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ABSTRACT: Similar to the notion of @-stabilizers in MV-algebras, the present paper introduce the notion of
boosters. Then some elementary properties of principle boosters and boosters are presented, and a principle
booster is proved to an MV-filter. According to the properties of of principle boosters, we prove that the set of
all principle boosters is a complete distributive lattice.
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I.  Introduction

As an important branch of non-classical mathematical logic, fuzzy logic is the basis of reasoning
mechanism in many fields, such as artificial intelligence and information science. With the development of
fuzzy propositional logic system, various kinds of fuzzy logic algebras appear one after another. Various logical
algebras have been proposed and researched as the semantical systems of non-classical logical systems. In
order to study the basic logic framework of fuzzy set system, Hdjek [1] proposed a new fuzzy logic system—
BL-system and corresponding logic algebraic system based on the theoretical framework of continuous
triangular modules in residual lattices. MV-algebras were introduced by Chang [2] in order to give an algebraic
proof of the completeness theorem of Lukasiewice system of many valued logic.

Ideals and filters are very effective tool for studying various logical algebras and the completeness of
the corresponding non-classical logics. In BL-algebras, the focus is deductive systems also called filters, with
the lack of a suitable algebraic addition, the notion of ideals is missing in BL-algebras. To fill the gap, Lele and
Nganou [3] introduced the notion of ideals in BL-algebras, which generalized in a natural sense the existing
notion in MV-algebras and subsequently all the results about ideals in MV-algebras. Follow Lele and
Nganou’s work, [4,5] investigated the notion of ideals in residual lattices as a natural generalization of the
concept of ideals in BL-algebras. In the theory of MV-algebras, ideals theory is at the center, and filters and
ideals are dual notions. Turunen [6] gave the notion of co-annihilators of a non-empty set and proved some of
their elementary properties on BL-algebras. Meng and Xin [7] introduced the concept of generalized co-
annihilators relative to filters as a generalization of co-annihilator in BL-algebras and studied basic properties
of generalized co-annihilators. Zou et al. [8] introduced the notion of annihilators and generalized annihilator
relative to ideals on BL-algebras, moreover, they further studied generalized annihilator of BL-algebras in [9].

In [8], the annihilator of X isdefinedas X~ ={aeL|aAx=0,Vxe X}, where X isanon-
void subset of a BL-algebra L . [10] introduced - stabilizer St (X)={aeL|a® x=X,Vx e X}and
®- stabilizer Sty (X):={ae A|x®a"=x,Vxe X}={aec Alanx=0,Vxe X}of anon-empty
subset X inan MV-algebra A. It is easy to see that the &- stabilizer of X is coincide with the annihilator
of X inan MV-algebra. While in the paper, we introduce the notion of boosters in MV-algebras, and the
booter of a non-void subset X of an MV-algebra A isexpressedas X :={ae A|x®a=a,Vxe X}.
We also investigate some related properties of principle boosters and boosters, and show that principle boosters
and boosters are MV-filters. We define the set of all principle boosters of A by BO(A) . Then we prove that

B, (A) is a complete distributive lattice.

Il. Preliminaries
An algebra structure (A, ®,*,0) of type (2,1,0) is called an MV-algebra if it satisfies the following

axioms: forany X,y,Z €A,
(MV-1) (x®@y)®@z=xD(yD2),
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(MV-2) X®@y=y®X,

(MV-3) x®0=x,

(MV-4) x™=x,

(MV-5) x® 0" =0",

(MV-6) (X" ®y) " @y=(y" ®x)" ®X.

Let (A ®,*0) be an MV-algebra, for any X,ye A, we put 1=0", x®y=(x"® y*)"
X>y=X"®y, x$ y=x®y", xvy=(xX"@y)®y=(x$ )@y, xay=(x"vy)=(x$ y)$ y.
With respect to these operations, (A,®,*,0) is a distributive lattice. In what follows, (A,®,*,0) is always
assumed to be an MV-algebra unless otherwise specified, and will often be referred to by its support set A.
The order relation < on A is defined as: x <y if and only if X=X Ay for any X,y € A. The relation <
can be alternatively characterized as follows.

Lemma 2.1. ([2, 11]) In any MV-algebra A, the following are equivalent: forany X,y € A,

(i) x<y,
(i) x$ y=0,
(i) x®y* =0,
(iv) thereis Z€ A suchthat y=x@®z.
Proposition 2.2. ([11]) In any MV-algebra A, the following properties hold: forany X, Y,z € A,
(1) x®1=1, x$ 0=x, x®X" =1,
(2 x$ y<zifandonlyif x<y®z,
() X$ y<XAYSXVY<XDYy.
An element X € A is called complemented if there is an element Y € A such that Xv Yy =1 and
X Ay =0. We denote the set of complemented of A by B(A). If x € B(A)  then the following conditions

are equivalent: (i) Xx®x=x, (i) X®x=Xx, (i) X*®x" =x", (iv) X" ®x" =x", (v) xvx" =1, (vi)
XAX =0.

