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Abstract: This paper addresses the solutions of SI, SIR, SEIR and MSEIR (SIRs) models. Those epidemic
models are simplified means of describing the transmission of infectious diseases through individuals. Infectious
diseases are a tool which has been used to explore the mechanisms by which diseases dispersal, to prophesy the
future course of an outbreak and to esteem strategies to control an epidemic. To find the solution of our models
we use the multi-steps differential transform method (Ms-DTM), a reliable and powerful technique that
ameliorate reliability and overcome drawbacks advanced in using the standard differential transform method
(DTM).Finally, results have been compared with a software package Mathematica using the Parametric ND
Solve code and very good agreement is obtained.
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. Introduction

Biological Mathematics models begins with Hammer in 1906, who applied the simple mass action principle one
for a deterministic epidemic model in discrete time and Ross sitting a simpleEpidemic model in 1911 and
propagate epidemic model produced by Kermack and McKendrickin 1927. In the today's world, biologists and
doctors still have to deal with plagues and diseases. Millions of people die annually from measles, tuberculosis,
malaria, AIDS . . . and billions of others are infected. There was a belief in 1960s that infectious diseases would
be soon eliminated with the improvement in sanitation, antibiotics, vaccinations, medical science and medical
care. However, they are still the major causes of mortality in the developing countries. Moreover, infectious
disease agents adapt and evolve, therefore we can observe new infectious diseases emerging and some already
existing diseases re-emerged, sometimes after hundreds of years and/or even mutated. At present we know
bacteria which are able to swim in pure bleach or survive in a dose of penicillin. Together with the threat of
biological weapons, whose research is lately concerned about microorganisms and lethal infectious diseases, we
have great motivation to understand the spread and control of infectious diseases and their transmission
characteristics. Mathematical epidemiology contributed to the understanding of the behavior of infectious
diseases, its impacts and possible future predictions about its spreading. Mathematical models are used in
comparing, planning, implementing, evaluating and optimizing various detection, prevention, therapy and
control programs[1]. So it is important to validate models by checkingwhether they fit the observed data, and we
can clarify the epidemic models as the following:

e SIModel is the simplest one among the epidemic models. It’s divided the population sizeto the susceptible
compartment s(t) and the infectious compartmenti(t), and assumesthedisease to be highly infectious but
not serious, which means that the infective remain incontact with susceptible for all timet > 0. It also
assumes that the infective continueto spread the disease till the end of the epidemic. The population size to
be constant(s(t) + i(t) = N)and homogeneous mixing of population.

£0 = —ras@®i(t) (1)
L0 = 1As(0)i(t) (2)
With initial conditions s (0) = 1and i(0) = 1where r the recovery rate is, A number of infective.

a
e SIRModel, that’s assume the population size is large and constant, that can be dividepopulation size into
three compartments s(t) - susceptible, i(t) - infective, r(t) - recovered.

dfz_(:) = (1 —p)r — Bs(®)i(t) — us(t) (3)
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d
Z0 = Bs(®i(®) — (v + m)i(©)(4)

=pn+yi(t) —ar(t) (5

Wlth initial conditions s(0) = 0 , i (0) = landr (0) = 0; where p is the fraction of the susceptible
individuals,Bdisease transmission rate, yrecovery rate and the all positive parameters is constant with 0 <
By <1

SEIRModel, a population supposed constant is divided into different classes, disjoint and
based on their disease status. At time t, s (t)is the susceptible group, e (t) is the exposedgroup, i (t) is the
infective group, and r (t) is the recovered group

dr (t)

ds(t) =b— Bs@®)i(t) — us(t) (6)
de(t) = Bs(®)i(t) — (e + me(t) (7)
d“” oe(t) — (€ +wi(t) (8)
z@

= &i(t) —pur(t) (9)

With initial conditions s (0) = 0,e (0) = 1,i (0) = 1 andr (0) = 0; where the all recruitment is done by
birth into the class of susceptible and occurs at constant birth rateb. The rate constant for non-disease related

death is u; thus iis the average life time, and B is the disease transmission rate, o is the exposed people becomes
infectious with a constant rate, so that %is the average incubation period. Some infectious individuals will

recover after a treatment or a certain period of time at a rate constanté, making % the average infectious period

[2].
MSEIR Model, can divided into five classes the passively-immune groupm (t), the susceptible group s (t), the
exposed group e (t), the infective group i(t), and the recoveredgroup r (t).

20 = B — sm(t)s(t) — um(t)(10)

20 = sm(e)s(t) — ps(©i() — us(E)(11)
ic “) = Bs(Di(t) — (¢ + We(®) (12)
% = ge(t) — (v + Wi(6)(13)

dr (t)

= yi(t) —ur(t) (14)

With the initial conditions m (0) = 1,s(0) = 1,e(0) = 0,i (0) = 1 and r (0) = 0; where thesymbols
stands for is the Recovery ratey, Bis the Transmission rate, ¢ is the progression rate,§is the Immunity rate, uis
the death rate and B is the infectious hepatitis [3].

Some recent studies scrutinize the SIRs models such as Shah et al [4] addressed the SEIRmodel and
simulation for vector borne diseases. A note on solutions of the SIR models ofepidemics using method of
Homotopy analysis is explored by M. Sajid et al [5] Ibrahimet al [6] construct the nature of MSEIR epidemic
model using Homotopy analysis method. Asfour et al [7] study the differential fractional transform method to
solve the epidemic MSEIR model. Lisi et al [8] addressed the analysis of an age-structured MSEIR model.
Badshah et al [9] indicate the role of dynamics in epidemiology by mathematical models such asSl, SIR, SEIR
and MSEIR. The numerical simulation for SI model with variable-order fractional is constructed by Asfour et al
[10].In this study, the solutions of those models obtained by using DTM which is one of a semi-numerical
method for solving a large diversity of differential equations. The DTM gives exact values of the nth derivative
of an analytic function at a pointin terms of unknown and known boundary conditions, so that the solutions are
shown in terms ofconvergent series with easily computable components. DTM has some disadvantages, the
maindrawbacks is that the obtained solutions usually converges in a very small region and it has slowconvergent
rate or completely divergent in the wider region and to overcome the shortcoming,we apply the multi-step
differential transform method, that provides the solution in terms ofconvergent series over a sequence of
subintervals [11-14].

