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Abstract : In this study, we establish new sequences that are obtained by altering the Pell and Pell Lucas
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I.  Introduction
The Pell {R,} . and Pell Lucas {Q,} .
R =1and Q, =2, Q =2 by using the recurrence formula X, as

X, =2X, 4+ X, 5n=2. )

sequences are generated with initial conditions R, =0,

Also, in [3], it is known that there is a sequence {qn}nZO holding identities Q, =2q, and g, =P, +P,_, the
numbers g, can be defined with initial conditions q, =g, =1 by recurrence formula X, in (1). The Pell and
Pell Lucas numbers are extended to negative subscripts:

P,=(-1)"'PandQ, =(-1)"Q,.

In the studies [2] and [4], the authors noted that the successive Fibonacci numbers are relatively prime,
ged (R, Fog ) =(Fy, Fup) =1, where ged(a,b)=(a,b) represent the greatest common divisor of a and b, but
the altered Fibonacci numbers, G, =F, +(-1)" and H, =F,—(-1)", are not relatively prime for the theirs
successive terms; such that (G4,,Guna)=lonsas  (Gani2:Gansa) = Fonszs  (HaniHansa)=Fong  and
(Hans2Hans)=Lon2.  On  the other hand, in [1], K. Chen defined the sequence
{f,@)},., ={ocd(F, +a,F,, +a)}nZO , proved that {f,(a)} _, is bounded if a=+1. The author also derived

the greatest common divisor sequences {gcd(L‘mk,l +1, Lypek +1)} . k=0,1,2,3 have got some values for

n=
any integer n, and mentioned that the sequences (Lyu,y+1 L4 +1), k=0,1,23 are the constant
sequences.

It is well known that the Pell numbers have gcd property (Pm,Pn):P( and let m=2m’,

m,n)’

n=2°n", with m" and n’ odd integers and a,b>0. Then, (Qm,Qn)=Q( ) ifa=b anditis 2 otherwise,

m,n
and also (vaQn)=Q(m,n) if a>b, itsvalueis 1 or 2 if a<b [5]. Any two successive terms of the Pell

sequence are coprime, but this value is 2 for the Pell Lucas sequences.
Our aim in this study is to define several altered Pell and Pell Lucas sequences which depends not only

on one integer parameter, and is defined in (2) and (3). Now, we consider the sequences {Pn +(—1)n a} and

{Pn +(-1)" b} as altered Pell sequences, and also the sequences {Qn +(-1)" c} and {Qn +(-1)" d} as altered

Pell Lucas sequences according to whether n is even or not:
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Definition 1. The altered Pell sequences {E,}

n>1

and {K,} _, are defined by

P, +2,if niseven P, —2,if niseven
E,= . and K, = . 2
P, -1 otherwise P, +1, otherwise
where P, is the n™ Pell number, respectively.
Definition 2. The altered Pell Lucas sequences {E;} , and {K{|  are defined by
+6,if niseven —6,if niseven
E, = O . and K| = N . (3)
Q, — 2, otherwise Q, +2, otherwise

where Q,, is the n™ Pell Lucas number, respectively.

Il.  The Altered Pell Sequences
In this section, some results concerning the greatest common divisors of the altered Pell sequences,

{En},s and {K,} ,  are established. Now, some interesting observations in the following table can be made;
n 1123 4 5 6 7 8 9 10 11 12
E, 0| 4|4 |14 | 28 | 72 | 168 | 410 | 984 | 2380 | 5740 13862

It is well known that every even numbered Pell number has even parity. Due to definition of the
number E, and Pell recurrence relation, the number E, has even parity. Hence, any two successive terms of the

altered Pell sequence are not coprime, i.e., (E,, E,,; ) #1(see Table 1).

n 1 213 4 5 6 7 8 9 10 11 12 13
( E,, Em) 4 | 4] 2 14 4 24 2 82 4 140 2 478 4
Table 1

It is seen that (E,, Ey,;) are 2 times the (k +1)th Pell numbers 2B ,; for k=1,3,5,... entries, and
are the (k+2)™ Pell-Lucas numbers Q, ., for k =2,4,6,... entries. Also, (E,y,;,Ep.,) are 2 for k=1,3,5,...
entries, and are 4 for k=2,4,6,.. entries. In addition they can be rewritten (Eg _, Ez_1)=2Py,

