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I. Introduction 
       In 2006, a general metric space was introduced by Mustafa and Sims, as appropriate 

notion of generalized metric space called G-metric spaces as follows. 

 

Definition (1.1)(Mustafa, Sims, 2006) 

(1)   'Let X be a non-empty set and  G:X×X×X→R^+ be a function for all  x,y,z,a  in X satisfying the 

following conditions:  𝑥, 𝑦, 𝑧 = 0 if 𝑥 = 𝑦 = 𝑧  
(2) 0 < 𝐺 𝑥, 𝑥, 𝑦  with 𝑥 ≠ 𝑦  
(3) 𝐺 𝑥, 𝑥, 𝑦 ≤ 𝐺 𝑥, 𝑦, 𝑧  with 𝑦 ≠ 𝑧  

(4) 𝐺 𝑥, 𝑦, 𝑧 = 𝐺 𝑃 𝑥, 𝑦, 𝑧  , 𝑃 𝑥, 𝑦, 𝑧  is permutation of 𝑥, 𝑦, 𝑧  

(5) 𝐺 𝑥, 𝑦, 𝑧 ≤ 𝐺 𝑥, 𝑎, 𝑎 + 𝐺 𝑎, 𝑦, 𝑧  
Then the ordered pair  𝑋, 𝐺  is called a generalized metric or 𝐺-metric space. 𝑋 is said to be symmetric 

if for all 𝑥, 𝑦 in 𝑋  
𝐺 𝑥, 𝑦   , 𝑦 = 𝐺 𝑦, 𝑥, 𝑥 ." 

Proposition (1. 3) (Mustafa, Sims, 2006) 

"Let (𝑋, 𝐺) be a 𝐺-metric space Then for any  𝑢, 𝑣, 𝑤, 𝑎𝑛𝑑 𝑏 ∈ 𝑋 , the following are satisfies  

(1)if𝐺 𝑢, 𝑣, 𝑤 = 0 Then  𝑢 = 𝑣 = 𝑤  
(2)𝐺 𝑢, 𝑣, 𝑤 ≤ 𝐺 𝑢, 𝑢, 𝑣 + 𝐺 𝑢, 𝑢, 𝑤  
(3)𝐺 𝑢, 𝑣, 𝑣 ≤ 2𝐺 𝑣, 𝑢, 𝑢  
(4)𝐺 𝑢, 𝑣, 𝑤 ≤ 𝐺 𝑢, 𝑏, 𝑤 + 𝐺 𝑏, 𝑣, 𝑤  

(5)𝐺(𝑢, 𝑣, 𝑤) ≤ 2/3 𝐺 𝑢, 𝑣, 𝑏 + 𝐺 𝑢, 𝑏, 𝑤 + 𝐺 𝑏, 𝑤, 𝑦   

(6)𝐺 𝑢, 𝑣, 𝑤 ≤ 𝐺 𝑢, 𝑏, 𝑏 + 𝐺 𝑣, 𝑏, 𝑏 + 𝐺 𝑤, 𝑏, 𝑏 " 

Definition (1.4) (Mustafa, Obiedat, Awawdeh,2008) 

     "Let (𝑋, 𝐺) be a 𝐺-metric space, let (𝑥𝑛) be a sequence of points of 𝑋 a point 𝑥 ∈ 𝑋 is said to be the limit of 

the sequence (𝑥𝑛) if 

lim
𝑛,𝑚→∞

𝐺(𝑥, 𝑥𝑛 , 𝑥𝑚 ) = 0 

 

Thus, that if 𝑥𝑛 → 𝑥0 in a 𝐺-metric space (𝑋, 𝐺),then for any 𝜀 > 0 there exists 𝐾 ∈ 𝑁 such that 𝐺 𝑥, 𝑥𝑛 , 𝑥𝑚  <
𝜀 for all 𝑛,𝑚 ≥ 𝐾. "  
Definition (1.5) (Mustafa, Obiedat, Awawdeh, 2008) 