Filters, the order dual of ideals, have a variety of applications in logic and topology.

Definition 2.3. ([12]) Let A be an MV-algebra. A nonempty subset F of A is called an MV-filter
if it satisfies: forany X,y € A,
(i) x,yeF implies xAyeF,
(i)if x<yandxeF , thenyeF.

It is easy to shown that a nonempty subset F of A is an MV-filter if and only if for any X,y € A,
(1) x,yeF implies x®yeF, (2) if x<yandxeF, thenyeF . It is shown that a nonempty subset
F of A is an MV-filter if and only if for any X,y A, (1) 1eF; (2) xeF and x—>yeF imply
yeF.

Definition 2.3. ([1]) Let A,B be two MV-algebras. A function h: A—B is an MV-
homomorphism iff it satisfies the following conditions: for any X,ye€ A , (1) h(0)=0, (2

h(x®y) =h(x)@h(y). (3) h(x") =h(x)".

I11. Booters in MV-algebras
Definition 3.1. Let & # X < A. Then the set
X:={aeA|x®a=a,Vxe X}

is said to be the booster of X . If X ={X}, we often write {X}" simply as X", which is called the principle
booster of X.
Lemma 3.2. ([1]) In an MV-algebra (A,®,*,0), the following four conditions are equivalent: for any
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X, yeA, @) yvx'=L; (i) XAy =0; (i) x®y=y; (iv) X® y=x.
From Definition 3.1, it can be easily observed that 0°=A and 1'={1}. The following lemmas reveals

some basic properties of boosters.
Lemma 3.3. Forany X,y € A, the following results hold:

(1) if x<y,then y° c x°;

(2)if aex’, then x<a;

(3)if aex” and b € A suchthat a<b, then b e Xx°;

(4)if aex” and be x°, then a®b e x";

G) XUy c(xay)’, X’ Ny'=(xvy)’;

(6) (x®y)’=x"y", moreover (nx)°=x", where 0x:=0, (N+1)x:=nx® x for n>1;
(Mifaex”and bey’, then a®b,anb,avb,a®be(xAy)’.

Proof: (1) For any aey®, according to Lemma 3.2, we have av y” =1. Since X<y, then
y*<x*, and so 1=avy <avx®. Consequently, av x* =1, which means that ae X’ , therefore
y cx.

(2) Assume that a € X°, then we get that X @a=a . From Lemma 2.1, it follows that X<a.

(3) If ae X", then av X" =1. From a<b, we obtain that 1=av X" <bv X", hence bv x* =1,
andso bex’.

(4) From aeXx’ and bex’, it follows that x®a=x and X®b=x by Lemma 3.2. Hence
X®(a®b)=(x®a)®b=x®b=x,andso a®b e X".

(5) For any ae XUy, we have aex’ or aey’, so a° Ax=0 or a* A y=0 by Lemma 3.2.
Hence a“ A (X A y)=0, thatis, a < (X A Yy)°, and therefore X" Uy’ = (XA Y)°.

aex’Ny° iff aex” and a*Ay=0 acy’ iff a* Ax=0 and iff a"A(xvy)=0 iff
ae(xvy)’.

(6) Since Xvy<x@®y, then (X®y)° < (Xvy)'=x"1y" by (1) and (5). To obtain the reverse
inclusion, observe that if ae X" (1y", then aex” and aey’, and so x®@a=a and y@®a=a. Let us
calculate (X@y)@a=x®(y®a)=x@a=a,thus aec(x®@y)’,andso X’ Ny’ < (xD y)°, which leads
to (X®@y)’=x"MNy°.

(M Ifaex”and bey’, using X’ < (XA Yy) and y° < (XA Y)°, we get that a,be (XA Yy)". From
(3) and (4), we see that a®b,aAb,avb,a®be(xAy)’.

The following example shows that the equation Xx° U y° < (X A y)° for Lemma 3.3 may be not true in
general.
Example 3.4. Let A={0,a,b,c,1} be a set with a Hasse diagram and Cayley tables as follows.
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Then (A ®,*,0) is an MV-algebra [3]. Routine calculation shows that b® ={b,1} and c¢® ={c,d,1}, but

b*Uc® ={b,c,d,}=(bAac) =0"={0,a,b,c,1}.
From the properties (3), (4) and (7) of Lemma 3.3, it is easy to obtain the following result.

Proposition 3.5. Let A be an MV-algebraand X € A. Then X’ is a filter of M.
Proposition 3.6. For any two elements X, Y € A, we have the following:

(1) X°=y° implies (XA Z2)'=(y AZ)° forany Z € A;
(2) X =y"implies (Xv 2)°=(y v 2)° forany z € A;
(3) X =y"implies (X® 2)°'=(y® z)° forany z € A.