(Eaxs Earar) = Qs = 200101+ (Eaar Eai ) =2 and (Egp,a, Egiio ) =4 for k=1, In order to prove our results,

a few lemmas are given below.
Lemma 1. In [3], for the Pell and Pell Lucas numbers, the next two identities are valid,;

P Q. if niseven
Poin +Prp=1"" , 4
men s omen {Pan otherwise )
P Q. if niseven
Poin=Pon =1 " : 5
menmen {Pan otherwise ©)

Lemma 2. In [3], for any integers a, b and c,
(a,b)=(a,b+ac). (6)
Lemma 3. For any two integers m and n,
(Pn - Pm - 2Pm—l’ I:)n+1 + Pm—l + 2Pm—2) = (Pn—2 - I3m+2 _2Pm+l1 Pn—l + I:’erl + 2Pm) : (7)
Proof By using (1) for the number B, and (6), we have
(P =Py —2Py 1, Py + Py 2P0 5 ) = (P, =Py — 2Py 1, Py — 2P, + Py + 2P, + 2P, , +4P, 1)
= (Pn _2Pn—1 - I:)m - IDm+1 _2Pm—1 _4Pm' I:)n—l + I:)mﬁ-l +2Pm) :
Lemma 4. For any two integers m and n,
(Pn —LRa+ 2) = (Pn—Zm — P —2Pn B o + Po + 2|:)Zm—l) ' (8)
(Pn +LR - 2) = (Pn—Zm +Pomia 2P, By o —Pom — 2|:>2m—1) : )
Proof By using (6), we simplify alike
(B -1LP,+2)= (Pn -R,RP.1 2P, +PR, +2Pl)
= (P,F2 -2R,-5R,R,_;+P, +2Pl).
Since P, =1, By =0 and B =1, we rewrite

DOI: 10.9790/5728-1405018289 www.iosrjournals.org 83 | Page



Gcd Properties Of The Altered Pell And Pell Lucas Numbers

(Pn _1, Pn+1+2) :(Pﬂ — Pl_zpo, Pn+1+ PO +2P_1) y
and applying m times of (7) to (Pn -1P. +2) gives desired result. Proof of (9) are made with similar above

mentioned way.
Theorem 1. Let E,, n>1 be the altered Pell numbers given in (2), then

(ExEnnt) = 2B,4, for odd k and (E Eps) = 2, for odd k
2o m2a) 70 Q. for even k 2kl =227 4, for evenk

Proof From the Lemma 1, substitute k+1 for m and k-1 for n in (4) for E,, , and for E, _;, k+1 for m
and k for n in (5), then we rewrite as
Ficsa)+ (k1) + Ry (ca) = {Pk+le_l T is_even
B._1Q«1 Otherwise
P(k+1)+k - P(k+1)—k = {EKQKQH IZ;:V;\;Z” .
k41
The first equation is valid from (R, R_;)=1 and (Q,,Q;)=2.
Since (Eyiq:Eokra) = (Pokss =L Poysz +2), let n=2k+1 and m=X for k even in (8):
(Poia =L Py +2) = (-2R Rep + R+ 2R )
=(-2P,Qu1+2R1)
=2(-PR, G+ Rca)-
Due to (~R, 0,1+ P1) = (=R, G + B #2R ) for Beg +0q = Repp, it gives
(Poa =1 P2 +2) =2(-R. Res2)
=2(-R.2R.1 +R)
=2(-R..2R.1).
If k iseven, then (B,2)=2, it follows (E,.1,Ep2)=4.
Let n=2k+1 and m :% for k odd in (8), we obtain

(Powcsr =1 Poysza +2) = (4P, Qun)
= 2(~2R1, Ost )-
Since (2,0,,1)=1and (—R,;,0.1)=1, it completes the proof of the Theorem 1.
Theorem 2. The following identities are valid;
Pic +2=Py1Q1s Pax =2 = PoyaQop 1,
Prca 71=PoaQos Pacin =1= Py Qs
Pz +2=Po0Qos Paio =2 =Py Qppn,
Pacsa +1=PoaQarr2: Pais =1= Poy2Qop1-