This attempt is prepared as the following. Section 2, 3study the mathematical analysis of DTM and Ms-DTM. In
Section 4. Applications of DTM and Ms-DTM on S, SIR, SEIRand MSEIR models are progressed. Section 5.
Results of Ms-DTM application and discussion are presented.
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I1. Differential Transformation Method

Consider a general equation of n™ order ordinary differential equation [15-17]
y& fof . f7)=0.

Subject to the initial equations
f®0)=d, k=0,...,n—1.

To demonstrate the differential transformation method (DTM) for solving differential equations, the basic
definitions of differential transformation are introduced as follows. Let f(t) be analytic in a domain D and let
t = to represent any point inD. The function f(t) is then represented by one power series whose centre is
located at to,. The differential transformation of the k — th derivative of a function f(t) is defined as the
following:

_ (1) [e®r®
F(k) = (;) [( P0G )](::tO)' vt € D. (15)
And the inverse transformation of F (k) can take the form
f(®) = Xio FUO(t — t)®, vt € D. (16)
In fact, from Eq. (25) and (26), we obtain
_ v t=t)® ra®y )
O =S = (), Ve ED. (17)

Eqg. (16) implies that the concept of differential transformation is derived from the Taylor series expansion.
Form the definitions of (15) and (16); it is easy to prove that the functions comply with the following basic
mathematics operations (see Table 1). In real applications, the function f(t) is expressed by a finite series and
(27) can be written as:

f®) = TR FUO(t — t)®, vt € D. (18)

Eq. (18) implies that Y¢_y.q F(k)(t —to)® is negligibly small. The following table show that the
transformation for some functions and relation by using differential transformation method.

Table 1
Operations of the one dimensional differential transform.
Original function Transformed function
f(@®) =g@®+hQ®) F(k) = G(k)+H (k)
f® =ag(®) F (kz = aG(k)
f@® = g@®h(o) F(O) = ) GOH(k - D
[=0
f® :di—(tt) F(k)=(k+DG(k+ 1)
_d"g(t) (kD!
fO=—% Pl =Gk +n)
£(©) = u®v(Ow(t) F(k) = Z Z UOVOWKk -7 — D)
[=01r=0

I11. Multi-steps Differential Transformation Method [18]
The multi-step DTM is treated as an algorithm in a sequence of intervals for finding accurate approximate
solutions for systems of differential equations.Suppose [0, T]is the interval over which we want to find the
solution for a system of equations(15 — 17). In actual applications of the DTM, the approximate solution for a
system of equations can be expressed by the finite series

f®) = X¥=oagt®, t €[0,T1.(19)

The multi-steps approach introduces a new idea for constructing the approximate solution. Assume that the
interval [0, T] is divided into M sub intervals [t,,_1,t, ], m = 1,2,...,M of equal step size h = % by using the
nodest,, = mh. The main ideas of the Multi-step DTM are as follows. First, we apply the DTM to a system of
equations (15 — 17) over the interval [0, T] we will obtain the following approximate solution

fi(®) = Eizg arnt*, t €10, 4], (20)

Using the initial conditions f®)(0) = C,Formm >2 and at each sub interval [t,,_;,t,] we will use the initial
conditions f,,(lk)(tmzl) = frff‘z)l(tmzl) and apply the DTM to Egs. (15 — 17)over the interval[t,,_4, t,,, ], where
to in Eq. (16) is replaced by t,,_; the process is repeated and generates a sequence of approximate solution
sum. f,, (t),m = 1,2, ..., Mfor the solutionf (t).
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2
fm (t) = Zﬁ:o Amik (t - t{m—l}) ,t € [tmv tm—l] (21)
The new algorithm, multi-step DTM, is simple for computational performance for all values ofh. It is easily
observed that if the step sizeh = T, then the multi-step DTM reduces to the classical DTM.

V. Analytical solutions by means of the Multi-step DTM [18-21]
This section simulates the solution under the application of DTM to equations ((1)-(14)).
Model 1
[k + 1]S[k + 1] = —rA ¥k, SN[k — 1](22)

[k + 1k +1] =AYk, Sk = 1] (23)
With transformed initial conditionsS(0) = 1 and/(0) = 1.

Model 2

[k + 11S[k + 1] = 8(k,0)(1 — p) — B Xi—o SN[k — 1] — uS[k] (24)
e + 11Tk + 1] = B Xk SUI [k — 1] = (v + m)I[k] (25)

[k + 1]R[k + 1] = pr6(k,0) + yI[k] — mR[k] (26)
With transformed initial conditions S (0) = 0,/ (0) = 1andR (0) = 0

Model 3

[k + 11S[k + 1] = b6(k,0) — B Xk_ S[II[k — 1] — uS[k] (27)

[k + 1]E[k + 1] = B X[, S[II[k — 1] — (0 + w)E[K] (28)

[k + 1]I[k + 1] = oE(t) — (¢ + wI[k] (29)

[k + 1]R[k + 1] = &I(t) — uR[k] (30)

With transformed initial conditions S (0) = 0,E (0) = 1,1 (0) = 1andR (0) = 0
Model 4
[k + 1]M[k + 1] = B6(k,0) — 8 ¥ M[I1S[k — 1] — uM[k]  (31)

[k +1]S[k +1] = 8§ XK M[IS[k — 1] — BX¥ o S[IITk — 1] — uS[k + 1] (32)
[k + 11S[k + 1] = B X~ S[II[k — 1] — (¢ + WE[k] (33)

[k + 11Tk + 1] = €E[k] — (v + w[k] (34)

[k + 1]R[k + 1] = yI[k] — uR[k] (35)

With transformed initial conditionsM (0) = 1; S(0) = 1,E (0) = 0,1 (0) = 1andR (0) = 0, wheredis
Kronecker’s delta.

