the static buckling load is obtained by first reversing the series (38a) to get
§ = di§+ d3&® + ds&® + (39)
By substituting in (39) for € and equating the coefficients of powers of &, we get
1 1 - «
dl—a—E, d3—?—z (40a)
30%
3¢ — cics GG (1 - E) —B0, 0, 3 [(a?
SN of “aa-a BT a\E)) ¢
The static buckling load condition (4) is how easily executed from (39) to get
whereé; is the value of ¢ at static buckling. On solving (41), we get
—3d; + /(3d3)? —20d,d;
2 —
& = 104, (42a)
After substituting in (42a) for the relevant terms, we get
a 9a2 | 208010,
@
& =- 108010, (42b)
As(1-2s)
By choosing the negative root sign and simplifying further, we get
g2 = (1 = A0 (E) (42¢)
ST100,0, \B
where,
;=3 9 B
3= 3+ [9+20(—5) 0 (42d)
and where 2, and 0, are here evaluated at 1 = As.
1
(1 - /15).(23 a 2
§s = { 100,10, (E) (42)

where, we have here taken the positive square root sign. To determine the static buckling load in this case, we
now evaluate (39) at buckling and get

&= &ldy +5(ds + dséd)] (43)
Simplifying this, we get
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3 l 1 2
a- w3 e o(%), g
¢= | Ton0 (I_E) 44
V10(2,142;)75 12
Here, we have taken a > 0, B > 0, and all values of A are taken as at 1 = Aq.
(b) ASYMPTOTIC SOLUTION OF THE DYNAMIC PROBLEM (114, b)
Here, we recast (11a, b) in full as
E+(1— DE+ a8 — pe° = A€ (45a)
§(0)=¢(0)=0 (45b)
Let
1 _ 1
E= (1= D1+ o8+ s + pu* + )2t (46)
dé  dEdt 1 ) » ) ldg
prinl T (1= D21+ p8? + pa8 + g + ) FE (47a)
d’¢ R ORY i
gz = =D+ o+ w8+l + ) o (47b)
We now substitute (46) — (47b) into (45a, b) and use the asymptotic series
= ) AV DF (48)
i=1
The following are the sequence of equations obtained.
d?A® y
0(%): dzfz(z)-l- AV =B= — (49)
- d-A
0(8%): ——+ A® =0 50
&) —z 3 (50)
d?A® —a(A(l)) d2A®
£3Y. @) = -
0(8): —gpz+ 4 -2 TS Gh
L dZA® —3a(AD)"°A® d?A® d?A®
0 4 L T A(4) = - ~ - ~ 52
(i )5) aiz * 1- 4 AP TE T (52)
0(&) —+ A®
5
—3a 2 2 ,B(A(l)) d2A® d2A@
= @® 3) MA@ — —
1— /’l((A ) A+ ADACT) 1— 2 Hergpr BT
d?AW
+ —
27} dtz
etc.
The associated initial conditions are
, dA®
AD(0) =0, W(O) =0, i=1,23,.. (54)
On solving (49), we get (using | =1 in (54))
AW(#) = B(cost — 1) (55)
From (50), for i = 2 in (54), we get
A =0 (56)

(53)

We next substitute into (51) and to ensure a uniformly valid solution in £, we equate to zero the coefficient of

cos £ and get

_ 15aB? &7
The remaining equation in the substitution into (51) is
d?A® L A®) = —aB?® [ 5 Bcos 2t L cos 3t cg
ez “a-n| 2 2 4 (58a)
dA®
AR =0, ——(0) = (58b)

On solving (58a, b), we get
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aB® [5 cos2t cos3t

AB(f) = ¢ = - 59
(t) = ascos +(1—A)2 > + 37 (59a)

where,
—65aB3
T 32(1- ) (590)
On substituting (55) and (56) into (52), we observe that to ensure a uniformly valid solution in £, we must
choose u; = 0. On solving the remaining equation in (52), we get
ADMD =0
The following simplifications are necessary in the substitutions which soon follow:

as

5

+ <E - 287583) B?cost

4 640
+ B? (—a + LBB) cos 2t

37 320- 1)
+ B? <ﬁ + ﬂ) cos 3t
4" 64(1- 1)

5aB® . aB® .

