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Abstract: A right near-ring N is called Quasi-weak commutative if xyz = yxz[3].A right near-ring N is

called quasi weak m- power commutative if x™ y z = y"xz for all x,y,z € N,where m =1 is a fixed integer [5].An
algebra A over a commutative ring R is called scalar quasi-weak commutative if for every x,y,z € A there exists
a = a (x,y,2) € R depending on x,y,z such that xyz = a yxz [8] .In this paper we generalise the concept of scalar
quasi- weak commutative as scalar quasi-weak m- power commutativity and prove many results.
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I. Introduction:

Let A be an algebra (not necessarily associative) over a commutative ring R.A is called scalar
commutative if for each X,y € A,there exists a € R depending on X,y such that xy = ayx.Rich[11] proved that if
A is scalar commutative over a field F,then A is either commutative or anti-commutative. KOH,LUH and
PUTCHA [9] proved that if A is scalar commutative with 1 and if R is a principal ideal domain ,then A is
commutative. A near-ring N is said to be weak-commutative if xyz = xzy for all x,y,z € N (Definition 9.4,
p.289, Pliz[10]. An algebra A over a commutative ring R is called scalar quasi weak commutative, if for every
X,y,Z € A, there exists @ = a (x,y,z) € R depending on x,y,z such that xyz = a yxz [8] . In this paper we define
scalar-quasi weak m-power commutativity and prove many interesting results analogous to our own results[8].

1. Preliminaries:
In this section we give some basic definitions and well known results which we use in the sequel.
2.1 Definition [ 10 ]:
Let N be a near-ring.N is said to be weak commutative if xyz = xzy for all x,y,z €N.
2.2 Definition:
Let N be a near-ring.N is said to be anti-weak commutative if xyz = - xzy
for all x,y,zeN.
2.3 Definition [2]:
Let A be an algebra (not necessarily associative) over a commutative ring R.A is called scalar commutative if
for each x,y € Athere exists a = a(X,y) € R depending on
X,y such that xy = ayx.A is called scalar anti- commutative if xy = -ayx.
2.4 Lemmal5]:
Let N be a distributive near-ring.If xyz = + xzy for all x,y,z € N,then N is either weak commutative or weak
anti-commutative.
3 Main Results:
3.1 Definition
Let A be an algebra (not necessarily associative) over a commutative ring R. A is called an scalar quasi- weak
m-power commutative if for every x,y,z € A, ther exists scalar « € R
depending on x,y,z such that x"yz = a y"xz.
3.2 Definition
Let A be an algebra (not necessarily associative) over a commutative ring R. A is called an scalar quasi- weak
m-power anti-commutative if for every x,y,z € A, ther exists scalar « € R
depending on x,y,z such that x"yz = —a y™xz.
3.3 Theorem:
Let A be an algebra (not necessarily associative) over a field F.Letm e z™.
Let (x+y)™ =x™ +y™ holds for all x,y € A.Assume a™ = a V a € R.If for each x,y,z € A there exists a
scalar a € F depending on x,y,z such that X" y z = @ y™ x z then A is either quasi weak m-power commutative
or quasi-weak m-power anti-commutative.
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Proof:
Suppose x™yz = y" xz forall x,y,z € A,there is nothing to prove.Suppose not, we shall prove
that x"yz=-y"xzforall x,y,z € A.

First we shall prove that if X"y z # y™ x z,then x™! z = y™* 2 = 0.

So, assume X"y z = y" X z.
Since A is scalar quasi weak m power commutative,there exists a = a(X,y,z) € F such that

X"yz=ay"xz — (1)
Also there exists ascalar y = y (x,x+y,z) € Fsuch that x™ (x+y)z=7y (x+y)" xz.

ie, X" (xty)z=y (x" +y") xz — (2
(1) - (2) gives
X"yz - X™z-x"yz=ay™z -y x"z- yy"xz
Ly) X" z=(y—a)y" xz —(3)
Now y™ xz = 0 forif y™ xz = 0,then from (1) we get X" yz=0andso x"yz =y™ xz, contradiciting
our assumption that x™ yz =+ y™ xz.
Also y = 1,for if y = 1,then from(3) we get @ = y = 1.Then from (1) we get x™ yz =y™ xz, again a
contradiction.
Now from (3) we get
m+1 y-—a m