V. Results of Ms-DTM application and discussion
The solutions obtained by the Ms-DTM are displayed by the aid of graphical illustrations.
1. SI Model
e Figs.1 (I, ) are prepared to study the variation of susceptible and infectious groups with thetime, it seems
that from Fig.1 (1) a susceptible group increases with an increase in time butinfectious group decreases with
an increase in time with aid of DTM and ParametricNDSolvemethods.

2. SIR Model

e Figs.2 (al, a2) display the influence of increasing in time on the susceptible group, it’s observed from
Fig.2 (al) susceptible group increases with an increase in time (using DTM), until point (0.56613, 0.4)
then it decreases. So we use Ms-DTM, whichprovides the solution in terms of convergent series over a
sequence of subintervals. For this from Fig.2 (a2) a susceptible group increases with an increase in time till
a certain value (19.8223, 0.49), thensusceptible group constant with the increases in time which is agree
with ParametricNDSolve.

e Figs.2 (b1, b2) show that the impact of increasing in time on the infectious group, it’s observed from Fig.2
(b1) infectious group decreases with an increase in time (using DTM), until point (0.5831, 0.1.6798) then it
increases. Then by using Ms-DTM, Fig.2 (b2) show that infectious group decreases with an increase in
time till a certain value (18.6324, 0.112), then Infectious group constant with the increases in time.

e Figs.2 (cl, c2) depicts that the effects of increasing in time on the recovered group, it’s observed from
Fig.2 (c1) a recovered group increases with an increase in time (using DTM), until point (0.72614, 0.44)
then it decreases. Therefore we use Ms-DTM, Fig.2 (c2) a recovered group increases with an increase in
time till a certain value (9.6213, 0.499), then recovered group constant with the increases in time.

e That’s means the Ms-DTM have accuracy as ParametricNDSolve.
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Fig. 1: The comparisons of the results of DTM and ParametricNDSolve package for ST Model withr = 0.5

and 1= 0.8
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Fig. 2: The comparisons of the results of Ms-DTM and ParametricNDSolve package for sir Model at p =

3 SEIR Model

0.9,8 = 0.2,y = 0.5and y = 0.7.

o Figs.3 (d1, d2) are prepared to study the influence of increasing in time on the susceptible group, that show
it’s almost like Figs.3 (al, a2)
o Figs.3 (f1, f2) show that the impact of increasing in time on the exposed group, it’s start from point (0,1)
and decreases to reach a zeroth constant point.
o Figs.3 (g1, g2) depicts that the effects of increasing in time on the Infectious group, it’s seems that
infectious group decreases with an increase in time.
e Recovered group increases with an increase in time at point (2.21,0.2765), then start to decrease to reach a
fixed value in Figs.3 (h1, h2)
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4 MSEIR Model

o Figs.4 (j1, j2) display the influence of increasing in time on the passively-immune group,that find the
passively-immune group start from a super point (0,1) this means that atthe beginning of the treatment, the
response is quick and strong at first, but over time theresponse rate is decreases to a fixed point.

o Figs.4 (k1, k2) show that the impact of increasing in time on the susceptible group, thetreatment speed is
initially at the point (0, 1) and these numbers are maximized and thencontinuously reduced to a fixed value.

e Figs.4 (L1, L2) depicts that the effects of increasing in time on the exposed group, exposedgroup start from
point (0,0) and increases to reach a maximum point (1.8,0.13), thendecreases to a fixed value.

e Figs.4 (01, 02) and Figs.4 (Q1, Q2) show that the infectious and recovered group increaseswith an
increase in time
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0.6,6 =09,u=0.1,6 =03, =0.5andy = 0.2.

Table 2: Comparison between ND Solve Method and DTM for SIModel atr = 0.5and 1 = 0.8
. 5] NDSolve S(6) Dem Pt I{t) WDSalve I{) Drem B
0. 1. 1. 0. 1. 1. 0.
1 1.76152 1. 76159 218972 =107 0.228408 0.228405 4 19873 =107
2. 1.29484032 1.2984032 1.4130% = 15_7 0.028589724 0.023859722 1.44920% = 15__"
= 199505 1.99505 o OROET = q :3_5 0.004234524 0.00424521 2 OERET x 1 3_5
4. 1.99933 1.89933 526835 = 102 00005870828 0.000STOES2 5.2835 = 10~
5. 1.99991 1. 99991 5.0771 = 10-12 | 0.0ooozovezs | 0.00008207828 | o.07Fl =< 1019
a. 1.99992 1.99999 1.47512=10-"2? | o.0000122887 | 0.0000122885 |1.47512=10-10
7. 2. 2. zazseT~10""" | 188202 =10F | 188201 =107% |z 22588 = 107"
8. =3 2. 258521 x 1072 | 2 28208 x 1077 | 2.25202= 1077 |2.s8512= 10712
9. z. 2. ss4282=107 "7 | 201428 = 107F | 2.01492=10"" |s.54445= 10713
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Table 3: Comparison between ND Solve Method and MS-DTM for SIR Model atp = 0.9,8 = 0.2,y = 0.5

andu = 0.7.