Proof. (1) Suppose X’=y°. Forany a€ (XA Zz) ', then 1=av (XA z)"=av x" v z*. Consequently,
avz ex’=y’, and so 1==avz vy'=av(yaz)’, thatis, ac(yaz),so (Xxarz) c(yrz).
Similarly, we can get (Y AZ)" < (XA Z)", hence (XAZ)'=(YAZ).

(2) Assume that X’=y". If ae (XVv z)’, then 1=av (xvz)"'=av (X' Az")=(avXx)A(avz’),
it follows that av x"=1 and av z*=1. Hence ac x°=y° and acz’, and so acy’ Nz =(yv z)°, thus
(Xxv z2)° < (yvz) . Similarly, we can prove that (Y v z)" < (Xv z)°, and hence (XVv z2)'=(y v z)".

(3) Since (X® z)"=(XVv z)° by Lemma 3.3, then using (2) we get that (X® z)"=(y ® z2)°.

Proposition 3.7. Let ® = X,Y < Aand F be a MV-filter of A.Hence
(1) X° = A ifand only if X ={0};

@) F*={1};

(3) X =[x X;

@if XY, thenY < X°;

) X UY (X NY), X°NY°=(X UY)°;

(6) if h: A— Aisan MV-homomorphismand X € A, then h(x") < (h(x))";
7 X°NX<BANX.

Proof. (1) If X ={0}, then X° ={0} ={ac A|0® a=a}=A. Conversely, suppose that X° = A,
since 0 A= X", then forany xe X we have Ov x*=x"=1, thus x=0. Hence X ={0}.

(2) Let F be a MV-filter of A. For any aeF", from 1€ F we get that 1=1®a=a, hence
F*={3}.

(3) ae X® ifand only if x@a=a forany xe X ifand only if ae X° for any x e X if and only
if X7 =Nex X°.
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(4) Assume that aeY’, then y@a=afor any yeY . Since X Y, then y@a=a for any
ye X .Thus Y < X°.

(5) Since XNY < X,Y , then X°<(XNY) and Y < (XNY) by (4), therefore
X°UY <(XNY) . Since X,Y<XUY , then (XUY)’ <X’ and (XUY) ' <Y°, and so
(XUY)Y = X°NY°.Forany ae X°NY°, we have ae X° and aeY”’, it follows that av X" =1 for any
xeX and avy'=1forany yeY.Forany ze X UY , we have av z"=1, that is, ae (X UY)’, thus
X Y =(X UY).

(6) Forany beh(x®), then there exists a € x° such that b =h(a) . It follows that x@®a=a, since
h is an MV-homomorphism, we get h(x) @h(a) =h(a) , so b =h(a) € (h(x))°, hence h(x") < (h(x))".

(7) For any xe X°(N1 X, then xe X° and Xe X . From the definition of X°, we get that
X®x=Xx,s0 xe B(A).Hence X" X <cB(A)NX.

Theorem 3.8. Let A be an MV-algebra. The following hold:

(1) If ®=X < A, then X° isan MV-filter of A;
(2) xeB(A) ifand only if x e Xx°.

Proof. (1) If ae X® and be X°, then a®x=x and b&®x=x for any xe X , therefore
(a®b)®x=a®(b®x)=a®x=x, and so a®be X°. If ae X" and be A such that a<b, then
avx =1 for any xe X, and so 1=avx <bvx®. It follows that bv x* =1, thus beX”,
consequently, X° is an MV-filter of A.

(2) xeB(A) ifandonly if x@x=x ifandonly if xeXx’.

Now, let us denote the set of all principle boosters of A by B, (A). Then we prove that B, (A) isa

complete distributive lattice.
Theorem 3.9. For an MV-algebra A, the set B, (A) is a complete distributive lattice, moreover,

(xvy) and (X Ay)° are the infimum and supremum of both x° and y° in B (A), respectively.

Proof. Obviously, B, (A) is a partially ordered set with respect to the set inclusion. For any X,y € A,
we define X° 0 Yy i=(XxAYy)°, X*0 y:=(xvy)’ . Now we show that (X A y)° is the supremum of both X°
and y°. Clearly, (XA y)°is an upper bound for both X° and y°. Suppose X" =z’ and y° < z° for some
ZeA.Forany ae(XAY)’, wehave 1=av (XA y)'=avx'vy" andso avx ey’ cz°. It follows that
av X vz'=l, hence avz ex’ cz°, which implies that av z"=1, that is, ac z°, thus (XA Yy) = z° .
Consequently, (XA Y)° is the supremum of both both x° and y°. Similarly, we can prove (Xv y)° is the
infimum of both X* and y°. Hence (B, (A),6,0,1°,0") is a bounded lattice. According to the extension of
the property (5) of Lemma 3.3, we can obtain that (B, (A),6,0,1",0%) is a complete lattice. It can be easily
obtained that (B, (A),6,0,1",0%) is a complete distributive lattice.
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