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Abstract: The concepts of scalar commutativity defined in an Algebra A over a commutative ring R and Quasi
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I. Introduction:

Koh,Luh,Putcha [5] called an algebra A over a commutative ring R to be scalar commutative if for
every X,y € A there exists an « € R depending on x and y such that xy = ayx.Coughlin and Rich[1] and
Coughlin,Kleinfield  [2] have studied scalar commutativity in algebras over a field
F.G.Gopalakrishnamoorthy,S.Geetha and M.kamaraj[3] have defined a near - ring N to be Quasi — weak
commutative if xyz = yxz for all x,y,z € N.They have obtained many interesting results of Quasi — weak
commutativity in Near — rings. In this paper we call an algebra A over a commutative ring R to be scalar Quasi —
weak Commutative, if for every X,y,z € A ,there exists a scalar a € R depending on X,y,z such that xyz =
ayxz. We prove many interesting results.

Il. Preliminaries:
In this section we give the basic definitions and various well known results which we use in the sequel.

2.1 Definition[5]:

Let A be an algebra over a commutative ring R.If for every x,y € A there exitsts an element a € R depending
on X,y such that xy = ayx, then A is said to be scalar commutative.If for every X,y € A, there exists an element
a € R depending on X,y such that xy = - ayx, then A is said to anti-scalar commutative.

2.2 Definition[3]:
Let N be a near — ring inwhich xyz = yxz for all x,y,z € N.Then N is called Quasi - weak commutative near-
ring.If xyz = - yxz for all x,y,z € N,then N is said to be Quasi - weak anti-commutative.

2.3 Lemma 3.5[4]:
Let N be a distributive near-ring.If xyz = + yxz for all X,y,z € N,then N is either quasi weak commutative or
quasi weak anti- commutative.

I11. Main Results:
3.1 Definition:
Let A be an algebra over a commutative ring R.If for every x,y,z €A there exists a € R depending on X,y,z such
that xyz = ayxz,then A is said to be scalar quasi weak commutative.
If xyz = - ayxz,then A is said to be scalar quasi weak anti- commutative.

3.2 Theorem:
Let A be an algebra (not necessarily associative) over a field F.If A is scalar quasi weak commutative,then A is
either quasi weak commutative or quasi weak anti commutative.

Proof:
Suppose xyz = yxz for all X,y,z € A there is nothing to prove.Suppose not,we shall prove that
xyz = -yxz forall x,y,z €eA.We shall first prove that if x,y,z €A such that xyz # yxz,then
2 2
Xz=yz=0.
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Let x,y,z €A such that Xyz # yxz.Since A is scalar quasi weak commutative,there
exists a = a(x,y,z) € F such that
XyZ = ayxz - (1)
Also there exists y = y(x,x+y,z) € F such that
X(x+y)z = y(x+y)xz - (2

(1) - (2) gives

XyzZ — X’z —-Xyz = ayxz — yx’z — yyxz.
ie, yxXz-xz =(a—y)yxz.

(v-1)-Xz =(a-y)yxz
e, (1-y)xz= (y-a)yxz - (3)

Now

yxz # 0 for if yxz = 0, then from (1) we get xyz = 0 and so xyz = yxz,
contradicting our assumption that xyz # yxz.
Alsoy # 1, for if y = 1, then from (3) we get a =y = 1.
Then from (1) we get Xyz = yxz, again contradicting our assumption that xyz # yxz.
Now from (3) we get

2, _ YV—«a
Xz=1= yxz
i.e., x’z=p yxz forsome B €F - (4)
Similarly y?z = & yxz forsome § € F - (5)

