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Abstract

Let ID,, denoted the semigroup of order — decreasing partial one —one transformation semigroup. ID,, is a
subsemigroup of D,, that is order decreasing full transformation semigroup. The papers study the number of
conjugacy in ID, using unlabelled graph when the set is finite.
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I. Introduction and Preliminaries

Let a be a transformation semigroup of a finite set of X,, = {1, 2, 3, .., n}. The action of any group on
itself by conjugation and the corresponding conjugacy relation play important role in group theory. The full
transformation semigroup T, on a set X, is the set of all mapping a : X, — X,, under the operation of
composition of mapping. A (partial) transformation a: Dom(a) € X,, — Im(a) € X,, is said to be full or total if
Doma = X,,; otherwise it is called strictly partial. The partial transformation P, of X,, is defined in the
form Dom(a) € X,, — Im(a), the domain can be empty. Partial one — one transformation, I, on X,, is the
defined in the form of partial transformation semigroup as Dom(a) € X,, — Im(a) but strictly one —one. The
domain of « is denoted by Dom(a) while the image of a is Im(a). See for example;*®®. The study of
semigroups of full (partial, partial one — one ) transformation has been studied by many author.
See;>078919201231L " A general study of D, was initiated by'®° | they showed that the order of D, =n!. A
transformation a of I, is to be order — decreasing if Vx € Dom,

xa < x(xa = x). The two semigroups of order — decreasing and order — increasing partial one — one
transformation are isomorphic. *® showed that the order of semgroup of order — decreasing partial one — one
transformation , |ID, | = B, ., Where B, is the nth Bell’snumber.

Conjugacy Classes
Definition 1.1: In any group G, elementsa and b are congruent if a = chc~! for some ¢ € G.
Definition 1.2 : The set of all elements conjugate to a given a € G is called the conjugate class a.
InS, if 1= (iy,iy,i3, {)Um,ims1rims2, Ip) INcCycle notation, then forany o € S,,.
0_”0__1 (U(il)' U(iz), O'(i3), (R U(ll)) (U(im): 0-(lm+1)' O-(lm+2)! R O-(ln))
Conjugacy is an equivalence relation, so the distinct conjugacy classes partition G.
Consider the full transformation semigroup, T,, which consists of the mappings from X, — X,. Leta,B €
X,and o € T,,wesay a - 8 if a'(a) = o’/ (B) , for some i, is an equivalence relation.
Theorem 1 (Theorem 6.2.1] Richard (2008])
The relation a - g if o'(a) = o/ (B), for some i, j is an equivalence relation.

Proof

To show the relation is an equivalence relation, we must show it is reflexive, symmetric and transitive.
Reflexive: Let a, € X,,. Then a - a since ¢'(a) = o/ (), for i,j. This occurs when i = j. Thus, the relation is
reflexive.

Symmetric: Let @, 8 € X,, and let « —~ B. Then ¢'(a) = o/ (B), for some i,j. Thena’ (a) = a'(B). for some i, j,
S0 B ~ a. Thus, the relation is symmetric.
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Transitive: Let o, 8,y € X, Let a -~ § and § -~ y. Then oi(a) = o/ (B) for some i,j and o*(B) = o' (y), for
some k, l. Then o' (a) = o/ T*(B) = o/ (c*(B)) = o’ (6! (y)) = o/ ¥ (y), for some i, j,k, 1, Thus a — y and the
relation is transitive.

So the relation is reflexive, symmetric and transitive which prove that it is an equivalence.

We associated with a, € T,, for any i, j, € T,, where i, j is a directed arc with ia = j.

Example 1.1

In aeIDs,consideraz(i i 3 45

1 9 _). This can be show in graph forms as follows:
L) _>O<_ °

So, another element in the same conjugacy classes of a € D5 would be

This can be also represented in the graph as

. /

11. Methodology

The number of conjugacy of Full and partial transformation semigroup have been studied by various author .
See; 12131817 ysed circuit and proper path to studied /D, while *** used unlabelled graph to studied 0,,,

PO, IP, respectively.

