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Abstract: Finite Semigroup Automaton, Finite Monoid Automaton, Finite Group Automaton, Finite Abelian
Automaton have been introduced. Cross Product of Finite Semigroup Automatons, Finite Monoid Automatons,
Finite Group Automatons, Finite Abelian Automatons have been defined. If B; = (Q,, 41, 21, d1, Po, F1) and B,
= (Qy, 4, 25, d5, (o, F,) are any two Finite Semigroup Automatons, then B;xB, is also a finite Semigroup
automaton. If By = (Qq, 41, 23, d1, po, F1) and B, = (Q,, 45 25, 5, o, F») are any two Finite Moniod
Automatons, then B;xB, is also a finite Monoid automaton. If By = (Q, 41, 23, d1, Po, F1) and B, = (Q,, 4, 2,
07, qo, F») are any two Finite Group Automatons, then B;xB, is also a finite group automaton. If B; = (Qy, 44,
21, 01, Po, F1) and B, = (Q,, 45, 25, 2, Qo, F») are any two Finite Abelian Automatons, then B;xB, is also a
finite Abelian automaton. Some Propositions are found in a Finite Abelian Automaton.

keywords: Finite Semigroup Automaton, Finite Monoid Automaton, Finite Group Automaton, Finite Abelian
Automaton

Date of Submission: 16-03-2018 Date of acceptance: 31-03-2018

I.  Introduction
As the theory of Automata plays an important role in many fields, the theory of AC Finite Binary
Automata, Finite Semigroup Automata, Finite Monoid Automata, Finite Group Automata, Finite Abelian
Automata will also play an important role in these fields. The theory of Automata has become a part of
computer science. It is very useful in electrical engineering. It provides useful techniques in a wide variety of
applications.

Il. Finite Automata And Finite Binary Automata
2.0Finite Automaton: A Finite Automaton is a 5-tuple (Q, X, 3, qo, F), where Q is a finite set of states, X is a
finite set of inputs, go in Q is the initial state, FEQ is the set of final states and & is the transition function
mapping QxZ to Q.
If £* is the set of strings of inputs, then the transition function o is extended as follows :
ForweX*andaeX, §: QxX* — Q is defined by &’(q,wa) = 3(5’(q,w),a).
If no confusion arises 8’ can be replaced by &.
2.1Finite Binary Automaton: A Finite Binary Automaton B is a 6-tuple (Q, *, X, 8, qqo, F), where Q is a finite
set of states, * is a mapping from QxQ to Q, X is a finite set of integers, ¢ in Q is the initial state and FSQ is the
set of final states and § is the transition function mapping from QxZX to Q defined by §(q,n) = q".
If X* is the set of strings of inputs, then the transition function § is extended as follows :
FormeX*andneX, §: QxX* — Q is defined by 6’(q,mn) = &(5’(q,m),n).
If no confusion arises 8’ can be replaced by 9.
2.2Associative Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, X, 8, qq, F) is said to be a
associative finite binary automatonifp*(q*r)=(p*q) *r , forall p,q,rin Q.
2.3Commutative Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, X, 8, qq, F) is said to be a
commutative finite binary automaton if p*q=q*p , forall p,gin Q.
2.3.1AC Finite Binary Automaton: A Finite Binary Automaton B = (Q, *, X, 8, qq, F) is said to be a AC Finite
Binary Automaton if it is both associative and commutative
2.4Cross Product of Finite Binary Automatons: Let B; = (Qy, A1, Xy, 81, Po, F1) and B, = (Q,, Ay, X, 82, o,
F,) be any two Finite Binary Automatons. Then we define B;xB, = (Q, *, Z, 9, ro, F), where Q = Q1XQ,, *is a
mapping from QxQ to Q defined by for p,q € Q = Q:xQ, , where p=(p1,p2), 4=(01,d2) , P * d = (P1 A1 Q1 P2 A2
02) X = XXX, fyp = PoXQ, in Q is the initial state and F = F;xF,SQ is the set of final states and J is the
transition function mapping from QxX to Q defined by 8((p,q,),n) = (p",q").

DOI: 10.9790/5728-1402020104 www.iosrjournals.org 1| Page



Finite Abelian Automata

Proposition 2.4.1 : If By = (Q1, Ay, 21, 81, Po, F1) and B, = (Qa, Ay, X, 85, o, F») are any two Finite Binary
Automatons, then B;xB, is also a finite binary automaton.