Proof From the Lemma 1, substitute firstly, 2k +1 for m and 2k for n, and secondly, 2k +1 for m and
2k —1 for n in (4), then

Rakaayeak T Raksa)-2k = Pakaa +1= PoxsaQoks
Raksty(2k—) T P2 = Pak +2 = Py 1Qopsa -

Also, similar applications of values given for m and n give the remaining other identities.
Theorem 3. Let E,, be the altered Pell number given in (2), then

(E4k’ E4k+1) = Qoys1s (E4k+1! S ) =4,
(E4k+2' E4k+3) =2Py.2, (E4k-1: Ea ) =2.
Proof From the Theorem 2, and the number E, given in (2), we write
(E4k ' E4k+1) = (P4k +2, Py _1) = (P2k—1Q2k+1' P2kQ2k+l) = Qo1 (sz—1a P ) '
(E4k+2! E4k+3) = (P4k+2 +2,Pyi3 _1) = (P2k+2Q2k ' P2k+2Q2k+1) =Pz (sz ' Q2k+1) :
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Now, substitute n=4k+1 and m=k in (8) for (Ez 1, Esc.2)=(Pus1—1 Pyo +2), then
(Past =1 Pasz +2) = (=2Poi, Poyp + Poy + 2Py )
= 2(_P2k 11 + Poyg + Poy )
= 2(=Pyy, Uas1 + Yok )
= 2(_P2k’2P2k+1)'
Because (P, ,2)=2 and (Py,Py.,)=1 forinteger k, it gives (Ey,1,Eqin)=4.
Since (Eg_1,Eg ) =(Py —1 Py +2), applying n=4k -1 and m=k in (8):
(Pas =1 Py +2) = (—4Py, 2Py +2Py )
= 2(=2Py, A1 )-
It is obtained that (E_y, Ey ) =2 for (2,0, ) =1 and (Py, 0y ) =1.
Let us make an investigation on the altered Pell numbers K, defined by (2) in the following table

n 1123 4 5 6 7 8 9 10 11 12

K, 2|1 0] 6 10 30 68 170 406 986 2376 5742 13858
Notice that there are some constant sequences (K, K;)=2, (K3 K;)=2, (Ks,Kg)=2, ... Then,
(Ky1, Ky )=2 for k=1,23,.. . Since it is seen that the (K, ,Ky.1)=Q,, for k=135,... and
(Ko Koa) =2R,; for k=2,4,6,... . In addition they can be rewritten (K, _5,Kyz_1)=Qp =20y and

(Ka Kaa) = 2Pyg k21
Theorem 4. Let K,, n>1 be an altered Pell number given in (2), then

2R, 4, for evenk
(K2k'K2k+l):{Q ) for odd k and (Kayuq, Koein) =2.
k411

Proof To obtain K, ,and K,,_,, substitute k+1 for m and k for n in(4) and k+1 for m and k-1 for n
in (5), we rewrite as the first equation,
B,1Qy if k is even

P +P = ,
(k+1)+k (k+1)—k {Pk Qk+1 otherwise

P P [ R1Qur if k—=11is even
(ke)(kd) ") T\p | otherwise

Since (Koyy1:Kokro) = (Poks1 +1 Pyyo —2), let n=2k+1 and m=X% for k evenor m=% for k odd in (9),

we have desired result with exactly the same way in the proof of the Theorem 1.
Theorem 5. Let. K, n>1 be the altered Pell number given in (2), then

(K4k’ K4k+l) = 2Py 1 (K4k+l' Kaki2 ) =2,
(Kakrzs Kakas) = Qoo (Ko Ka ) = 2.
Proof By using the Theorem 2 and the number K, given in (2), we have (K4k,K4k+1) =2P, 4 and
(Kasz: Karss) = Queio With the same way in the proof of the Theorem 3.
Also, since (Ky.1,Kaiz) =Py +1 Pyso —2) , let n=4k+1 and m=Kk in (9), and since
(K1, Ka ) =(Py_s +L Py —2), let n=4k -1 and m=k in (9), they are valid.