The elements in each conjugacy class will be represented using two — line notation. An unlabelled graph
will also be used to describe the generalizes circle type of each element in the conjugacy class.

. 1 2 3 n . . .
Consider the elements a, € T,, where a = (n(l) 12) 7(3) n(n)> is two line notation. Draw n vertex
and labeled, j, k, .. ,l.Indicate a(i) = j by drawing a directed line segment from i to j. Since the

conjugacy class is equivalence relations, so the distinct conjugacy classes partitions graph G. This means that ¢
has n conjugacy classes, C;, Cy, Cy, Cs, ... Cy, then ;NG = @ fori # jand U; C, = C;. Two elements of ID,
are in the same conjugacy clas if and only if they have the same graph structure.

The Conjugacy Classes of ID;.

Whenn=1

The conjugacy class, C; = {G)}, which consists of elements of the form;

The conjugacy class, C, = {(1)}, which consists of elements of the form;

ID; has two conjugacy classes.
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The Conjugacy Classes of ID,.

Whenn = 2

The conjugacy class, C; = {(1

1 ;)} which consists of elements of the form;

o

The conjugacy class, C, = {(1 E) (i 2)}, which consists of elements of the form;

Ty

The conjugacy class, C; = {(i i)} which consists of elements of the form;

[ _>.

The conjugacy class, C, = {(i E)} which consists of elements of the form

1D, has four conjugacy classes
The Conjugacy Classes of I1D;.

Whenn =3

The conjugacy class, C; = {(1

1 2 g)} which consists of elements of the form;

¢ D
D

The conjugacy class, C, = {(1 2 E) (1 2 3) (i ; g)} whichconsists of elements of the form;

>« >.4:>

The conjugacy class, C; = {G

N
N W
—
-

which consists of elements of the form;
[ ] _> [ ]

>
.

The conjugacy class, C, = {(1 i g)} which consists of elements of the form;
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!

The conjugacy class, Cs = {(1 2 E) (i 2 E) (i E g)} which consists of elements of the form;

The conjugacy class, Cs = {(i 2 E) (i 2 3) (i E 3)}

which consists of elements of the form;

._>.

The conjugacy class, C; = {(i E E)} which consists of elements of the form;

ID5 has seven conjugacy classes.
The Conjugacy Classes of ID,.

Whenn =4

The conjugacy class, C; = {(1

1 2 3 i)} which consists of elements of the form;

< D
¢ D

g)}, which consists of elements of the form;

The conjugacy class, C;

{(i i g i)(i i g ;})(i ; i 431)(1 2 3 g)},Whichconsistsofelementsoftheform;

The conjugacy class, C, =

|
-~
~
|
N
w

The conjugacy class, C, =
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CradCioCz37)

1 2 3 4/l 2 3 4H/1 2 3 4
(1 - 2 4)(1 ) 2)(1 2 - 3)}
which consists of elements of the form;
N
N
The conjugacy class, C; =
1 2 3 4\/1 2 3 4\/1 2 3 41 2 3 4
(GO | GO | R [ (R
which consists of elements of the form;

The conjugacy class, C; =

which consists of elements of the form;

The conjugacy class, C; =
(G G | G | G

which consists of elements of the form;

The conjugacy class, Cg =
(G | G0 | G ) | G
CrIOCIINCEIINC LY

Ca100222022390 22D
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which consists of elements of the form;

The conjugacy class, Cq =

which consists of elements of the form;

2D

The conjugacy class, C;y =
(G [ Gt | G | A
G | R
which consists of elements of the form;

. .