¢ o9 NDSels B if) MDSatve ) Ms-Dim B (g ¥Dsolve 0 MsDim B b
0. 0. 0 0. 1. 1 0. 0 0 0
0.1 0.231553 0.231553 301298 % 13'5 0.485188 0.485198 -953175x% 13'5 0.284113 0.284113 8.42381 % 13'5
0.2 0.365718 0.365718 B.02135 % 13'5 0.237041 0.237041 175307 % 13'7 0.409585 0.409595 1.13588 © 13'7
0.3 0.423571 0.423571 1191268 % m's 0.118238 0.118238 -2 87675 % 13'5 0.483885 0.483895 16841 x m's
0.4 0.480924 0.480924 2.47EQT % 13'5 00571188 0.0571188 —6.16332x 13'5 0.488891 0.4888%1 387058 * 13'5
0.5 0.481524 0.481524 170385 % m"a 0.0280267 0.0280967 8.80341x 13"3 0.485326 0.485326 _8.28883 % m"a
08 0.492879 0.492879 241887 x 13'5 0.01382 0.0128201 -4.80787% 13'5 0.499213 0.499213 2.415T71x 13'5
07 0489127 0489127 0.0068089 0.00680881 _9527a3x 107Y 0.500289 0500289 3.98382% 107%
0.8 0.50256 0.50256 811838 %1078 0.00235281 0.00235382 -123109% 1072 0.500504 0.500504 441334x 1078
0.9 0.504442 0.504442 541185 x 10710 0.0018519 0.0018519 -1.10088 x 10~¥ 0.500441 0.500441 5.88017% 10710
1. 0505472 0505472 213838% 107 0.000813674 0.000813877 295148 % 107F 0.50032 0.50032 88207110710
1 0.508025 0.508025 8o4212x 10710 0.000400804 0.000400805 -1.1729x 10 0.500212 0.500212 285887 % 10710
12 0.508342 0.508342 1.03227% 107 0.000197423 0.000197424 1478212 10°¥ 0.500124 0.500124 138524% 10710
12 0.508509 0.508509 24885 1077 0.0000972534 0.0000972557 -237083%107% 0.500082 0.500082 117184 % 10711
14 0.5088 0.5088 728574 10710 0.0000475091 0.0000479083 5.09094 % 10710 0.500048 0.500048 -1.16839% 10710
15 0.50665 0.50665 32884610710 0.0000235999 0.0000235357 223085 % 10710 0.500028 0.500028 880258 107"
16 0.506677 0.506677 _ET73108x 13'-'3 0.0000116253 0.0000116253 4 B1088x 13'" 0.500018 0.500018 4 70TES 13'-'3
17 0508691 0.508691 —a7esnax0”? | s7oeesxar® s72e85x 10 | 1720271070 0500008 0500008 498191210710
18 0.508699 0.508699 _ezorrieo” | zszossxod 2820072107 | —zsesosx107l 0.500005 0.500005 32215710710
18 0.508703 0.508703 15858 %107 1.38828% 107C 1388825 107 -132083% 1077 0.£00002 0.£00002 145702510710
2 0508708 0.506708 goereaxin”? | esepsex1o esesazxto” | -a3sasexng? 0.500002 0.500002 -289275% 107"
21 0.506707 0.506707 3771E4% 107 337561 % 1077 337203 1077 355082 1070 0.£00001 0.500001 -2.4527x 10710
22 0.506708 0.508702 172829107 1671082107 1881072107 9ssazax 10710 0500001 0.500001 520887 10710
22 0.508702 050870 -rsaamext0” | szeeasxno | seezsixno” | sasarrxng™? 05 05 sat10ax 1o’
24 0.508708 0.508708 64796310710 357851 % 107 soao7ax 10 | -sazzigx107? 05 05 -s15078x 107"
25 0.506708 0.506708 24431810~ 189028 % 10 198558 % 10 -9.5285% 10710 05 05 120771 %107
28 0508708 0.506708 1.44559 % 10F 9.45812% 1077 9.78092% 1077 -3.22803% 10710 0.5 0.5 -p.11385 x 1070
27 0.506708 0.506708 ~120123x107"0 | spstosx107? 4g1812x107¢ 222929 10710 05 05 -771818% 10711
28 0.506708 0.5086708 -53a42ax10710 | z2psamx107d 2273422 107% 26892710710 05 05 227288 10710
25 0 508708 0.506702 507748 10710 124885 % 102 118918 % 10-¢ 1.7329 10710 0.5 0.5 275382 10710
3 0.506708 0.506708 -394292x 10770 | Bats17x1070 | s7E3qxqp7T? 115385 % 10710 05 05 23tzzx10710
21 0.506708 0.506708 -285089% 10710 | zeteasx100 | 2s3708% 10710 7.79222% 101! 05 05 170802% 10710
32 0.506708 0.506708 ~198007x107"0 | 1.sg838x 10710 129785 % 10710 499312 107" 05 05 1.19532% 10710
23 0.506708 0.506708 -128425% 10710 9.8355x 10711 6.88436% 107" 295114 x 107" 0.5 0.5 8.05985x 10711
24 0 508708 0.506708 ~451474x 107" 484328 % 107" 339128% 107 12821 %407 0.5 0.5 277783 % 107
a5 0.506708 0.506708 200217 %1070 | -210824x107% | 187085 %107 ~1381a %107 0.5 0.5 1374331070
38 0.506708 0.508708 easitaxin | —aprzzaig s2zaex 107 | -s43s11 2107 05 05 ~320778x 1070
a7 0.506708 0.506708 es085x 107" 728474 107" sosarax1g? | -7Bep1zx 10" 0.5 0.5 -~egamatx 107
38 0.508708 0.508708 grarrixin? | —7asr7eng 150888 x 1072 | -75513gx 107" 0.5 0.5 -sgas28% 1070
a9 0.508708 0.506708 casxn? [ -zamsrrer™ aaam 21070 | -a45m13x 107" 0.5 0.5 -zgsszx 1070
4 0.506708 0.506708 soterexi0? | -27s219%907" agem6x 107" 250084 107" 0.5 0.5 -207748x 1070
41 0.508708 0.508708 31sg1x10? | —zs7reseno | zasesexio™ | -zsssazxio”! 0.5 0.5 —2172ar 1070
42 0.506708 0.506708 37878ax 10710 | _ase72gx 07T 147583%10°% | -3.80802x 107" 05 05 258411 x 10710
43 0.508708 0.508708 3s7est=10710 | -as0sat =g 5792181071 ~3.8151 = 10711 0.5 0.5 -288185x 1070
44 0 508708 0.506702 2e3545x 10710 | -2.47528% 1071 285224x 107 | _247812x 107" 0.5 0.5 -1.31287x 10710
45 0.506708 0.506708 147033 %1079 -1.1993x 107" 140552 107" -1.20131x 10718 0.5 0.5 -1.01888 % 10710
48 0.506708 0.506708 101889x10710 [ -7.20089%102 | eszaeax10-® | -7.20781x10-12 05 05 707842 10711
47 0 506708 0.506708 g.57202 % 1071 -8.85425x 1072 | a41081x107 | _essresx10-T2 0.5 0.5 -6.64174x 107!
48 0 508708 0.506708 9.62049x 10711 -7.48821 %1072 168008 19712 7457992 1072 0.5 0.5 -6.65615x 10711
48 0 508708 0.506702 711515 % 10711 -551489x 10712 | az7e1ax107® | _ss1ms1xqp7T2 0.5 0.5 -4.81851 % 107!
5. 0.506708 0.506708 338513x107" | -220087%107"2 | so7essx107® | -zz0108%10772 05 05 -234579 107"
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Table 4: Comparison between ND Solve Method and MS-DTM for SEIR Model atb = 0.25, B = 0.5,u =
0.625,& =03,y = ganda =0.1.