X" z="—y"xz

i.e, x™z = By"xz forsome B € F. — (4)
Similarly y™ z= § y" xz forsome § € F.— (5)
Now corresponding to each choice of a3, a5, a3, a4 in F, there is an 1 € F such that
(ax+ay)" (@sx+ayy)z= n(asx+ay)" (ax+ayy)z
e, (" X"+ a"y") (asx+asy)z=m(as" X"+ a"y") (e x+ayy) z.
Since a"=a forall «a € F, we get
c(a X+ ayy") (asx+agy)z= n(asx"+ay") (e x+ayy)z.
sagazy XMz + ayaxM yz + ayazy™xz + ayay™'z
=n(aza; X"z + aza, X" yz + aga,y" Xz + aga,y™z — (6)
a3 BY"XZ + aasX"yzZ + ayazyXZ + apa, SY™XZ
=n(asa; BY"XZ + aza,X"yzZ + a,a,Y"XZ + aga, SYTXz)
aras faX"yz + a X" Yz + ayas a XTyz + ayay 5 atxXMyz)
=n(aza1 BY™XZ + aza, a Y"XZ + a,a;Y"XZ + a,a,8 Y'X2Z)
(a3 Bat+ayay + ayas a™t + aya, § a~Hx"yz
=N(aza1f + aza; @ + aua; + a,a,8 )y"™xz — (7)
In (7) we choose a,-0, az=a;=1,a,=-p.
The Right handside of (7) is zero where as the left hand side of (7) is
(Ba™' - B)x"yz=0
Bla™t-1)x"yz=0
Since x"yz#0anda # 1, weget g =0.
Hence from (4) we get x™'z = 0.
Also if in (7) we choose a3 =0, @, = a, =1and a; =-§ the right side of (7) is zero where as the left
side of (7) is
(-6+6at)x"yz=0
ie, 8(a t-1)x"yz=0
Since x™yz = 0and a # 1, we get § = 0.
Hence from (5) we get y™'z = 0.
Then (6) becomes
a0, X" YZ + aya3 Y xz =1 (aza, X" YZ + agay" X2)
e, aay X"yz+aza; a”t X" yz= n(azay X" yz + aza; a”t X" yz)
(a, + aaz a ') X" yz= n(aza, + apa; @) X" yz
This is true for any choice of aq, ay, a3, a4 €F.
Choosing a;=az=a, =1and a,=- a~! we get
(1-(a7t)2)x"yz=0.
Sincex"yz#0, 1-(a"')?2=0.
Hence (a™')2%2=1 ie,a=+%1
Since @ # 1,we get «a =-1.
ie,x"yz = -y"xzforall x,y,z €A.
i.e., Alis either quasi weak m power commutative or quasi-weak m power anti-commutative.
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3.4 Note:
Taking m = 1, we get Theorem 3.2[8].
3.5 Lemma:
Let A be an algebra ( not necessarily associative) over a commutative ring R.Letm € z™.
Suppose A is scalar quasi weak m — power commutative.Then for all x,y,z € A, @ €R, a x"yz =0 iff
ay"xz=0.Alsox"yz=0iffy" xz=0.
Proof:
Let x,y,z € Aand a € R such that @ xX™yz = 0.Since A is scalar quasi weak m — power
commutative there exists 8 = B(y,x,az) € R such that y" x(az) = 8 x" y(az).
ie,ay"xz=p8ax"yz=0.
Conversely assume a y™ xz = 0.Since A is scalar quasi weak m — power commutative there exists
y =y(X,y,az) € R such that
X"y (az) = yy" x(az).
ie, ax"yz=yay"xz=0.
Thus ax"yz=0iff ay"xz2=0 Va €R.
Now assume x™yz = 0.Since A is scalar quasi weak m — power commutative,there exists scalar
8(y,x,z) €R such that y" xz=48 x"yz=0.
Conversely assume y™ xz = 0.Then there exists scalar n =1 (x,y,z) € R such that X" yz =5 y" xz = 0.
Then x"yz=0iff y"xz=0.
3.6 Note:
Taking m = 1, we get Lemma3.3[8].
3.7 Lemma:

Let A be an algebra ( not necessarily associative) over a commutative ring R.Let m € z*.
Supppose(x+y)™ = x™ + y™ for all x,y € A and every element of R is m — potent (i.e., a™ =a V a ER).
Letx,y,z,u€EA, a,f €R suchthat x"u=u"x,y"xz=a x"yzand (y+u)" xz = g x" (y+u)z , then
X"u-ax™u-B x"u+ap x"u)z=0.