The conjugacy class, C;; =

A | Gl | G | G )¢

which consists of elements of the form;

=

The conjugacy class, C;, = {(i E E f)} which consists of elements of the form;

1D, has twelve conjugacy classes.
The Conjugacy Class in IDg

Whenn =5

The conjugacy class, C; = {G ; g i g)} consists of elements of the form;

IR
O 9
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The conjugacy class, C, =

G363 2963°2396G2339C¢ 3549
consists of elements of the form; n n
o O

The conjugacy class, C; =
Go32902259022390G2249G2529
GZ332053:9C ;1490231902350
consists of elements of the form;

o—P o
The conjugacy class, C, =
Gz 2306253962536 25200717539
Ci329C0 1332037390 14902510
consists of elements of the form; — e

“) 49
The conjugacy class, C; =
G2IIDCIIIOC I IINe Y
consists of elements of the form;

¢ 4ot

a ./
The conjugacy class, C6={(i i ; g i)},consistsofelementsoftheform;

o ¢t—eo ¢—o

o—bof
The conjugacy class, C; =
Gz3 2023300233002 9032249)
C23ed6 220G 2329022306032
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consists of elements of the form;

a
)

m

The conjugacy class, Cg

consists of elements of the form;

The conjugacy class, Cy

consists of elements of the form;

The conjugacy class, C;,
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consists of elements of the form;

The conjugacy class, C;; =

{(12345)(12342}

5(12345)
-1 2 - 4/ \- 1 3/ \—-— 1 — 3 12
CEEEE R R (UL ST IO IV

consists of elements of the form;

-
The conjugacy class, (1, =

I (G [ B [ S
L2289 C i iiineiiy

G TR I TR T TR T N I

consists of elements of the form;

The conjugacy class, i3 =

G

=
N

— N
—_
N
| W hw R, w

1
(L2723
(1234
Ci23C:2

consists of elements of the form;

N

N
O IS
|
N——

The conjugacy class, Ci4 =

| w

N W N W

RIS

[N

= Ul

Ul =
N——

Ut
~—
-
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G ORI G TG B R I
2349023902190t ney
consists of elements of the form;

—.

N\

The conjugacy class, Ci5 =
RN NG - RO N UL
G N NG N N R
S N SR SR E R
AN N R NGRS I N
I NG ORI NI N ORI
G NG G S N N
consists of elements of the form;

)
The conjugacy class, (16 = T
GRS NG NG P NG R NG
N N NG N i
consists of elements of the form;

O
The conjugacy class, Cy; =
G R R G R G R R
R N RO RO S NG
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consists of elements of the form;

The conjugacy class, Cig =

GrrryEiIineIitn iy

consists of elements of the form;

2 3 4 5

The conjugacy class, Cig = {(i )} consists of elements of the form;

IDs has nineteen conjugacy classes.

1V Results

The number of conjugacy of ID,, is 2,4,7,12,19,30, ... where n = 1,2,3,4, ... AO00070 of the OEIS.

More generally, the number of conjugacy classes of ID,, is given as
a(n) = %2713:1(5(’() + 1)a(n — k)where a(0) = 1 and s(k) and is the sum of divisors of k

Vladeta Jornic (2002), 000070 of the OEIS.

IV Results

The number of conjugacy of ID,, is 2,4,7,12,19,30, ... where n = 1,2,3,4, ... AO00070 of the OEIS.

More generally, the number of conjugacy classes of ID,, is given as
a(n) = %ZZ:l(S(k) + 1)a(n — k)where a(0) = 1 and s(k) and is the sum of divisors of k
Vladeta Jornic (2002), 000070 of the OEIS.

References

[1]. Adeniji, A, O, and Mokanjuola, S.O. (2008). On some combinatorial results of collapse in full transformation semigroups. African

Journal of computing and ICT 1(2), 61-62.

[2]. Adeniji, A.O. (2012). Identity Difference Transformation semigroups, Ph. D dissertation submitted to Department of Mathematics,

University of llorin, Nigeria.

[3]. Adeshola, A.D. (2013). Some Semigroups of full contraction mappings, Ph. D dissertation submitted to Department of

Mathematics, University of Ilorin, Nigeria.