— mcos 4t + mcos St] (60)

(A(l))5 = B>(cost—1)° = B°(cos®t —5cos*t+10cos®f —10cos?t+5cost—1) (61a)
Further expansion of (61a) gives

(A(l))s _ g 27 N 105cos £ 3 cos 2F + 45cos3t Scos4t N cos 5¢ 61
- 8 8 €os 16 8 16 (61D)
We now substitute (61a, b) into (53) and get
d2A®)

9cos3t

., aB’ . .
PR A®) = —y, [—a3cost + 1= /1<2C052t - )] + p4Bcost

3a [ 29aB® 7a; 2875B%\ . [ 15aB? A
—m - cos B m—a3 cos2t

81—  \ 4 640
+ B? <ﬁ+ﬂ) cos3t — a—Bscos4f+ a—Bscos Sf]
4 "32(1- %) 32(1— ) 128(1 - 2)
pB® 27 105cost . 45cos3t 5cos4t cos5t
+1—/1[_?+—8 —3cos2t + 6 8 + 16 ] (62)

To ensure a uniformly valid solution in £, we equate to zero in (62), the coefficient of cos fand get

1 3a (7a;B* 2875B° N 1055B° N 63
) F L 640 g(1— n) = H%s (63)
The remaining equation in (62) is
d2A® . A R .
dz + A® =g, + q,cos2t + qscos3t + qucos4t + qscos5t (64a)
dA®
A®)(0) =0, W(O) =0 (64b)
where,
_ 87a%B® 27BB° © 64
DT ga—nz sa-—n @ (64¢)
_ [ 38B° 3au,B®  3aB? 15aB? cad
LE1a D" 12 1- A\ BT 30— (64d)
9au,B®  3aB? [a, 35aB? 458B>
q3 = - -t (64e)
320— 1) 1-2a\4  64(1—- 1)) 16(1— 1)
_ 15a?B° 56B° © o
_ BB® 3a’B> © 61
= 61— 1280- 22 o (649)
where,
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38B° 15a*B°®

q2(0) = a—n -1 (64h)
© = 458B° 15a?B® cai
s 60— T6(1= 12 (640)
On solving (64a, b), using (64c — i), we obtain
A q,cos2t  qszcos3t  qucos4t  qscos5t
6G) = - - - -
A ascost + qq 3 8 15 22 (65a)
where,
4 Gz Qa q5 9048B° 16105a%B®
= — e T A e A - 65b
= ~ht Ftgt 5T 24 T Tova= ) 102401 = 1?2 (65b)

Thus far, we can write

E= AME+ AB®E + AGIE 4 ... (66)
We next determine the maximum displacement &, subsequent upon which we shall apply the maximization (13)
to determine the dynamic buckling load,A,. The usual condition for maximum is % = 0 and this gives the least

value of £ at maximum displacement as

t,=m (67)
By evaluating (66) at this maximum value, we get
§o = e +e38 + es& + - (68)
where,
_ 2B _ 33aB’ _ 1275a’B® 6
“a=cs BT ga- %7 Te(1- 2™ (69a)
where,
4941 -1 /B
b= (1_ 381 (?)) (69b)
We next reverse the series (69a) as
§=fidat 380 + féo + (70)
By substituting for &, from (68) in (70) and equatlng the coefficients of &, we get
£ = £ = es fio 3e? — eje, (71a)
1= el 3 — e{l,l 5 — ef a
This gives
_ 1 _ 33a _ —127a? 71b
fi=2p 3=~ 1281 fs = Tozara = P1%2 (710)
where,
_ (4 3261° 1
$2= 64(1 — 1)° (719
The maximization (13) to determine the dynamic buckling load A, is better achieved using (70) to obtain
fi +3fs8%p + 5fs8ap =0 (72)

where, &, is the value of ¢, at dynamic buckling and where f;, i =1,3,5, in (72) are determined at 1 = A,,.
On solving (72), we get

_ -3 £ /OFF 205

& o (73)
fs
By taking the negative root sign and simplifying (73) a number of times, we get, for &« > 0,8 > 0
5 10,197 /14 ¢4
Sa0 = 20320 ( ) 74
) P12\ apf
where,
1
_ 520,665 \ (@1028*\|?
3 = [1 * (2,509,056)( pr 75
Thus, we have
10,197 /1 + @3
Sa = 20,3209, ¢, ( af ) (76)
To determine the_dynamic buckling load A,, we have to determine (70) at dynamic buckling stage, and get
§= Saplfi +$0(fs + fs82n)] (77)

This gives, using the positive square root sign,
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2F = 10,197 (1+<p3)<1—AD) 1 20582, ( 33« N 127a%(@19,)E3) 78
¢= 20,3200, \ af Ap (1—2p) (1284,  10244,(1 — 1p) (78)

Equation (78) is an implicit expression for determining the dynamic buckling load A,. We remark that all
functions of A in (78) are to be evaluated at A = A. Using (78) and (44), we can relate the dynamic buckling
load 4, to its static equivalent Ag as shown below.

