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Abstract: Associative Finite Binary Automaton, Commutative Finite Binary Automaton, AC Finite Binary
Automaton have been introduced. Cross Product of Finite Binary Automatons has been defined. If By = (Q4, 44,
2, 01, Po, F1) and B, = (Q,, 45, 25, d2, Qo, F») are any two Finite Binary Automatons, then BB, is also a finite
binary automaton. If By = (Q4, 41, 23, d1, Po, F1) and B, = (Q,, 45, 2, 2, Qo, F,) are any two Associative Finite
Binary Automatons, then B;%B, is also an associative finite binary automaton. If B; = (Qq, 41, 21, 01, Po, F1)
and B, = (Q,, 4,, 2, 05, qo, F») are any two commutative Finite Binary Automatons, then B;xB, is also a
commutative finite binary automaton. If By = (Qy, 44, 241, 1, Po, F1) and B, = (Q,, 45, 25, d2, (o, F») are any two
AC Finite Binary Automatons, then B;xB, is also an AC commutative finite binary automaton.
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. Introduction
The theory of Automata plays an important role in many fields. It has become a part of computer science. It is
very useful in electrical engineering. It provides useful techniques in a wide variety of applications and helps to
develop a way of thinking.

Il.  Finite Automaton
2.1 Finite Automaton: A Finite Automaton is a 5-tuple (Q, X, 8, ¢o, F), where Q is a finite set of states, £
is a finite set of inputs, gy in Q is the initial state, FSQ is the set of final states and & is the transition function
mapping QxZ to Q.
If £* is the set of strings of inputs, then the transition function & is extended as follows :
ForweX*andaeX, §: QxX* — Q is defined by 6’(q,wa) = 3(5°(q,w),a).
If no confusion arises 6’ can be replaced by 9.

I11.  Finite Binary Automaton
3.1 Finite Binary Automaton: A Finite Binary Automaton B is a 6-tuple (Q, *, X, 3, qo, F), where Q is a
finite set of states, * is a mapping from QxQ to Q, X is a finite set of integers, go in Q is the initial state and FEQ
is the set of final states and § is the transition function mapping from QxZX to Q defined by §(q,n) = q".
If X* is the set of strings of inputs, then the transition function ¢ is extended as follows :
FormeX*and neX, §: QxX* — Q is defined by 8’(q,mn) = (3’(q,m),n).
If no confusion arises 8’ can be replaced by 6.

3.2 Associative Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, X, 3, qo, F) is said to be an

associative finite binary automaton ifp* (q*r)=(p*q) *r , forall p,gq,rin Q.

3.3 Commutative Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, Z, 8, qqo, F) is said to be a
commutative finite binary automaton ifp *q=q*p , forall p,qin Q.
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3.3 AC Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, X, 6, qq, F) is said to be an AC Finite
Binary Automaton if it is both associative and commutative

3.4 Cross Product of Finite Binary Automatons: Let B; = (Qq, A1, Z4, 81, Po, F1) and B, = (Q,, A, s, 85, qo,
F,) be any two Finite Binary Automatons. Then we define B;xB, = (Q, *, X, §, 1o, F), where Q = Q;xQ,, *
is @ mapping from QxQ to Q defined by for p,q € Q = Q:xQ; , where p=(p1,p2), 4=(d1,92) , P * 9 = (P1 A1 0,
P2As o) X = XXXy, Iy = PoX(, in Q is the initial state and F = F;xF,CQ is the set of final states and & is
the transition function mapping from QxZX to Q defined by 8((p,q,),n) = (p",q".

Proposition 3.4.1 : If B; = (Qq, A1, X1, 81, Po, F1) and B, = (Qz, Ay, X5, 85, o, F,) are any two Finite Binary
Automatons, then B;xB, is also a finite binary automaton.

Proof: Let B; = (Qq, Ay, X1, 81, Po, F1) and B, = (Qz, Ay, X, 85, 0o, F2) be any two Finite Binary Automatons.
Consider B;xB,

Then by definition B;xB, = (Q, *, X, 3, 1o, F),

where Q = Q1xQq,

* is a mapping from QxQ to Q defined by for p,q € Q = Q;xQ, , where p=(p1,p2), 9=(01,02) ,
P*d=(pP1A1 01, P2A2 0)

X =21x2,

lo = PoXQo in Q is the initial state

F = FxF,<Q is the set of final states

8 is the transition function mapping from QxX to Q defined by 8((p,q,),n) = (p".q").
Therefore, B1XB, is also a finite binary automaton.

Proposition 3.4.2 : Let By = (Qq, A1, 4, 81, Po, F1) and B, = (Q,, A, X», 85, 0o, F2) be any two Associative Finite
Binary Automatons. Then B;xB, is also an associative finite binary automaton.

Proof: Let By = (Qq, Ay, 24, 81, po, F1) and B, = (Q2, Ay, 2, 85, 0o, F2) be any two Associative Finite Binary
Automatons.

Consider B;xB,
By the Proposition 3.4.1 B;xB, is also a finite binary automaton.
Let p,a,r € Q = Q1%Q2 , where p=(p1,p2), 4=(01,02) r=(r1,r2)
P* (0 *r) = (pu,p2) * ((A1,G2) * (r1.r2))
= (P1P2) * (A1 A1 11,02 Az 12)

= (P1A1 (G1A1 1) P2 Az (02 A2 12))

= ((P1A101) Ar 1, (P2 A2 G2) Az 1)

= ((P1A101) , (P2A202) ) * (11, 12)

=((P1, P2) * (A1, A2) ) * (11, 12)

=(*aq)*r

Hence ByxB; is an associative finite binary automaton.
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Proposition 3.4.3 : Let B; = (Qy, A1, X1, 81, Po, F1) and B, = (Q,, Ay, X,, 8,5, Go, F2) be any two commutative
Finite Binary Automatons. Then BB, is also a commutative finite binary automaton.

Proof: Let By = (Qq, A1, 21, 81, Po, F1) and B, = (Q., Ay, Z,, 85, 0o, F2) be any two Commutative Finite Binary
Automatons.

Consider B;xB,
Let p,g € Q = Q:xQ, where p=(py,p2), 4=(1,02)
P*a  =(PuP2) * (41.02)

= ((P1A101) , (P2 A202) )

= ((91A1p1) , (92 A2 p2) ) (since B; and B, are commutative)

(qll q2) * (pl! p2)
=q*p
B1xB, is also a commutative finite binary automaton.

Proposition 3.4.4 : Let B; = (Q1, Ay, X1, 81, Po, F1) and B, = (Q,, Az, X, 5, qo, F2) be any two AC Finite Binary
Automatons. Then B;xB, is also an AC finite binary automaton.

Proof: It is clear from Propositions 3.4.1, 3.4.2,3.4.3

Proposition 3.4.5: Let B =(Q, Ay, , 8, po, F) be an AC Finite Binary Automaton. Then ((a * b) , n) = &(a , n)
*3(b,n), foranya,beQandne X.

Proof: Let B=(Q, *, X, 3, po, F) be an AC Finite Binary Automaton.
Leta,beQandletne X.
5((a*b),n)=(a*b)"
=@*b)*@*b)*...... * (a*b)
(n times)
=a"*b" (since * is associate and commutative)
=3(a,n) *8(b,n)

IV.  Conclusion
Automata theory is a developing area which helps the computer and electrical engineering. Finite binary
automata is also useful in these fields. Researcher can develop these ideas and produce good results.
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