Now, we consider the numbers B =(E,,E,,3) and P53 =(K,,K,,3), and generalize some classes
of the altered Pell numbers

Pris = (Pa +2, Pz —1) and Py s 3 = (Poss =1 Poia +2), (10)
Prs= (sz —2,Py.3 +1) and Py i3 = (P2k+1 +1 Poya — 2)1 (11)

where the P, is the n™ Pell number.
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Theorem 6. The next four equations are valid;
5Qu11,. kK =2mod(3
P4+k,3 :(E4k' E4k+3) = +1 ; ( )
Quiq:  Otherwise
P4T<+2,3 = (E4k+2r E4k+5) =2Py.2,

P4_k,3 = ( K4k ) K4k+3) = 2P2k+1v

B 5Qpics2. k =0mod(3)
P — K , K = .
w23 = (Kaiz Kaiss ) { Qui2,  Otherwise

where the P, and Q, are the n™ Pell and Pell Lucas numbers, respectively.
Proof By using the Theorem 2 and (Eg, Ez,3) =(Py +2, Py,3—1) from the definition of the E,, given in
(10), we have

(Pax +2 Py —1) = Qo1 (Paks2 s Pokt ) -
since (Pyy.r.Py)=(Py.P;) forintegers g, r and n, it gives

(E4k ) E4k+3) =Qua ( Py B )!
5 :{P3,k52mod(3).
(223) 1 B otherwise

Using (Egy.2: Eaxis ) = (Pacsz + 2, Py,s —1) and the Theorem 2 gives

(Par2 + 2 Pacss =1) = Po2 (Qa Qo)
Applying the Theorem 2 and (K, Kgy,3) =Py —2, Py, 5 +1) from the definition of the K, given in (11), we
obtain

(Pak =2, Pays3 +1) = Payes1 (Qauc1s Qaucr2)
= 2Py41 (k1,500 )-
Due to (Oy_1, 0 ) =1 and (01, ;) =1 for integer k , it gives (Kyy, Kyis) = 2Py
By using (Ky,2: Kakss) = (P2 — 2, Py, +1) and the Theorem 2, we write
(Pace2 =2 Pacas +1) = Qaies2 (Parc: Patcas)
= Qa2 (Pox: P).

b Py, k =0mod (3)
(23 "1 p  otherwise
1

I11.  The Altered Pell Lucas Sequences

We make some observations the numbers E; defined with equation (3) in the Table 2

n 1 2 3 4 5 6 7 8 9 10 11 12
E, 0| 12 12 | 40 | 80 | 204 | 476 | 1160 | 2784 | 6732 | 16236 | 39208
(En,Ely) 121 2Q, | 4 | 8P | 4 2Q, 4 8P, 12 2Q 4 8P,
Table 2

Any two successive terms of the altered Pell Lucas numbers E; are not coprime. It is seen that
(Ejx Egkia) =2Q,q for k=1,35,... and (Ej, Ejq) =8By for k=2,4,6,... . The other entries are noticed
that (Ej 4, Ej) =12 if k=1(mod4) and otherwise, (Ey1,Epy ) =4 for ke{f),é,é}, where X denotes the
equivalence class of x modulo 4. In addition they can be rewritten (Eg 5, Ej1)=2Q, =40y and
(Eacr Eakaa) =8Poyig, k21,

To establish similar results for the altered Pell numbers to the numbers E, and K,, we need the

following Lemmas.

n:?
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Lemma 5. [3] The numbers P, and Q, are the n" Pell and Pell Lucas numbers, respectively. The next two
identities are valid,;

o +o - 8P, P, if nis odd (12)
men Temon 710 Q,, otherwise
Q,Qy, if nis odd

) ) | 13

Qmin —Qmen {gpm P, otherwise (13)

Lemma 6. The following identities are valid:
Qu +6 =8Py 1Pois,  Quax =6 =Qp11Qok 1
Qa1 +2= Qo 1Qoks Quisr =2 =8Py Py,
Qa2 +6 = Qo 2Qok Quiir =6 =8Py Py,
Qakss +2 =8Py 11 Pory2s Quirs =2 = Qi 2Qo s
Proof Substitute firstly, 2k +1 for m and 2k for n (13), for value Q,,.,; —2 and secondly, 2k +1 for m and