Proof:

Given (y+u)"xz=p x" (y+u)z — (1)
y"xz = ax"yz —(2)

and x"u=u"x —(3)

From (1) we get
(y"+u™) xz =g x" (y+u)z
(ie) y"xz +u™xz = Bx"yz + Bx"uz — (4)
a X" yz + u™xz = Bx"yz + Bx"uz(using (2) )
a X" yz + x"uz = Bx"yz + Bx"uz( using (3) )
X" (ay+u—py—pu)z=0
By Lemma 3.5, we get
(ay +u—py—pu)'xz =0
((@y)™+u™- (BY)"~(Bu)") xz=0
((mem +um_ ‘Bmym . lgmum) xz =0
Since R is m — potent, we get
(ay™+u" - py" — pu™) xz=0
(ie) ay™ xz+u"xz—By" xz— u™ xz=0
ay" xz+u"xz—af xX"yz-pu™z =0 — (5)
From (4) we get
y"xz — Bx"yz = fx"uz - u™xz

Multiply by a
ay™z — afx"yz = afx"uz - au™xz — (6)
From (5) and (6), we get
afx™uz - au™xz+u"xz- B u"xz=0.
(@fx™u - a u™+umx-pumx)z=0.
ie, (U™X-au™x-Bu"x+apx"u)z=0.
e, (X"u-ax"u-gx"u+apx"u)z=0.
3.8 Corrollary:
Taking u = x,we get
(Xm+1 —a Xm+1 _ B Xm+l + O!BXm+l) 7= O
X"—ax™) (x-pBx)z=0.
ie, X" (x-ax)(x-pBx)z=0.
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3.9 Note:
Taking m = 1,we get Lemma 3.4 [8] and corrollary 3.5 [8].
3.10 Theorem:
Let A be an algebra ( not necessarily associative) over a commutative ring R. Let mez".
Suppose (x+y)™ = x™ + y™ for all x,y € A and that A has no zero divisors. Assume every element
of R is m- potent. If A is scalar quasi weak m-power commutative, then A is quasi weak m-power
commutative.
Proof:
Let x,y,z € A.
Since A is scalar quasi weak m-power commutative there exists scalars a = a(y,x,z) e R and
B = By+x,x,2) e R
such that
(y+x)" xz = Bx"(y+X) 2 —(1)
y™z = ax"yz —(2)
From (1) we get
(" +xxz = px"yz + px
(ie)  y"xz+x™'z=pBx"yz + px"'z —(3)
ax™yz + x™z - px"yz - px™'z=0 (using (2))
X" (ay +x—By-px)z=0
By Lemma 3.3 we get
(ay +x - By - fx)"xz =0
((mem + XM ﬁmym _ ﬁme) xz =0
(ay™+x"—By" - px™ xz =0 (since R is m potent)
(ie) ay™ xz + x™z — By™z — px™'z =0

+1
™z

ay™ xz + X"z — afx"yz - px™'z2 =0 —(4)(using(2))
Multiply (3) by «
ay™ xz - afx"yz + ax™'z - apx™'z =0 —(5)

From (4) and (5) we get,
XMz — Bx™z - ax™z + afx™'z = 0
XM (X — ax® = BX* + afx®) z=0
X" x — ax)(x— Bx) 2= 0
Since A has no zero divisors,
x =0 (or) x-ax =0 (or) x-Bx =0
If x =0, then x"yz = y™xz
If X = ax, then from (2) we get
y"axz = ax™yz
a (y"™xz -x"yz) =0
Since a # 0, y"xz = x"yz
If x = Bx, then from (3) we get
y" xz + x™'z = x"yz + X"z
y"xz= x"yz  (since g =M
This A is quasi weak m-power commutative.
3.11Note:
Taking m = 1, we get Lemma 3.6 [8]
3.12Definition:
Let R be any ring.Let m > 1 be a fixed integer.An element a € R is said to be m-potent if a" = a.
3.13Lemma:
Let A be an algebra with unity over aP.I.D R. Let m ez". Assume (x +y)™ = x" +y"
for all x,y €A and that every element of R is m — potent.If A is scalar quasi weak m — power commutative,
x €A such that O(x™?) = o,then x"yz = y™ xz for all y,z €A.