t §0NDSoke | s Me-Dim E”;f‘%” {3DSate | i Me-Dim E"m?‘f:?’m SOMS-Dim | o MDSohe E”“;?f%’m 0 MDSobve | o0 Me-Dim E"m;?‘f?m
0. 0. 0 0 1 1 0 1 1 0. 0. i 0

0.1 0.0447788 00447785 | 23834251072 0.996324 0996324 2015710712 | 0.000248028 0000246028 [ 4 284490710 0.0583829 00552028 | 285145% 1072
02 0.0805348 0.0805348 247897 x 1073 0.981248 0881248 a9 10710 | 0000831432 0000831432 | 328757 10-10 0.105581 0.105561 -215418x 10710
03 0.109396 0.109396 592099 x |[|'5 0.957718 0857718 1.89288 x 13'5 0.00084826 0.00084826 43380401711 0.14788 0.14786 -4.32861x w-'{)
04 0.132784 0.132784 128928 % 10 0.926873 0926973 eamrxnn? 0.00100441 0.00100441 -1.1429% 107 0.183649 0182843 |-8.35861 %1070
05 0.151987 0.151987 125048 10 0.830183 0330183 5g4g73x10? 0.00110831 0.00110891 20785107 0.213313 0213313 -40838 % 10710
06 0.168012 0.168012 223889 107 0.848441 0248441 159424 107 0001171923 000117182 |- 84451 %1072 023728 023728 254p18x 107
07 0.181685 0.181885 samEazx 0% 0.802782 0802782 -23e7e2x 1070 | 000120182 0.00120162 | 500592 %1071 0.255953 0.255953 -4 73497 %107
08 0.193589 0.193589 2947750 107% 0.754088 0754088 35101010 0.00120472 0.00120472 | 2.23002%10°% 0.269766 0.269766 1099831 10%
09 0.204224 0.204224 388491 21073 0.703271 0703271 5585531 105 0.00118676 000118678 | 123734 % 10710 0279144 0272144 2197081078
1. 0213922 0213522 210428 x 1078 0.651097 0851057 547709 1078 0.00115217 0.0015217 2121329071 0284512 0.284512 231534078
11 0222966 0.222966 27963 10 0538288 0538269 79ugax10% | 000110458 000110454 | -zez088x10-¥ | 0.288284 0.286285 3778850108
12 0.231581 0.231581 284351 107 0.545413 0545413 5957421078 0.00104674 000104674 | 1083522 10710 0.284886 0.284888 3430451078
13 0.233853 0.233859 32204201078 0.433063 0433083 961274x10% | 0.000381109 0.00038108  [-1.40485% 1070 0.230845 0.280845 570281 x 1078
14 0247973 0.247973 298085 % 10 0.441763 0441763 95705410 | 0000309569 0000309564 [ -238874x10F 0273996 0.2739% 538879 10
15 0.255979 0.255579 23938 %1078 0.391889 0391368 558985105 | 0000833702 0000822657 [ -5.45584x107F 0.265272 0.285273 5864535 105
18 026333 026393 202080 107% 0.343753 0343753 8513720 108 0.00075438 0.000754353 | _gasaztwig? 025431 0.25481 5808520 108
17 0.271859 0271859 1836808 % 10 0.297707 0.297707 98188105 | 0.000874195 0o00s7ae7 | 23tsaxn0? 0.242921 0.242921 7308452 10
18 0.279781 0.279781 153894 108 0.253969 0253969 958118 x10 | 0.000532751 0.000532751 | 311888 x 107" 0228858 0223898 338222 108
19 0.287702 0.287702 1.14877x 10'5 0.212722 0212722 5.51445x 13'5 0.000511427 0.000511425 | -1.88209x 15'5 0.218009 0.216009 8.29851x 15'5
2 0.295612 0.295612 7940591078 0.174104 0174104 788848105 | 0.000431042 0000421042 | 54288510710 0.201501 0.201501 851418210
21 0.303433 0.303439 42534701078 0.138208 0138208 eazaaxio® | 0000282382 0000252383 | gararaxtod 0.188587 0.188537 553202 0%
22 031134 031134 150443 1078 0.105089 0105088 5518410 | 0000278023 0.000278023 | 9 10024+ 107" 01718 01718 954292 10
23 0.319111 0.313111 -1s0eeeeto? | ooreTess 00747853 c17982x407% | 0000202882 0000202681 [ -1.45311 x107% 0.158389 0.158389 102043 %107
24 0.328781 0.326781 _2p4z2n g 00472242 0.0472243 2azmmaxqr® | 0.000132868 0.000132872 | s@oa14xtg? 0.141424 0.141424 938848 x 108
25 0.234318 0.334318 407832 13'5 0.0224281 0.02242681 3.13839x% 13'5 0.0000870848 0.000087082 | -1.93208« 13'5 0.126743 0.126743 £.35974x 13'5
28 0.34189 0.34188 _2BIBEAx 13"3 0.000307041 0.000307053 1.23184x 13'5 E 72015 13‘5 573209 13‘5 193505 13'5 0.112488 0.112488 7.02401 % 15'5
a7 0.343884 0.343884 132198 % |g'5 -0.018173 -0.0192173 7_|7327x13'5 -0.0000508228 | -0.0000508327 |_ggs7osx1p7"" 0.0926943 0.0986943 5_95323x15'5