Proposition 2.4.2 : Let B; = (Qy, Ay, 24, 81, Po, F1) and B, = (Q., A, Z,, 85, 0o, F») be any two Associative Finite
Binary Automatons. Then B;xB, is also an associative finite binary automaton.

Proposition 2.4.3 : Let B; = (Qy, A1, X1, 81, Po, F1) and B, = (Qy, Ay, X,, 85, Uo, F2) be any two commutative
Finite Binary Automatons. Then B;xB; is also a commutative finite binary automaton.

Proposition 2.4.4 : Let B; = (Q1, Ay, X1, 81, Po, F1) and B, = (Q,, Az, X,, 35, qo, F2) be any two AC Finite Binary
Automatons. Then B;xB, is also an AC finite binary automaton.

Proposition 2.4.5: Let B=(Q, A, %, 3, po, F) be an AC Finite Binary Automaton. Then §((a * b) , n) =d(a , n)
*3(b,n), foranya,beQandne X.

I11. Finite Abelian Automata

3.1Finite Semi-group Automaton : A Finite Binary Automaton B = (Q, *, Z, 8, qo, F) is said to be a Finite
Semigroup Automaton if it is an Associative Finite Binary Automaton.
Proposition 3.1.1: If B; = (Qg, Ay, X1, 31, Po, F1) and B, = (Qa, Az, X5, 85, 0o, F2) are any two Finite Semi-group
Automatons, then B;xB, is also a finite Semi-group automaton.
Proof : By Proposition 2.4.2 if By = (Qu1, A1, X1, 81, po, F1) and B, = (Qy, Ay, 2y, 85, 0o, F2) are any two
Associative Finite Binary Automatons, then B1xB, is also an associative finite binary automaton.
That is, B;xB, isa finite Semi-group automaton.
3.2Finite Monoid Automaton : A Finite Binary Automaton B = (Q, *, Z, 3, qq, F) is said to be a Finite Monoid
Automaton if (i) p*(q*r)=(p*q)*r, forall p,g,rinQ. (ii) there exists a state denoted by 0 in Q such
thatp*0=p =0*p , forallpinQ.
If such a state exists in Q, then the state O is called the identity state of Q.
Proposition 3.2.1 : If By = (Q, Ay, X4, 81, Po, F1) and B, = (Qa, Ay, 5, 85, (o, Fo) are any two Finite Monoid
Automatons, then B;xB, is also a finite monoid automaton.
Proof : By Proposition 3.1.1 if B; = (Q1, Ay, Z1, 84, Po, F1) and B, = (Q,, Ay, X, 85, Go, F2) are any two Finite
Semi-group Automatons, then B;xB, is also a finite Semi-group automaton.
Let 0, and 0, be the identity states of Q, and Q, respectively.
Then (01, 07) € Q1% Q;
Let0=(0.,0,)
Letx=(p,q) € Q1x Q;
Thenx*0=(p,q) * (01, 0,)

=(pA10;, qA0,)

=(p,q)

=X
And0*x = (01,02 * (p,q)

=(01A1p,0,4,0)

=(p,q)

=X
Therefore , B1xB, is a finite monoid automaton.
3.3Finite Group Automaton : A Finite Binary Automaton B = (Q, *, X, 3, qo, F) is said to be a Finite Group
Automatonif ()p*(q*r=(p*q)*r, forall p,g,rinQ.

(ii) there exists a state denoted by 0 in Q suchthatp*0=p =0*p , forallpinQ
(iv) for each state p in Q there exists a state q in Q such thatp*q=0=q*p