Proof:
Let x €A such that O(x™?) = 0.
Lety,z €A.
Then there exists scalars a = a(y,x,z) eR and 8 = B(y+X,X,z) €R such that
()" xz = B X" (y+x) z —(1)
and
y"xz = a x"yz —(2)

From (2) we get

(" +xMxz =B x"yz+ B x"z
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y™ xz + x™ z—ﬁx yz+ B x™z

ax"yz + x™
X" (ay +x-By-px)z=0
By Lemma 3.3 we get
(ay +x—By—px)" xz =0
(amy"‘+ ><m
(a,ym +xM-
aym XZ + Xm+1
ay™ xz + X
Multiply (3) by «,
ay™ xz — aBfx™ yz + a x™*
From (4) and(5) we get
XMz - BX™z —a x
a—pB+aB)x™z=0

—-pxMxz=0
Z-By" xz - Bx

m+1

(1-

ie(l-a)(1-B)x™z=0

z—- B x"yz- Bx

m+1

z-apx"yz - ﬁxm”z =0.
m+1
Z-afx "z

™z+af X" z=0

— )

m+l 0

- BmY™ X" X2 = 0

(using (2) — @

=0 — ()

— (6)

Thus for each z €A, there exists scalars yeR and § R such that

)/Xm+1 0

and  &X™'(z+1)=0
y X(8) — 6 x(7) gives
Therefore ydx

m+1. m+1 m+l

Z+yoX - ydX

yox™ =0
Since O(x™*) = 0, we get
y=0 (or) §=0
Hence from (6) we get (1-oc)(1-8) = 0.
(ie) eithercc =1 (or) B =1
If oc =1, from (2) we get y"xz = x"yz
If g=1,from (1) we get
(v +X)"™z = X"(y + x)z
(" +xMxz =x"yz + x™z
meZ + Xm+1z — meZ + Xm+1Z
(ie) y"™xz=x"yz
Hence the Lemma.

3.14 Lemma:

— ()
— (8

=0

Let A be an algebra with identity over a P.I.D R. Let mez*. Suppose that (x + y)™ = x™ + y™ for all
X,yeA and that every element of R is m-potent. Suppose that A is scalar quasi weak m-power commutative.
Assume further that there exists a prime peR such that p™A = 0. Then A is quasi weak m-power commutative.

Proof:

Let x,yeA such that O(y™x) = p* for some kez"
We prove by induction on k that x™yu = y™xu for all ueA.

If k = 0, then O(y™x) = p° = 1 and so y"x = 0.
So y™xu = 0 for all ueA.
By Lemma 3.3 x™yu =0 for all ueA.

So assume that k>0 and that the statements true for all 1< k.
If y™u-x"yu=0 V ueA, then there is nothing to prove.
So, let x™yu —y™xu # 0. Since A is scalar quasi weak m-power commutative, there exists scalars

o = «(X,y,u) € Rand B = B(x,y+x,u) e R
Such that
X™yu = o< y"Xu
and
X"(y+x)u = B (y+x)" xu
From (2) we get
X"yu+x"u=g(y"+x") xu.
ie., X"y u+ X" - By" xu—p x
ameU + Xm+1 _‘8 y XU - ,B Xm+1
(@-B)y"xu=(B-1)x™"u
If (a-B) y™ xu = 0, we get (8- 1) x™* u=0.

m+1

m+1 O

=0

- D
— ()

— )
—®
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Since x™*!u # 0, B = 1.Hence from(3) we get
X" yu =y™ x u ,contradicting our assumption that x™ yu # y™ x u.
So (a - B)y" xu = 0.In particular « — 8 # 0.
Let a— B =p'6.
For some t ezt and & € R with (8,p) = 1.If t >k,then since O(y™x) = p* we would get (a — 8) y" x u =0,
again a contradiction.
Hence t < k.
Since p*y™ x u = 0,by Lemma 3.5 p*x™ yu = 0.
From (4) we get
P (B-1) X" u= p(a-pB)y" xu
- pk-t pt 5 ym XU
= p*sy"xu
=0 _
Let O(x™u ) = p'If i< k,then by induction hypothesis, x™ yu = y™ x u, a contradiction.
Soi=k.
Now p“|p'|p**(B-1)
and p'|(8-1).
Let B —1=p'yforsome y eR. —(5)
Then from (4) we get
(@-B)y"xu=(B-1)x""u
pt 6ym XU = pt Y Xm+1 u
p (Y™ —y X™) xu=0.
i.e., p'(8y—y x) ™ (xu) = 0.
Hence by induction hypothesis
8y —y )™ (xu) w = (xu)™ (8y — yx) w for all we A.
Taking u = 1,we get
By -y x)" xw = x" (8y -y x) W
(By" -y X") xw = x" (8y -y X) W
Sy"xw-yx™w=6x"yw—yx™w
SHY"xw-—x"yw)=0 — (6)
Since (8 , p) = 1, there exists 4, § e Rsuchthat up™+y &6 = 1.
app" YT Xxw-Xx"yw) +y SY" xw—-x"yw) =y" xw—x" yw
0+ 0 =y"xw-—x"yw(~p"A=0and(6))
y"xw—-x"yw =0 YweA.
Hence the Lemma.
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