28 0.355805 0.355805 _274338 % 13'5 -0.0362482 -0.03682482 | -1 @E105x 13'5 -0.000102337 | -0.000102238 | @g34m8x 13"'3 0.0855118 0.0855118 £.39042x 15'5
25 0.382482 0.362482 _ 18855 13'5 -0.0505013 -0.050%013 | -2 57858« 13'5 -0.000148581 | -0.000148578 | 2.47m17x 13'5 0.0728867 0.0728888 £FO7Rx 15'5
3. 0.258885 0.388885 20505« 13'5 -0.082304 -0.0832031 ~205992 % 13'5 -0.000189434 | -0.000189434 |.224487x 13"3 0.0811723 0.0811724 &.4730Tx 13'5
31 0.374927 0.374927 _1.22585x 13'5 -0.0735888 -0.0735889 | -5 07586 13'5 -0.000224855 | -0.000224853 | 1.5eEg3x 13'5 0.0501083 0.0501083 450028 % 13'5
32 0.280844 0.380844 310802 % 15"9 -0.08189 -0.0818001 | -5g3gp7x |g'5 -0.000254858 | -0.000254858 | g .43mEFw |g"'3 0.0388217 0.0388217 375745 15'5
33 0.385995 0.385995 {49852 x 13'5 -0.0882382 -0.088382 -A.954A8 x 13'5 -0.0002795239 | -0.000279541 | -q30845x 13'5 0.0303284 0.0303284 317985 x 13'5
34 0.390983 0.390983 _3.9512x |g"'3 -0.093182 -0.093182 _B10982% 13'5 -0.000293058 | -0.000299058 | 2@sesg« |g"'3 0.0218341 0.0218341 321132 % 15'5
35 0.395537 0.3958537 151148 % 13'5 -0.0864476 -0.0864477 -9Eg2% 15'5 -0.000313623 | -0.000313623 | 1.18849% |g"'3 0.0137385 0.0137356 5.41347% 15'5
38 0.399707 0.399707 _g7aancqg -0.098325 -0.0863251 107307« 13'7 -0.000323503 | -0.000323504 |-388318x 13"3 0.00882154 0.00882158 193394 x 15'5
37 0.40348% 0.40347 598891 x 13'5 -0.0985577 -0.0989578 | -1 15489 |g'7 -0.000323007 | -0.000328008 |-33a014x 1;]"‘3 0.000274082 0.000274095 | 335785« 15'5
38 0.408825 0.408825 101534 x 13'5 -0.05648523 -0.0564855 | -9 24249x 13'7 -0.0002320479 | -0.000320478 .433545:‘13"3 -0.00532074 -0.00833078 | -98514T « 13'3
39 0.408779 0.408779 18344 % 13'5 -0.0970428 -0.0970427 | -1 28482 |g'7 -0.000328288 | -0.000328288 |_4g7143x 13"3 -0.0102218 -0.0102218 | _223816x 13'5
4 0.412337 0.412337 231878 % |g'5 -0.0847584 -0.0847685 | _q 24743 % |g'7 -0.000322822 | -0.000322822 |_41apazx 13"9 -0.0144318 -0.014432 _237335% |3'5
41 0.414513 0.414513 224027 13'5 -0.0917554 -0.0917888 | -9 128R9x 13'7 -0.000214477 | -0.000314477 |-4p8007= 13"3 -0.0179873 -0.0179973 | -285354x 13'5
42 0.418321 0.418321 244945 ¢ |g'5 -0.0881493 -0.0881434 | _q posesx |g'7 -0.000303852 | -0.000303852 |_271012x 13"3 -0.0209585 -0.0209585 | _2Egp92x 13'5
43 0417779 0417779 27882% 15'5 -0.0840485 -0.0840488 | -opegzax 13'5 -0.000280738 | -0.000280738 .337435x1n"3 -0.0233438 -00233438 | -2 oeR29 % 13'5
44 0.418908 0.413808 303767 % 13'5 -0.0795539 -0.0795538 | _75g884x 13'5 -0.000276117 | -0.00027817 |-2 51554”3"3 -0.0252188 -0.0252188 | 291349« 13'5
45 0.418725 0.413725 201027 % 13'5 -0.0747584 -0.0747584 | _m@R1a1x 13'5 -0.00028015 -0.00028015 | _2.0788x |g"'3 -0.0268057 -0.0268057 | _229543x 13'5
48 0.420258 0.420258 27876« 13'5 -0.0897473 -0.0897474 | _485081x 13'5 -0.00024318 -0.00024218  |-q78703% 13"3 -0.0275525 -0.0275525 | -q74382x 13'5
47 0.420531 0.420531 250829 13'5 -0.0845882 -0.0845983 | 457998« 13'5 -0.000225522 | -0.000225523 |_1gaz17x 13"3 -0.0281011 -0.028101 _1.48349x 13'5
43 0.420887 0.420887 229097 ¢ |g'5 -0.058321 -0.058381 _414134% |g'5 -0.000207487 | -0.000207487 | 15023 |g"'3 -0.0282825 -0.0282825 | _q7eps2x |3'5
43 0.420392 0.420392 1 BBREx 13'5 -0.0541579 -0.0541579 | -345705 ¢« 13'5 -0.000189273 | -0.000185273 |-913814x 13"3 -0.0281688 -0.0281688 | -mp@o%dnx 13'5
5. 0.420031 0.420031 1.41418% |g'5 -0.048984 -0.0489841 | 211287« 13'5 -0000171172 | -0.000171173 |_gosgazxqg™' | -0.027762¢ -00277624 | _2p2489x 13'5
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Table 5: Comparison between ND Solve Method and MS-DTM for MSEIR Model atB = 0.6,6 = 0.9,u =
0.1, =0.3,8 = 0.5andy = 0.2.