Now corresponding to each choice of ay, a;,as, a4 € F,there is an n € F such that
(aiX+azy) (asXx+asy)z=n(aX+asy) (@iX+axy)z
(@ asX’ + @ agXy + aasyX+ apyasy’ ) z=n (@aar X + @z ap Xy + aaayX + as az )2,
QA3 X2 + Ay A XYZ + A A YXZ+ A AaY°Z = M (31 X°Z + a3 XY Z+ aqaiyX 2+ aga,y°z)  — (6)
a3 LYXZ + @y g XYZ + oy a3 YXZ+ @y g OYXZ = 1 (a3a1BYXZ + @z @ty XY Z+ auaiYX 2+ ag ap §YXZ)
(using (4) and (5) )
a1 a3 BaTIXYZ + ay g XYZ + ap a3 "L XYZ+ ap as Sa T Xyz
=1 (@1 fYXZ + a3y AYXZ+ as01YX 2+ ayap SYXZ)
e, (razsfat+aras+ apazat+ aya 5a ) xyz
=N (aza1f+ aza, a+ a,a+ asa; 5)yxz - (7)
If in (7) we choose a, =0, az=a; =1, a,=- f8, the right hand side of (7) is zero where as the left hand
side of (7) is
(Ba™t ) xyz=0
ie., Blat-1)xyz=0.
Since xyz #0and a # 1, weget 8 =0.
Hence from (4) we get x’z = 0.
Also ifin (7) ,we choose a3=0, a;= a»,=1, a; =- §, the right hand side of (7) is zero where as the left
hand side of (7) is
(-6+8a ') xyz=0.
ie., 5(a™t-1)xyz=0.
Sincexyz+0anda #1,weget § =0.
Hence from (5) we get y?z = 0.
Then (6) becomes
Ay A4 XYZ + a3 YXZ =1 (a3 A XYZ + a4 a1 YXZ)
A asXyZ + arazat xyz=m (s XyZ + g1 a~ Xyz)
e (aas+a,asat)xyz= n(aza,+ asa; a™t) xyz.
This is true for any choice of a3, as, as, a, € F.Choose a1 = az=a,=1, a,=a~* ,we get
(1-(a™H)?)xyz=0.
Since xyz #0,1—(a™1)? =0.Hence (a )% =1.
i.e.,, a=+11Since @ # 1,weget a=-1.
i.e., xyz=-yxz forxy,ze€A.
Thus A is either quasi weak commutative or quasi weak anti commutative.

3.3 Lemma:

Let A be an algebra (not necessarily associative) over a commutative ring R.

Suppose A is scalar quasi- weak commutative .Then for all X,y,z € A,a € R, axyz = 0 iff
a yxz = 0.Also xyz = 0 iff yxz = 0.

Proof:

Let x,y,Z € A, @ € R such that axyz =0.
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Since A is scalar quasi weak commutative,there exists = g (ay,x,z) € R such that
(ay)xz = Bx(ay)z = Baxyz=0
(ie) ayxz=0.
Similarly
If ayxz =0, then there exists yeR such that y = y(x,ay,z) € R, such that
xX(ay)z = y(ay)xz = yayxz =0
(ie) axyz=0
Thus axyz =0 iff ayxz=0.
Assume Xxyz = 0.
Since A is scalar quasi weak commutative there exists § = §(y,X,z) € R such that

yxz =6xyz=0
Similarly if yxz = 0, then there exists 1 =n(x,y,z) € R such that
xyz=nyxz=0

Thus xyz=0 iff yxz=0.

3.4 Lemma:

Let A be an algebra over a commutative ring R. Suppose A is scalar quasi weak
commutative. Let x,y,z,u e A, a,B € Rsuch that

XU=uUX, yXz=axyz and (y+u)xz = gx(y+u)z. Then (Xu-axu-gxu+afxu)z = 0.

Proof:
Given
(ytuxz = Bx(y+u)z - (1)
yXz = axyz -
)
and Xu = ux - (3)
From (1) we get
YXZ + UXz BXyz + xuz

axyz + uxz Bxyz + fxuz (using (2))
i.e., axyz+xuz BXxyz + fxuz (using (3) )
i.e., X(ay +u- By-pu)z=0.
By Lemma 3.3 we get
(ay +u - By- Bu)xz = 0.
ayXz + uxz —fyxz —fuxz = 0.
ayXz + Uxz —afixyz — fuxz = 0. (using (4)) =(4)
From (1) we get
YXZ + UXz = SXyz + fXuz

YXZ + Uxz = BXyz + fuxz (using (3) )
i.e., YXZ — fXyz = BUXZ — UXZ.
Multiply by a,
ayxz — affXyz = affuxz - auxz —(5)

From (4) and (5) we get

afuxz — auxz + uxz — fuxz = 0

i.e., (¢fux — aux + ux — fux)z =0

i.e.,(ux —aux —fux + afux)z=0

i.e.,(Xu—axu-fxu+ afxu)z=0 (* Xu=ux)
Hence the Lemma.