2k —1 for n in (13), for value Q,, —6, we have
Q(2k+l)+2k _Q(2k+1)—2k =8Py Poy1
Q(2k+l)+(2k—l) _Q(2k+1)—(2k—1) = Qo1 Qa1

Also, the other equations can be established with above mentioned way.
Lemma 7. For any integers m and n,

(Qn —2R, —6F, 1,Qn 1 +2F 4 + 6Pm,2) = (anz —Qmi2 —4Pn.1,Qn g +Qnyy +4R, ) . (14)
Proof By applying (6) and the relation Q, -2Q,_; =Q,_,, we have
(Qn — 2Py, —6Py_1,Qn1 + 2P, 1 +6P, 5 ) =(Q, — 2P, —6P,, 1, Q1 —2Q, + 2P, 1 + 6P, +4P, +12P, ;)
=(Qy—2Q, 4 — 2R, —4Ry,; — 6P, 1 —12R;,Q, 1 + 2R, +6Ry)
=(Qn-2 = 2Pn;2 —6Py1,Qn g + 2Py, +6Py).

where 2B, +2B,_; =Q,, . it completes proof.
Lemma 8. For any integers m and n,

(@0 =2,Qn41+6) =(Qn2m — Qomsz —4Pom: Qn-zmir + Qom +4Poms) (15)
(Qn +2,Qn1 6) = (Qn—Zm + 2P0 6P, Qnomi — 2Py — 6P2m71) : (16)
Proof By using (6) and Q, —2Q,_; =Q,_,, we simplify alike
(Qn—2,Qni1 +6) =(Qn — Q1 Qnis —2Q, +Q, +2Qy)
= (Qn - Qi +Q+ 2Q1)
= (Qu2—2Q, —5Q1,Q, 1 +Q, +2Q)).
Since P, =1, By =0 and B =1, we rewrite
(@ =2,Qny1 +6)=(Q, —RQ —~RQ,,Quyy + RQ +P1Q,),
and applying m times of (14) to (Q, —2,Q,,, +6) gives desired result for 2P, ,; + 2P, = Q.1 -

Proof of (16) are made with similar above mentioned way.
Theorem 7. If E], n>1 is the altered Pell Lucas number given in (3), then

A 2Q,.,, for odd k , , 12,if k=1(mod 4
(E2k!E2k+1):{ ! and (E2k1,E2k):{ ( )

8R4, for evenk 4,  otherwise
Proof For value Ej, , substitute k+1 for m and k-1 for n in (12) and for value Ej,,,, k+1 for m and k
for n in (13), then desired results are obtained.
Since (Ejy 1, ) =(Qu1—2.Qy +6), let n=2k -1 and m=% for k even in (15);
(Qa1—2,Qp +6) =(-2Qc 4R, 2Q, +4R 4 )
(=Pei1: G + Pet)
(=Pes1: 3 )-

4
4
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Since (R;,3)=3 if and only if k+1=0(mod4) but for k even (R,;,3)=1, and (R_;,0)=1, it follows
that (Ej_1,Ej ) =4 for k even.
Let n=2k—1 and m=% for k odd in (15);
(Qaka —2.Qq +6)=(-4P_1.8R +4R_,)
:4(_Pk71,3Pk).
Let's remember that (R_;,3) =3 ifand only if k—1=0(mod4), it completes proof.
Theorem 8. If E/, n>1 is the altered Pell Lucas numbers given in (3), then

(Eak»Eaks1) =8Poias (Edkrz) Eakis) = 2Qux.20 (Egk g, Eax )= 4

12,if k=0,2(mod4)
Eas1rEdkaz) = '
(Edks1 Elkiz) {4, otherwise

Proof Using the Lemma 6 and the definition of the number E; given in (3), we rewrite (Qy +6,Qu,1 —2)

=8Py, and (Q4k+2 +6,Qu13— 2) =2Qp42-

Since (Ejy.1,Edksz) = (Qusa —2.Qupsz +6) . let n=4k+1,and m=k in (15);
(Qus1 —2,Quy 2 +6) =4(—Py, 2Py, + Py 1)