10,197 (1+(p3) (1—/1D) [1 _ 2p&p { 33a_ 127a2(p192)E3) }]
20,320(#1(#2 D(B AD (1—AD) 12811) 102411)(1—11))
2= (79)

3.1 2
a-192(3)?asz[  a5(%) 0
- [1 + 1001ﬁ02 (1 N 1_;)]

VI0(2102)225

V. Analysis Of Result

The results (10e), (25) and (26) were derived using phase plane analysis and to the extent that no
approximations were encountered in their derivation, they could be said to be exact results. However, the results
(44), (75) and (79) were derived using asymptotic and perturbation procedures. The analysis is such that in both
exact and approximate results, we were able to relate the dynamic buckling load to its static equivalent showing
that if, say, the dynamic load is already known, then the static buckling load canin principle, be easily calculated
without the labour of carrying out the tedious calculation all over for the other buckling load. Using the above
results, simple programming codes written in Q — Basic, are used to generate the tables given in Table 1 to
Table 6 and the resultant graphical plots in Figure 1 to Figure 9.The results obtained from asymptotic and
perturbation methods are strictly asymptotic in nature and are valid as the small parameter & becomes strictly
less than unity.

VI. Conclusion

While phase plane technique was easily available to analyse the problem and the results obtained
proved excellent and easy to use, the perturbation and asymptotic approaches on the other hand could be tedious
and in some cases cumbersome in most applications. However, most equations of motions charactererising
actual real — life engineering structures are ridden with excessive spatial nonlinearities to the extent that phase
plane method cannot possibly encompass. In such cases, asymptotic and perturbation methods are likely to hold
sway. Thus, any real — life engineering structures with cubic — quintic nonlinearity may be easily analyzed by
using perturbation and asymptotic procedures with the aim that the small parameter & be extremely less than
unity.
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Table 1: Relationship between the imperfection parameter & and the static buckling load A for the case of phase
plane method.

IMPERFECTION STATIC BUCKLING

PARAMETER § LOAD )
0.01 0.551108
0.02 0.491879
0.03 0.455144
0.04 0.428261
0.05 0.407003
0.06 0.389409
0.07 0.374403
0.08 0.361323
0.09 0.349736

Table 2. Relationship Between The Imperfection Parameter & And The Dynamic Buckling LoadApFor The Case
Of Phase Plane Method.

IMPERFECTION DYNAMIC BUCKLING
PARAMETER & LOAD 2p
0.01 0.464539
0.02 0.393835
0.03 0.351511
0.04 0.321366
0.05 0.298069
0.06 0.279174
0.07 0.263349
0.08 0.249789
0.09 0.237966

Table 3. Relationship Between The Static Buckling LoadAsAnd The Dynamic Buckling Load ApFor The Case
Of Phase Plane Method.

STATIC BUCKLING LOAD DYNAMIC BUCKLING LOAD
As Mo
0.1 0.050845
0.15 0.081813
0.2 0.117159
0.25 0.152179
0.3 0.190639
0.35 0.230778
04 0.272314
0.45 0.315031
0.5 0.358778
0.55 0.403469
0.6 0.449098
0.65 0.475758
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0.7 0.543681
0.75 0.593331
0.8 0.645553
0.85 0.701925
0.9 0.765648
0.95 0.844905

Table 4: Relationship Between the Imperfection Parameter £And the Static Buckling LoadAs for the Case Of
Asymptotic Method.

IMPERFECTION STATIC BUCKLING LOAD ks
PARAMETER §
0.01 0.936227
0.02 0.894295
0.03 0.861736
0.04 0.834695
0.05 0.811379
0.06 0.790786
0.07 0.772287
0.08 0.755459
0.09 0.740004

Table 5.Relationship Between The Imperfection Parameter & And The Dynamic Buckling LoadApFor The Case
Of Asymptotic Method.

IMPERFECTION PARAMETER £ | DYNAMIC BUCKLING LOAD 2p
0.01 0.678867
0.02 0.659641
0.03 0.636488
0.04 0.611767
0.05 0.558079
0.06 0.566591
0.07 0.547347
0.08 0.529969
0.09 0.513981

Table 6.Relationship Between The Static Buckling Load And The Dynamic Buckling Load For The Case
Of Asymptotic Method.

STATIC BUCKLING LOAD | DYNAMIC BUCKLING LOAD
hs Ao

0.1 0.071238
0.15 0.071163
0.2 0.071127
0.25 0.071106
0.3 0.071092
0.35 0.071083
0.4 0.071076
0.45 0.071071
0.5 0.071068
0.55 0.071065
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0.6 0.071063
0.65 0.071061
0.7 0.071059
0.75 0.071058
0.8 0.071057
0.85 0.071056
0.9 0.071056
0.95 0.071055
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Figure 2. Graphical Plot Of Table 2.(Using Eqgn. (25))
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Figure 7. Graphical PlotComparing The Dynamic Buckling Loads Using Phase Plane Method And Asymptotic
Method For Various Values Of The Imperfection Parameter, Using Eqn. (25) And Eqgn. (78).
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Figure 8.Graphical Plot Of Table 6, Using Eqn. (79).
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Figure 9.Comparing the Dynamic Buckling Loads Using Phase Plane Method And Asymptotic Method For

Various Values Of the Static Loads, Using Egn. (26) and Eqn. (79).
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