3.5 Corollary:

Taking u =X, we get
(X% -ax®- BX° + af x3)z = 0.
(x—ax)(x-px)z=0.

3.6 Theorem:
Let A be an algebra over a commutative ring R.Suppose A has no zero divisors.|f
A is scalar quasi weak commutative ,then A is quasi weak commutative.
Proof:
Letx,y,z€A.
Since A is scalar quasi weak commutative,there exists scalars a = a(y,x,z) € R and
B = B(y+x,X,2) € R such that
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(y+x) xz = Bx (y+x) - (1)
and
YXZ = a Xyz -
(2)
From (1) we get
yxz+x°z = Bxyz+ B X’z
axyz+xz-Bxyz-Bx*z=0. (using (2) )
X(ay +x—-By—pBx)z=0.
By Lemma 3.3,
(ay +x—By—Bx)xz=0.
ayxz + X’z — Byxz — fx*z =0
ayxz + X’z —a Bxyz - Bx°z2=0 (using (2)) - (3)
From (1) we get
yxz+x°z = Bxyz+ B x*z.
yxz — B xyz = B X’z - X*z.
ayxz - a Pxyz=a B X’z - a X’z -
4)
From (3) and (4) we get
aBfxXz-axz +x¥z-Bxz=
(X-ax?-Bx2+aBf x*)z=0.
(Xx—ax)(x—Bx)z=0.
Since A has no zero dvisors.
X=ax or X=X
If x=ax, then from (2) we get
YXZ = XyZ.

0.

If x = gxthen from (1) we get
(y+x) xz=x(y+x)z
yXz + X’z = Xyz + X’z
yXz = Xyz
Thus A is quasi weak commutative.

3.7 Definition:

Let R be any ring and x,y,z € R.We define xyz — yxz as the quasi weak
commutator of x,y,z.
(ie) XyzZ — yXz (xy — yx)z
[x,y]z iscalled the quasi weak commutator of X, y, z.

3.8 Theorem:
Let A be an algebra over a commutative ring R. Let A be a scalar quasi-weak
commutative. If A has an identity, then the square of every quasi-weak commutator is zero.
(ie)., (xyz —yxz)*> = 0 forall x,y,z € A.

Proof:

Let x,y,z € A. Since A is scalar quasi-weak commutative, there exists scalars
a=a(y,x,z) € Rand B = B(x,y+1,2) € R such that

yXz = axyz - (1)
and

x(y+1) = By+1)xz =)
From (2) we get

Xyz+xz-pfyxz—pBxz =0

Xyz+Xxz—afxyz-fixz = 0

X(y+1 —afy - B)z =0
By Lemma 3.3,

(y+1—aBy - B)xz =0

yXz+xz—afyxz-fxz =0

axyz + xz — afyxz — fxz= 0 (using(1)) - 3)
Also from (2) we get

Xyz + Xz = Byxz + fxz
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Multiplying by «
axyz + axz = afyxz + afixz
axyz — affyxz = afxz — axz - (4)
From (3) and (4) we get
XZ—pBxz+affxz-axz =0
(ie) X(z — az) = xX(Bz - afz)

Multiplying by (y+1) on the left we get
(y+1) x (z - az) =
(y+1) (Xz — axz)

(y+1) X (Bz - aBz)
By+1)xz — ap(y+1)xz

(ie) (y+1) (x—ax)z = Bx(y+1)z — ax(y+1)z (using (2))
[yx —ayx +x—ax] z = [Xy + X — axy — ax]z
(ie) [yx—xy +x-X]z = [ayx + ax — axy — aX]z
(ie) yxz —xyz = ayxz — axyz
axyz — xyz = a. axyz - axyz
(ie) xyz - 2axyz + a’xyz = 0
(ie) x(y - 2ay + a?y)z = 0 - (5)
Now
(xyz — yxz)* = (xyz — axyz)®
= (Xyz — axyz)(xyz — axyz)
= XYZXYZ — aXyZXyZ — axyz + a’xyzxyz
= X (y - 2ay + a’y)zxyz
= 0 xyz (using(5))
Thus (xyz — yxz)? = 0.
(ie) Square of every quasi-weak commutator is zero.
3.9 Definition:

Let R be a P.I1.D (Principal ideal domain) and A be an algebra over R. Let aeR.