   "Let (𝑋, 𝐺) be a 𝐺–metric space a sequence (𝑥𝑛) is called 𝐺 –Cauchy if given 𝜀 > 0, there is 𝐾 ∈ 𝑁 such that  

𝐺 𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 < 𝜀, for all 𝑛,𝑚, 𝑙 ≥ 𝐾 ,that is , if 𝐺(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙) → 0 as 𝑛,𝑚, 𝑙 → ∞. "  
Definition (1.6) (Mustafa, Obiedat, Awawdeh, 2008) 

  "A 𝐺-metric space (𝑋, 𝐺) is said to be 𝐺-complete or (complete 𝐺-metric) if every 𝐺-cauchy sequence in 

 𝑋, 𝐺  is convergent in (𝑋, 𝐺). "  
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Definition (1.7)(Mustafa, Sims, 2006) 

   "Let (𝑋, 𝐺) and (𝑋′ , 𝐺 ′) be two 𝐺-metric spaces, and let 𝑓: (𝑋, 𝐺) → (𝑋′ , 𝐺 ′) be a function .Then 𝑓 is said to 

be 𝐺-continuaus at a point 𝑎 ∈ 𝑋 if and only if given 𝜀 > 0 ,there exists 𝛿 > 0 such that 𝑥, 𝑦 ∈ 𝑋; and 

𝐺(𝑎, 𝑥, 𝑦) < 𝛿⇒𝐺 ′ 𝑓 𝑎 , 𝑓 𝑥 , 𝑓 𝑦  < 𝜀 

A function 𝑓 is 𝐺-continuous on 𝑋 if and only if it is 𝐺-continuous at all 𝑎 ∈ 𝑋." 

Definition (1.8) (Mustafa, Obiedat, Awawdeh,2008) 

"Let (𝑋, 𝐺) be a 𝐺-metric spase, the mapping 𝑇: 𝑋 → 𝑋 then for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 

i-𝑇 is called 𝐺 − contraction mapping if  

𝐺 𝑇(𝑥), 𝑇(𝑦), 𝑇(𝑧) ≤ 𝑘 𝐺 𝑥, 𝑦, 𝑧 ,forsome 𝑘 ∈ (0,1) 

ii-.𝑇 is called a 𝐺 - contractive if 

𝐺 𝑇(𝑥), 𝑇(𝑦), 𝑇(𝑧) < 𝐺 𝑥, 𝑦, 𝑧 , for all 𝑥, 𝑦, 𝑧 in 𝑋 with 𝑥 ≠ 𝑦 ≠ 𝑧 

iii-𝑇 is called 𝐺 -expansive mapping if 

𝐺 𝑇(𝑥), 𝑇(𝑦), 𝑇(𝑧) ≥ 𝑎 𝐺 𝑥, 𝑦, 𝑧 ,  for some 𝑎 > 1" 

 

   "The version of Banach’s fixed point Theorem in 𝐺-metric space is 

Theorem (1.10) (Mustafa, Obiedat, Awawdeh,2008) 

    "If   𝑋, 𝐺  be a complete 𝐺-metric space and 𝑇: 𝑋 → 𝑋 be a 𝐺 – contraction mapping, then 𝑇 has unique fixed 

point 𝑧 in𝑋, and lim𝑛→∞ 𝑇𝑛 𝑥 = 𝑧, for any intial point 𝑥𝑖n 𝑋." 

 

 

II. Method 
We begin with following  

Theorem (2.1): Let 𝑀be a subset of a complete G-metric space and  𝑇 ∶ 𝑋 → 𝑋  be a mapping  such that   

∅ ∶ 𝑋→𝑅+𝐺 𝑥, 𝑥, 𝑇𝑥 ≤ ∅ 𝑥 − ∅ 𝑇 𝑥  , for all 𝑥 ∈ 𝑋.   

where∅ is  lower semi continuous function 

Proof:  

For 𝑥0 ∈ 𝑋 𝑎𝑛𝑑 𝑛,𝑚 ∈ 𝑁 𝑤𝑖𝑡𝑕 𝑛 < 𝑚, we have∅: 𝑋 → 𝑅, then , by similar argument of proof of Theorem (2.1) 

in [2] 