If for a state p in Q there exists a state q in Q such that p * g = 0 = q * p, then the state q is called the inverse
state and the state p is called a invertible state in Q.
Proposition 3.3.1 : If By = (Q1, A1, Z4, 81, Po, F1) and B, = (Qa, Ay, X, 8, 0o, F2) are any two Finite Group
Automatons, then B;xB, is also a finite group automaton.
Proof : By Proposition 3.2.1 if B; = (Q1, A1, Z1, 84, Po, F1) and B, = (Q,, Ay, T, 85, qo, F,) are any two Finite
Monoid Automatons, then B;xB, is also a Finite Monoid Automaton.
Letx=(p,g) € Qix Q,
Let 0, and O, be the identity states of Q; and Q, respectively.
Since By = (Q1, Ay, X4, 81, Po, F1) is a Finite Group Automaton, for p in Q; there exists p’ in Q such that
pAip’=0.=p" Aip
Since B, = (Q,, Ay, 2, 8, Jo, F») are any two Finite Group Automaton, for g in Q, there exists q” in Q such that
qA,q =0=q Axq
Therefore, B1xB; is also a finite group automaton.
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3.4Finite Abelian Automaton : An AC Finite Binary Automaton B = (Q, *, X, 3, qo, F) is said to be a Finite
Abelian Automaton if (ii) there exists a state denoted by 0 in Q suchthatp*0=p =0*p , forallpinQ
(iv) for each state p in Q there exists a state g in Q suchthatp*q=0=q*p
Proposition 3.4.1 : If B; = (Qy, Ay, X1, 31, Po, F1) and B, = (Qa, Ay, X», 85, Qo, F») are any two Finite Abelian
Automatons, then B;xB, is also a finite abelian automaton.
Proof : By Proposition 3.3.1 if B; = (Q1, Ay, X1, 84, Po, F1) and B, = (Q,, Ay, X, 85, qo, F,) are any two Finite
Group Automatons, then B;xB, is also a Finite Group Automaton.
Letx,ye Qx Qy;wherex=(p,q)andy=(r,s)
Thenx*y=(p,q)*(r,s)
(P A1r, g Ags)
=(rAip,sAxq) (Since B; and B, are Finite Abelian Automatons)
(r,s9)*(,q)
=y *Xx
Therefore, B;xB, is also a Finite Abelian Automaton.
Proposition 3.4.2 : Let B=(Q, *, X, 8, qo, F) be a Finite Group Automaton in which X contains 2. If (a , 2) =
0, for all a in Q, then B =(Q, *, X, 3, qo, F) is a Finite Abelian Automaton.
Proof : Let B=(Q, *, Z, 3, qo, F) be a Finite Group Automaton in which  contains 2.
Suppose 6(a, 2) =0, for all ain Q.
Leta,beQ
Then 6(a,2)=0and 6(a,2)=0
By definition of Finite binary automata &(a , 2) = a*
Therefore, a? = 0
a*a=0

Therefore, a is a invertible state and the inverse state of a is a itself.
Thatis, a*=a
Similarlyb* =b
Therefore, (a*b) *=a*b
But in any Finite Group Automaton we have (a*b) *=b**a*
Therefore,a*b = (a*b) *

- b-l * 3 -1

=b*a
Hence B =(Q, *, %, 3, qq, F) is a Finite Abelian Automaton.
Proposition 3.4.3 : Let B = (Q, *, X, 8, qo, F) be a Finite Group Automaton in which X contains three
consecutive integers m, m+1, m+2 such that 8(a*b , m)=d(a, m) * 8(b, m), 8(a *b , m+1l) =d(a, m+l) *
d(b, m+1) and d(a*b , m+2)=35(a, m+2) * (b, m+2), foralla,b e Q. Then B =
(Q, *, X, 8, qo, F) is a Finite Abelian Automaton.
Proof : Leta,beQ
Now B = (Q, *, X, 8, qqo, F) is a Finite Group Automaton in which X contains three consecutive integers m, m+1,
m+2 such that d(a *b , m)=05(a, m) * 8(b, m),

d(a*b ,m+l)=35(a, mtl) *d(b, m+l),
and 6(a*b ,m+2)=06(a, m+2) * (b, m+2)

Then 8(b, m) *3(a, 1)=5(a, 1) *3(b, m)
and d(b, m+1) *8(a, 1)=38(, 1) *8(b, m+1)
(b, m)*5(b,1)*8(@,l)=58@a,1)*8b,m)*b,1)
(b, m)*5(b,1)*8(a,1)=58(b,m)*5@a,l)*5b,1)
b™*3(b, 1) *8(a,1)=b"*5(a, 1) *3(0b, 1)
dMb,1)*5(a,1)=3@a,1)*8(b,1)
b*a=a*b
Hence B =(Q, *, X, 3, qo, F) is a Finite Abelian Automaton.

IVV. Conclusion
Even though Automata theory is mostly used in computer engineering, many Mathematicians
are doing research in this field. They produce good results in this field. Automata Theory is also
useful in electrical engineering and in many fields. The theory of Finite Abelian Automata will also
be useful in these fields. The Researcher can develop these ideas and can find new results.
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