Then the order of a, denoted as O(a) is defined to be the generator of the ideal | = {aeR / @a=0}.
O(a) is unigue upto associates and O(a)=1 if and only if a=0.
3.10 Lemma:

Let A be an algebra with identity over P.1.D. If A is scalar quasi-weak
commutative, yeR with O(y) = 0, then y is in the center of A.
Proof:

Let yeR with O(y) = 0.
For every xeA, there exists scalars a = a(x,y,1)eR and B = B(y,x+1,1)eR such that

xyl = a yx.1

Xy = a yx - (1)
and y(x+1) = B(x+1)y.1
(ie) y(x+1) = B(x+1)y -2
From (2) we get

yx+x = Bxy + By (using(1))

yx +Xx- Bxy — By =0

yx+l-afx-£1).1 =0
Using Lemma 3.3 we get

x+1l-afx-BLlyl =0

Xy +y —aBxy - By =0 ad®)
Also from (2) we get

yx+y—pBxy-pBy =0
Multiply by a

ayx+ay—affxy—afly =0

Xy +ay—apxy—aBy =0 (using(1)) - (4)
From (3) and (4) we get

y-By-ay+apy =0

(- By) —aly-B) =0

I-a)1-B)y =0
Since O(y)=0weget a=1or g=1
If «=1, from (1) weget xy = yx
If =1 from (2) we get y(x+1) = (x+1)y

yxty = Xy +y
yX = Xy
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(ie) y commutes with x.
As xeAis arbitrary, y is in the center of A.
3.11 Lemma:
Let A be an algebra with unity over a principal ideal domain R. If A is scalar
quasi-weak commutative, xeA such that O(xz) = 0, then xyz = yxz for all y,zeA.
Proof:
Let x eA with O(xz) =0
Fory,z €A, there exists scalars a = a(y,x,2)eR and B = B(X,y+1,z)eR such that

yXZ = axyz -
1)
(y+l)xz = Bx(y+1)z - (2)
From (2) we get
YXZ + Xz = BXxz + Bxz - (3)
axyz + xz—fxyz—-fxz =0 (using(1))
xX(ay + x— By - B.1)z =0

By Lemma 3.3, we get
(ay+x-By-pBLl)xz =0

(ie) ayxz + X’z — Byxz — Bxz = 0 - (4)
Multiplying (3) by a, we get
ayxz + axz - afxz—afxz = 0 - (5)

(4) — (5) gives
X’z —Pxz—axz+afxz =0
Ql-a-B+aB)xz =0
(1-a)(1-B)xz =0 - (6)
Since O(xz) =0, we get 1-a =0 or 1-8 =0.
Thatisa=1or g=1.
If a=1,thenfrom (1) we get yxz = xyz.
If g =1, then from (3) we get

YXZ + XZ = XyZ + XZ

(ie) yxz = xyz.
3.12 Lemma:
Let A be an algebra with identity over a P.I.D R.Suppose that A is scalar quasi-weak commutative.Assume
further that there exists a prime p € R and a positive integer m € Z*such that p™ A = 0.Then A is quasi-weak
commutative.
Proof:

Let x,y € Asuch that O(yx) = p* for some k € Z*.We prove by induction on k that
xyu=yxu forall €R.
If k = 0,then O(yx) =p° =1 and so yx =0.
So yxu = 0.By Lemma 3.3 xyu =0.
Hence xyu=yxu forall u € A.So,assume that k>0 and that the statement is true for all I< k.
We first prove that for any u € A,
Xyu — yxu # 0 implies
y(xu)w — (xu)yw = 0 for all w € A.