; Al | el | Er”"r T T E””;}’i?m W\ | £0Dm E““’;}’f?’“ Q08 | )edm B“”;}’ﬁ?”"r’ R E““’;}’fﬁm
0. 1. 1 0 1, 1 0. 0 0 0 1, 1 0. 0 0 0

01 0385865 1455885 g10azex 07" 113503 113508 772 | 0007228 oo7sne | -2gmon xqg 1015% 1015% Sz | 0020001 o000t | zezgapxtg™
02 174515 0745158 a7 ind 128417 125407 g | ooogsense ooessnss | -7aomnenl 104855 104555 i 004323 004z |-13nazne?
03 083275 0832758 a5t 136113 1313 armsen? | oaesenan oozt | -szsexnp 108193 108183 g | ooa0s ooeosss | -2tgzreng
04 0536673 053673 s opaganp? 142288 14225 12mmor 01108322 00 | 1 7umng? 112441 112841 1amenir? 00823389 ooeees | -gorErten!
05 0458108 0458108 Y 148851 1.48851 oo | oonET 0o |- st 117213 117213 - i 0104421 0104471 27
08 0396202 0396202 -0 149112 1482 3ee581 0100 00120882 ooE | 11360 122411 1241 gt iz 012 anpst7xp
07 034883 0348838 szt 148388 148388 apgnr? 01126528 00126826 210531107! 12784 12783 st 015088 018088 a2sppen 12
03 0313479 031137 -0 10 147888 147388 i 0.m31172 0013172 bRkl 133881 133681 -4aae 10 0175388 017538 i azageie”Tl
09 0280667 0.288667 2610 148317 148317 e 00134638 0013463 2720108 13958 1.39858 - g1 0.20083 020083 bR
1 071232 0271232 gt 141878 141878 25Tt 0.0136878 ootens | 2zgmenr 148475 145478 2tz ! 0227184 0227134 1apenr
11 0255483 0.253683 it 137325 13738 seszTig? 0013827 0013827 305010 15135 15135 aart o) 0.25847 025447 g
12 0253288 0.253288 A7 13248 132488 gapsg 10 0.01385%8 0orgsss | -1gzeerp? 15711 187 t a7asger 0282634 0262634 g
13 0250425 0.250425 a0 1273% 12733 ayaeng? 01138054 00128054 et 162693 16269 1atsgnn? 0311648 e | -gaprgnng™?
14 0250821 0.250521 210 1202 12202 P 01136738 0neenE | adspextorld 168041 188041 eyt 034148 13414 -4agggg 10710
15 0252994 0252994 Ayt 116883 116653 1a7zge 00134749 oy | -t 177 17307 sampe 0371 wyms | -agsrenr
18 0287405 0.257405 trasgn 111328 11328 120tegnr 0.01321% 0otas | -szammaxng 17785 17785 2msmoe? 040324 040324 -gggrnarqp”!
17 1281413 0.283473 A0 1081 1081 2600901078 01128184 10128184 Ll 18225 182258 R TP 0435088 0435088 2t
14 0270792 02107 -43mae 101081 10081 1 msgg e 00128814 oozt |-9penenn? 186283 188298 1a7igra? 0487418 0487415 i !
13 0278314 0278314 g 0882201 0562201 spmeg? 00122181 ooz | -azamen? 138843 143848 et 0500208 0500208 i
1 1.283328 0268828 R 091818 091618 anapgsnigd 00116375 oorers | apesggnio 153222 15322 Ryt 0533384 0533384 -7
2 0289203 0.298203 -agm0ge 107 0872783 0872783 aersgrig? 0011478 00rieats | -t sm0ams 0t 156114 15614 -2t 0566803 0588803 11zap=10®
2 0310325 0.310325 gt 083208 083205 aaeetnn? 01110854 oomogs | -asznenip? 158 18383 _agongrio® 1800443 0600448 1t
3 0.3220% 032209 41710 0734137 0784137 asegain? 0010867 0.0108671 il 200784 200784 st 0834222 0834222 1388110
4 033440 033423 - 0759031 0.78903 aspsgpig? 00102878 00102875 a5t 202689 202589 -t ggare 0868053 0630083 28mgEe 0
25 0.247224 03472 _ET4B19% 13'5 0.726708 0.726708 997919% “]'5 0.00882102 0.00882103 1885471 m'i 204088 204088 BT m'i 0701874 0701874 2088091 m's
28 0.380409 0.380403 870 19'5 0.697109 0897109 089521 x 13'5 0.00957079 0.0097078 | 795788 w'i 205234 205038 238034 13'5 0.735822 0.735822 28989 % m'z'
a7 0373908 0.373%05 B R1RR 10'5 08mme2 0870182 724828 13'5 0.00823928 000923828 | -530912x 13'3 208118 206118 405800 1:]'5 0.768237 0.789237 407059 13'5
28 0.38763 0.387628 720458 13'5 0645772 0.845773 509891 % “]'5 0.00332832 0.00882833 7 RLERL m'i 208734 208738 BO7ER! m's 0.802687 0.802688 47RR9x m's
29 0401503 0.401503 79703 19'5 0623838 0623838 248105% 13'5 0.00863915 0.00883315 | _180501 ¢ w'i 2 2miz 1121 xm'T 0.835882 0.835862 RIS 13'5