𝐺 𝑇𝑛 𝑥0 , 𝑇𝑛 𝑥0 , 𝑇𝑚+1 𝑥0  ≤  𝐺  𝑇𝑖 𝑥0 , 𝑇𝑖 𝑥0 , 𝑇𝑖+1 𝑥0  
𝑚

𝑖=𝑛
 

≤ ∅ 𝑇𝑛 𝑥0  − 𝑇𝑚+1 𝑥0  
In particular,  

 𝐺 𝑇𝑖 𝑥0 , 𝑇𝑖 𝑥0 , 𝑇𝑖+1 𝑥0  

∞

𝑖=0

< ∞ 

Therefore, (𝑇𝑛(𝑥0))is  Cauchy sequence. Since 𝑇 is continuous, then (𝑇𝑛(𝑥0)) converges to a fixed point of  𝑇. 

Definition(2.2): 

    A real valued function ∅ on 𝑋 has a 𝐺 −point 𝑝 ∈ 𝑋 if  

∅ 𝑝 − ∅ 𝑥 < 𝐺 𝑝, 𝑝, 𝑥 ,    forother point 𝑥 ∈ 𝑋, 𝑥 ≠ 𝑝. 
Proposition (2.3) : 

      Every lower semi continuous function ∅: 𝑋 → 𝑅+on a complete 𝑋 has a 𝐺 −point 𝑝 in 𝑋. 
Proof:   

     By putting  𝑇 = 𝐼 and 𝑇 𝑥 = 𝑝  in theorem (2.1).  

Theorem (2.4) 

Let 𝑀 be a subset of a complete G-metric space 𝑋 and  𝑓, 𝑔 ∶ 𝑀 → 𝑋  be maps such that   

(i) 𝑓  is surjective  

(ii) There exist a lower semi continuous function  ∅ ∶ 𝑋→𝑅+ satisfying  

𝐺(𝑓(𝑥), 𝑓(𝑥), 𝑔(𝑥))  ≤  ∅(𝑓(𝑥)) − ∅(𝑔 𝑥 )       …       (2.1) 

for each 𝑥 𝜖 𝑀. Then 𝑓 and 𝑔 have a coincidence point. 

Proof: 

    By proposition (2.3), then  ∅ has a 𝐺-point 𝑝 𝜖 𝑋,  means that 

∅(𝑝) − ∅(𝑥) < 𝐺(𝑝, 𝑥, 𝑥) 

Now, let  𝑥 ϵ 𝑓−1𝑝, suppose 𝑓𝑥 = 𝑔𝑥 since 𝑝 = 𝑓𝑥  and  𝑔𝑥 𝜖 𝑋, we have  

∅(𝑓(𝑥)) − ∅(𝑔(𝑥)) < 𝐺(𝑓(𝑥), 𝑓(𝑥), 𝑔(𝑥))  
which contradicts (ii).  

By putting 𝑋 = 𝑀and = 𝐼 , Theorem (2.1) reduces to the version of Caristi-Kirk Theorem in G-metric space: 

Consequently, we obtain the following: 
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Corollary (1) 

(i) If  𝑀 = 𝑋 and 𝑓 = 𝐼𝑥  ,then the above theorem reduces to the version Caristi-Kirk -Browder 

theorem in this case ,if 𝑔 is G-continuous then for any 𝑥 ∈ 𝑋 the sequence  𝑔 𝑥
𝑛  G-converges 

to a fixed point of 𝑔 

(ii) If 𝑀 = 𝑋 and 𝑔 = 1𝑥  .then 𝑓 has a fixed point 

Corollary (2) 

        Let 𝑋 be a G-metric space and 𝑓: 𝑋 → 𝑋 be onto mapping such that for all 𝑥, 𝑦 in 𝑋 if there is a constant 

𝑎 > 1 such that  

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓 𝑦  ≥ 𝑎 𝐺(𝑥, 𝑥, 𝑦) ….   (2.2) 

then𝑓 has a unique fixed point 

Proof: 

From (2.2) 𝑓 is clearly injective. Since 𝑓 is also surjective, 𝑔 = 𝑓−1 exists and is surjective for any 𝑥, 𝑦 in 𝑋 we 

obtain, from (2.3)  

𝐺 𝑥, 𝑥, 𝑦 ≥ 𝑎 𝐺 𝑔𝑥, 𝑔𝑥, 𝑔𝑦  
and𝑔 is 𝐺-continuous. One could use Theorem (1.10) at this point to prove that 𝑔 has a unique fixed point.  