4( Pok 2Py i1 + 2P + P2k—1)

=4(-

P 3P2k+1)'

Let’s remember that (Py,3)=3 if and only if 2k =0(mod4), it completes proof.
Since (Ejy1,Ejy) =(Qa1—2,Qq +6), let n=4k -1, and m=k in (15);
(Qaks =2, Qaic +6) = (Qaies = Qisa = 4Pk, 2Qpx +4Py 1)
= Z(sz = 2P, Qy +2P2k—l)
= 4(P2k—l’ sz)'
The altered Pell Lucas numbers K/ are introduced in the following table;

n |1 2 [3] 4 [ 5] 6 [7] 8 [9] 10 [11 ] 12 [ 13
KLK.) |48 4] 20, [12]8r, [ 4] 20, [4a]8r | 4] 20 |12

Be aware of (Kj_;,Ky)=12 if k=3(mod4) and otherwise, (Kj ;K5 )=4. It is seen that
(Ko, Koyig) =8R,; for k=1,35,... and (K, Kj,1)=2Q,,,; for k=2,4,6,... . In addition they can be
rewritten (Kg o, Kg 1) =8Py and (Kjy, Kiyi1) =2Qp.1 =401, k=1,
Theorem 9. If K/, n>1 is the altered Pell Lucas number given in (3), then

, , 8R,.,, for odd k , , 12,if k =3(mod4
(K2k!K2k+l) { kit and (KZkl’KZK):{ ( )

2Qy .4, for evenk 4,  otherwise
Proof For the value K, , substitute k+1 for m and k-1 for n in (13) and for the value Kj, ,,, k+1 for m
and k for n in (12), then desired results are obtained.
Since (Kjy_1, Koy ) =(Qu g +2,Qy —6), let n=2k—1 and m=X for k even in (16);
(Qak-1 +2.Qp —6) =(Quy + 2P,y +6R, Q — 2R —6R ;)

= (12Pk f 4Pk—l) = 4(3Pk y Pk—l)

= 4(3Pk y Pk—l)'
Since (R_;,3)=3,if k=1(mod4), butfor k even, (3R, R_;)=1 isvalid. Thus, (K33, K3 )=4 is true for
even k.
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Now, let n=2k -1 and m=¥2 for k odd in (16);
(Qak1 +2,Qp —6) = (Q¢ + 2P +6R,_1, Qi1 —2R 1 —6R ;)

= (2Pk+l +6Pk—l'4pk + 4Pk—1 _4Pk—2)

= 4(Pk + 2Pk—l’3pk—1)

=4(0_1,3R 1)
(ax1,3)=3 ifand only if k =3(mod4) and (q,_;,R_;)=1 for every integer k , desired results is obtained.
Theorem 10. For any integer k,

(Kz'tk ) Kz'lk+1) =2Qp41 (Kz'tk+2: Kz,lk+3) =8Pz, (Kz'tk—lv Kk ) =4,

12,if k =1,3(mod 4)
K! K’ = '
( 4k+1 4k+2) {4, otherwise

Proof By using (K, Kii)=(Qa =6, Quir+2) and (Kgz,Kais)=(Qaxsz —6,Quiz +2) from the
definition of the number K/ given in (3), we obtain the first two equations in the Theorem 10.
Since (K1, Kiy ) =(Quey +2,Qq —6), let n=4k—1,and m=k given in (16);
(Qar-1+2, Qg =6) = (Quy—s + Quicss +4Paic, 2Poy 1 —6Py )
=4(3Py, —Pyc1).
Due to 2k #1(mod4), it follows (3,—P, ;) =1, thus we have the result.
Since (Kjy.1, Kixsz) =(Qayaa +2. Qa2 —6) , let n=4k+1,and m=k in (16);
(Q4k+l +2,Quei0 — 6) = (4P2k+1 +8Py 4Py 1 +4Py _4P2k—1)
= 4(Pyysz + 2Py, 3Py ) = 4(Pos = P 3Poy )
= 4( 0k, 3Py )-
We know that (qs,,3) =3 if and only if k =1,3(mod4). Thus desired results are obtained.
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