So,let xyu —yxu # 0.Since A is scalar quasi-weak commutative,there exists scalars

a = a(xyu) and

B =B (x,y+1l,u) such that

Xyu = a yxu - ()

and
x(y+hu = g (y+1)xu - (2

From (2) we get

Xyu + Xu = B yxu + 8 xu

a yXu+ xu = yxu+ g xu (using (1))
(@ —B)yxu=(B-1)xu - (3
If (@ —B)yxu =0,then (S -1)xu=0andso Sxu=xu - (4)

So from (2) we get
X (y+1) u=(y+1) B xu
= (y+1) xu
Xyu + XU = yX + Xu
i.e., Xyu — yxu = 0,contradicting our assumption that xyu # yxu.
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So (a—pB)yxu = O.nparticular a - # 0.
Let (a-B)=p'é —(5)
forsomete Z* and § € Rwith (8, p) = 1. If t =k, then since
O(yx) = p* , we would get ( a — ) yxu =0, a contradiction.Hence t < k.
Since p* yxu = 0,by Lemma 3.3, p*xyu = 0.
From (3) we get

p*t (B-Dxu=p*~(a-pf)yxu

= pk—tpt ) yXu
=pksyxu =0.
Let O(xu) = p'.If i < k,then by induction hypothesis xyu = yxu contradicting our assumption.
Soi=k.
Hence p*|p'|p*~*( -1).
Thus pt|p—1landletp—1= pty — (6)for somey € R.
From (3) we get
(@ - )yxu=(B-1)xu
ptsyxu = ptyxu (using (4) and (6) )

2 pffy-y.1)(xu)=0.

Hence by induction hypothesis
Oy -v.1) (xu) w=xu (6y —y.1)w forall we A.
6 YXUW — YXUW = § XUYW — yXUW

= 6 {y(xu)w — (xu)yw } =0 - (7)
Since ( §,p) = 1,there exists i, § € R such that u p™ +yd = 1.
S up™{y(xuw — (xuyyw} + y8 { y(xu)w — (xu)yw} = { y(xu)w — (xu)yw }

0+0 = {yuw-(xuyyw} (+ pmA=0)
i.e., y(xu)w — (xu)yw =0
i.e., xyu—y(xu) # 0 implies y(xu)w — (xu)yw =0 for all weA. - (8)
Now we proceed to show that xyu = yxu for all u €A.Suppose not there exists u €A such that
Xyu—-y(xu)=0 - (9)
Then also we have xy (u+1)—-yx (u+1) #0 - (10)
From (8) and (9) we get
y(xu)w—(xu)yw=0 forallw €A. - (11)
From (8) and (10) we get
y(x(u+21)w-(x(u+l)yw =0 forall weA. - (12)

From (12) we get
y(xu+x)w—(xu+x)yw=0
y(XU)W + yxw- (Xu)yw - xyw =0
i.e., yxw—xyw =0 forall weA. (using (11))
a contradiction.This contradiction proves that xyu = yxu for all x,y,u € A.
Thus A is quasi-weak commutative.

3.13 Theorem:
Let A be an algebra with identity over a principal ideal domain R.If A is scalar
quasi-weak commutative,then A is quasi-weak commutative.
Proof:
Suppose A is not quasi-weak commutative ,there exists X€A such that xyz # yxz
forally,z e A
Also (x+1)yz #y(x+1)z
By Lemma 3.10 O(x) #0and O(x+1) #0.
Hence O(1) # 0.Let O(1) =d # 0.Then d is not a unit and hence

d= pil péz .............. p,i(k for some primes p;, p2.....n...... pr € Aand some
positive integers iy, i............... -
Let A; = {a€eA] pjlf a = 0}.Then each A; is a non-zero sub — algebra of A and

,,,,,,,,,, @ A. Being sub algebras of A, each A; is scalar quasi-weak commutative.
Being homomorphic image of A, all the A; ‘s have identity element 1.

By Lemma 3.12 each A, is quasi-weak commutative and hence A is quasi-weak commutative, a
contradiction. This contradiction proves that A is quasi-weak commutative.
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