Adding    𝑎 − 1 𝐺 𝑥, 𝑥, 𝑦  to each side of the above inequality to get 

𝑎 𝐺 𝑥, 𝑥, 𝑦 − 𝑎 𝐺(𝑔𝑥, 𝑔𝑥, 𝑔𝑦) ≥  𝑎 − 1 𝐺 𝑥, 𝑥, 𝑦  
Now, put 𝑦 = 𝑔𝑥 to get 

𝐺 𝑥, 𝑥, 𝑔𝑥 ≤ ∅ 𝑥 − ∅ 𝑔𝑥  , 
where, define ∅ as 

∅ 𝑥 =
𝑎 𝐺 𝑥, 𝑥, 𝑔𝑥 

(𝑎 − 1)
 

since𝑔 is 𝐺-continuous, ∅ is lower semi continuous , and 𝑔 has a fixed point by Corollary (1-i). For any 𝑥 ∈ 𝑋 

,the sequence  𝑔𝑛𝑥 𝐺-converges to a fixed point of 𝑔 , that is ,of 𝑓. From (2.2) the fixed point is unique. 

Corollary (4) 

    Let 𝑋 be a G-metric space and  𝑓: 𝑋 → 𝑋 be onto mapping such that for all 𝑥, 𝑦 in 𝑋 if there exist 𝑎, 𝑏, 𝑐 ≥ 0 

with 𝑎 + 𝑏 + 𝑐 > 1 and 𝑎 < 1 such that 

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓 𝑦  ≥ 𝑎 𝐺 𝑥, 𝑥, 𝑓 𝑥  + 𝑏 𝐺 𝑦, 𝑦, 𝑓 𝑦  + 𝑐 𝐺 𝑥, 𝑥, 𝑦 ….(2.3)  

with𝑥 ≠ 𝑦 ,then 𝑓 has a fixed point  

Proof: 

      Since (2.4) is symmetric in 𝑥 and 𝑦assume  that𝑎 = 𝑏 < 1 . Adding, a 𝐺 𝑓𝑥, 𝑓𝑥, 𝑓𝑦  to both sides of (2.3) 

we have 

 1 + 𝑎  𝐺 𝑓𝑥, 𝑓𝑥, 𝑓𝑦 ≥ 𝑎 𝐺 𝑥, 𝑥, 𝑓𝑥 + 𝐺 𝑓𝑥, 𝑓𝑥, 𝑓𝑦 + 𝐺 𝑓𝑦, 𝑦, 𝑦  + 𝑐 𝐺(𝑥, 𝑥, 𝑦) ≥  𝑎 + 𝑐 𝐺(𝑥, 𝑥, 𝑦) 

or 

𝐺(𝑓𝑥, 𝑓𝑥, 𝑓𝑦) ≥
𝑎 + 𝑐

1 + 𝑎
𝐺(𝑥, 𝑥, 𝑦) 