[4]. Bashar, A. (2010). Combinatorial properties of the alternating and diheldral groups and homomorphic images of Fibonacci groups.

Ph. D dissertation submitted to Department of Mathematics, University of Jos, Nigeria.

[5]- Clifford, A.H., Preston, G.B.(1961). The Algebraic Theory of Semigroups. Vol.1, American Maths, Soc,.Providence. RI.
[6]. Howie, J, M.(1971). Products of idempotents in certain semigroup of order — preserving . Edinburg Maths. Sc.(2) 17: 223 — 226.
[7]. Howie, J, M.(1995). Fundermentals of Semigroup Theory. London. London Maths. Soc. Monographs, New series, 12 Oxford

Science Publications. The clarendon Press, Oxford University Press, New York,

[8]. Howie, J, M.(2002) Semigroups , past, present, and future. In: Proceedings of the International Conference on Algebra and its

Application. Pp. 6 - 21

DOI: 10.9790/5728-1404013546 www.iosrjournals.org

45 | Page



The Conjugacy of Order — Decreasing Partial one — one Transformation Semigroup using ..

[9].

[10].
[11].
[12].
[13].
[14].
[15].
[16].
[71.
[18].
[19].

[20].

Howie, J, M.(2006). Semigroups of Mapping . Techinical Report Series. King Fahd University of Petroleum and Minerals, Dhahran,
Saudi Arabia.

Laradj, A. and Umar, A. (2014). Combinatorial results for semgroups of order — preserving partial transformation Journal of
Algebra, 278, :342 — 359.

Mogbonju, M.M. (2015). Signed Transformation senigroups. Ph. D dissertation submitted to Department of Mathematics,
University of llorin, Nigeria.

Mogbonju, M.M.,Ojo, M.A. and Ogunleke I.A. (2012).Graph representation of conjugacy classes in the order — preserving partial
one — one transformation semigroup. International journal of science and research. Vol. 3(12). Pg.711 — 721.

Mogbonju, M.M., Gwary, T.M.,and Ojeniyi A.B. (2014). Presentation of conjugacy classes in the partial order - -preserving
transformation semigroup with aid of graph. Mathematics Theory and Modeling. VVol.4(11). Pg. 110- 142.

Mogbonju, M.M.,0jo, O.A.and Ogunleke I.A. (2014).Graph representation of conjugacy classes in the order — preserving full
transformation semigroup. International Journal of Sientific and Engineering Studies. Vol.1(5). Pg.67 —71.

Richard, F.P. (2008). Transformation Semigroups over Group. Ph. D dissertation submitted to Graduate Faculty of North Carolina
State University. Pg 45- 60.

Ugbene, I.S. and Mokanjuola, O.S. (2012).0n the number of Conjugacy classes in the injective order — preserving transformation
semigroup. Icastor Journal of Mathematics Science , India. Vol. 6(1).

Ugbene, I.S. and Everestus. (2013).0n the number of Conjugacy classes in the injective order —decreasing transformation
semigroup. The pacific Journal of Science and technology , Vol. 14(1).

Umar, A.(1996). On the ranks of certain finite semigroup of order — decreasing finite full transformation. Proceeding Royal
Society Edinburgh, 1204, 23-32

Umar, A.(1992). On the semigroups of Order - -decreasing finite full transformations. Proceeding of the Royal Society of
Edinburgh, 120A, 129 — 142,

Umar, A.(2010). “Some Combinaorial Problems in the Theory of Transformation Semigroups” Algebra and Discrete Mathematics.
9(2): 115-128.

Mogbonju M. M ." The Conjugacy of Order — Decreasing Partial one — one Transformation
Semigroup using unlabelled graph. 10SR Journal of Mathematics (IOSR-JM) 14.4 (2018) PP:
35-46.

DOI: 10.9790/5728-1404013546 www.iosrjournals.org 46 | Page