3 0418444 0415444 _B7RIRx 13'5 0804243 0804243 953803 13'5 000837248 0.00837248 247508 13'5 20774 2078 154381 x 1:]'7 0888781 0.888781 BOF22x 1:]'5
Al 0428373 0428313 _8.99424x 13'5 0586882 0536331 RYLITE] m's 0.00312859 0.00812858 | 95109 m"a 20742 0mea 140821 m'T 0801384 0301364 £73003% m's
12 0443208 0.443208 7 42087 19'5 057163 0571838 5 085E0 13'5 0.00790753 000780783 | 272180 13'5 20m3 207039 183808 13'7 0.53384 0.933833 B.19080% m'z'
33 0458088 0.458888 741881 % 13'5 0556402 0558402 _T71RREx 13'5 0.00770905 000770804 | g 53090 13'3 208838 208888 243257x 1:]'7 0985518 0985518 828001 13'5
34 0470272 0470272 _LRDRf e 13'5 0547086 0547088 T2 m's 0.00753267 0.007R387 | _4 RRanx 13"9 208208 208209 1737634 “]'7 0.998857 0996937 £ BFg 15'5
35 0.493339 0483338 42715 19'5 0537525 0537425 9 887ER 13'5 0.00737783 0.00737783 | _g 24483 m"a 208821 20581 197002 13'7 102808 102808 572829% m'z'
38 048538 043559 _4 B4 13'5 0.529673 0529679 138808 ¢ 13'7 000724382 000724383 74887 13'5 20484 204588 228811 x 1:]'7 1.05888 105868 Rty 13'5
7 0503147 0508147 307803 13'5 0523432 0523432 _ 1 FRBRd |g'7 00071298 0.00712888 | -9.09339% m'i 20419 204198 DELRLEN “]'7 108888 108888 BRRIN Y m's
13 0519736 0519738 35197 19'5 051869 051889 — 1842091 13'7 0.00703517 0.00703518 gnggxw'i 209393 20139 2E8204% 13'7 111858 111858 53081« m'z'
33 0530888 0.530888 _2233Rx 13'5 0515383 0515363 203087 13'7 000835884 000893884 | 307079 13'3 20268 20255 283801 % 1:]'7 114784 114784 4 BR055 13'5
4 054083 054083 131141« m'i 0513385 0513385 ) g4775x|g'7 0.0083353¢8 0.00883887 | _3q4560% m'i 201882 e 2443Tx “]'7 117684 117884 448798 m's
41 01550408 0550408 19325% w's 0512609 0512609 2128391 13'7 0.00835767 000885787 | _s (7R48 m"a 200803 200803 228104x 13'7 1.20438 120488 3,00009% m'z'
42 01553084 0.559084 280407 13'5 0.513008 0.513008 _014134x 13'7 000883099 000883088 | 383080« 13'3 199925 1.99925 207348 % 1:]'7 1.23287 123287 257 13'5
43 0586853 0586853 5 ARITAN |g'5 0514478 0514478 D AR |g'7 0.00831887 0.00641887 1357180 m'i 189058 1.990%8 1 85007 “]'7 12603 1.2603 91783 m's
44 0573737 0573737 7.9979x w's 0518932 0518932 1 8737 13'7 0.00832085 0.00882085 | _z57891x w'i 158213 18213 143205 13'7 128789 12878 218818% m'z'
45 0579887 0.579887 771082 13'5 0.520281 0.52028 24138 x 13'7 000883502 0.00883502 283058 13'5 19739 197399 13882x 1:]'7 131364 131384 282088 13'5
48 0534888 0584688 1.90422¢ |g'5 0524433 0524433 2 4d1dE |g'7 0.00838108 0.00888105 | _549149n m'i 198824 198624 1 Q3754 “]'7 13397 133887 2247ER m's
47 0588729 0588728 99831 x w's 0.5282%8 052929 _2MM0ET 13'7 00088377 0.00883783 | -1 2833 19'5 195895 195895 1.40816% 13'7 1.38569 1.38569 1,96981 1 m'z'
48 0.59182 059182 108473 % 13'7 0,543 0534173 _;;gmme 000834384 0.00894384 288483 13'5 196219 196219 120583 1:]'7 1.39102 138102 1 B01ETx 13'5
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V1. Conclusion
In this paper, semi analytical solutions have been evaluated using the Ms-DTM method and compared with
ParametricNDSolve solutions. The results are displayed through figures andtables.
The main findings are as follows:
e Ms-DTM provides the solution in terms of convergent series over a sequence of subintervals.
e SIRs models study the influence of treatment on the HIV virus.
e Ms-DTM more reliable and accuracy than others methods.
e Our tables show a good agreement between Ms-DTM and the Mathematica software package
(ParametricNDSolve) and compare the errors for the given solutions by the two indicated methods.
e The displayed data show that errors in our solutions are of magnitude less than 4.07685 x 10716,
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