since𝑎 + 𝑐 = 0 implies 𝑎 = 𝑏 > 1 , (𝑎 + 𝑐)/(1 + 𝑎) > 0 

and𝑓 is injective. Since 𝑓 is also surjective  𝑔 = 𝑓−1 exists. Also, since 

𝐺 𝑥, 𝑥, 𝑦 ≥
𝑎+𝑐

1+𝑎
𝐺 𝑔𝑥, 𝑔𝑥, 𝑔𝑦 , for all 𝑥, 𝑦 ∈ 𝑋, 

and hence 𝑔 is 𝐺-continuous.  (2.3) will be in the form 

𝐺 𝑥, 𝑥, 𝑦 ≥ 𝑎 𝐺 𝑔𝑥, 𝑔𝑥, 𝑥 + 𝑏 𝐺 𝑔𝑦, 𝑔𝑦, 𝑦 + 𝑐 𝐺 𝑔𝑥, 𝑔𝑥, 𝑔𝑦  
set 𝑦 = 𝑔𝑥 and then add  𝑏 + 𝑐 + 𝑎 − 1 𝐺(𝑥, 𝑥, 𝑔𝑥) 

to each side to get 

 𝑏 + 𝑐   𝐺 𝑥, 𝑥, 𝑔𝑥 − 𝐺 𝑔𝑥, 𝑔𝑥, 𝑔2𝑥  ≥  𝑏 + 𝑐 + 𝑎 − 1 𝐺(𝑥, 𝑥, 𝑔𝑥) 
or 

𝐺 𝑥, 𝑥, 𝑔𝑥 ≤ ∅ 𝑥 − ∅(𝑔𝑥) 
where defined 

∅ 𝑥 =
 𝑏 + 𝑐 𝐺(𝑥, 𝑥, 𝑔𝑥)

(𝑎 + 𝑏 + 𝑐 − 1)
 

Since 𝑔 is 𝐺-continuous,  ∅ is (lsc) and 𝑔 has a fixed point by Corollary (1-i). Moreover for ∀𝑥 ∈ 𝑋 the 

sequence 𝑔𝑛𝑥 𝐺-converges to a fixed point of  𝑔,  that is ,of𝑓 

Corollary (5) 
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     Let 𝑋 be a 𝐺-metric space and 𝑓: 𝑋 → 𝑋 be onto and 𝐺-continuous mapping such that for all  𝑥 ∈ 𝑋 and 

if∃𝑎 > 1 satisfying 

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓2 𝑥  ≥ 𝑎 𝐺 𝑥, 𝑥, 𝑓 𝑥           … . (2.4) 

then 𝑓  has a fixed point 

Proof: 

          Adding  −𝐺 𝑥, 𝑥, 𝑓 𝑥   to condition (2.4) yields  

𝐺(𝑥, 𝑥, 𝑓𝑥) ≤  𝐺 𝑓𝑥, 𝑓𝑥, 𝑓2𝑥 − 𝐺 𝑥, 𝑥, 𝑓𝑥  /(𝑎 − 1) 

Define,  ∅:𝑋 → 𝑅+ by ∅ 𝑥 =
𝐺(𝑥,𝑥,𝑓 𝑥 )

𝑎−1
 

since𝑓 is G-continuous, ∅ is (lsc) and by corollary (1-ii) , 𝑓  has fixed point 

Corollary (6) 

        Let 𝑋 be a G-metric space and 𝑓: 𝑋 → 𝑋 be onto and G-continuous mapping such that for all 𝑥, 𝑦 in 𝑋 and 

if there exists a real constant  𝑎 > 1 such that  

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓 𝑦  ≥ 𝑎 𝑚𝑖𝑛 𝐺 𝑥, 𝑥, 𝑓 𝑥  , 𝐺 𝑦, 𝑦, 𝑓𝑦 , 𝐺 𝑥, 𝑥, 𝑦  … . (2.5) 

then𝑓 has a fixed point 

Proof: 

Set 𝑦 = 𝑓(𝑥) in condition (2.5) 

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓 𝑦  ≥ 𝑎 𝑚𝑖𝑛 𝐺 𝑥, 𝑥, 𝑓𝑥 , 𝐺 𝑦, 𝑦, 𝑓𝑦 , 𝐺 𝑥, 𝑥, 𝑦   
yield to 

𝐺 𝑓 𝑥 , 𝑓 𝑥 , 𝑓2 𝑥  ≥ 𝑎 𝐺  𝑥, 𝑥, 𝑓 𝑥  … . . (2.4) 

then𝑓 has a fixed point . 
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