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Abstract:Let G be a finite, non-trivial, simple and undirected graph with vertex set V and an edge set E of
order n and size m. For an one-one assignment f : V(G)—{1, 2, .... n} , A Quotient labeling f* : E(G)— {1, 2,

..... , n} is defined by f (uv)= l%] where f(u) > f(v), then the edge labels need not be distinct. The maximum

value of f*(E(G)) is known as q,(f*), the g-labeling number. The quotient labeling number Q,(G) is the minimum
value among q,(f*).In this paper the quotient labeling number of quadrilateral snake, double quadrilateral
snake, alternate triangular snake, alternate double triangular snake graph, subdivision of triangular and
quadrilateral snake graphs along the main path and subdivision graph of triangular and quadrilateral snake
graphs are found.
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. Introduction

Throughout this paper, the graph G (V, E) mean a finite, simple, non-trivial and undirected graph with
n vertices and m edges. Assigning a set of integers to vertices, edges or both based on some conditions is known
as graph labeling. Graph labeling problems was first introduced by Alex Rosa in the mid-sixties. The
development and the applications of graph labeling is huge when compare with the other fields of mathematics.
Various types of labeling have been studied in an excellent survey of graph labeling by J. A. Gallian [1]. The
concept of quotient labeling was first introduced by P. Sumathi and A. Rathi [2]. Quotient labeling number have
been calculated for many family of graphs [2-5]. The notations and terminology that we follow in this paperby
Harary [6].

Il. Preliminaries
The definitions which are relevant to this paper are listed.
Definition: 2.1 Atriangular snake T,[11] is produced from a path defined by vyvs . . . v,. It is formed by adding
edges between a new vertex w; with v; and v;j.¢, where i ranges between the values 1 and n — 1. (ie) every edge of
a path is replaced by a triangle Ca.
Definition: 2.2When every alternate edge of a path is replaced by Cj, an alternate triangular snakeA(T,) [7]
can be obtained.
Definition: 2.3A double triangular snake D(T,) [7] consists of two triangular snakes that have a common path.
Definition: 2.4An alternate double triangular snakeDA(T,) [7] consists of two alternate triangular snakes that
have a common path.
Definition: 2.5A Quadrilateral SnakeQ., [10] is obtained from a path u, u,, ... ,ux by joining u; and ., to two
new vertices v; and w; respectively and then joining v; and w; . (ie) cycle C4replaces all the edges of a path.
Definition:2.6The Double Quadrilateral snake D(Q,) [9] consists of two Quadrilateral snakes that have a
common path.
Definition: 2.7A Triple Quadrilateral snakeT(Q,) [8] consists of three Quadrilateral snakes that have a common
path.
Definition: 2.8[2] Let G be a finite, non-trivial, simple and undirected graph with vertex set VV and an edge set E
of order n and size m. For an one-one assignment f: V(G)—{1, 2, .... n}, A Quotient labeling f* : E(G)— {1, 2,

..... , n} is defined by f (uv)= l%] where f(u) > f(v), then the edge labels need not be distinct. The maximum

value of f*(E(G)) is known as q,(f*), the g-labeling number. The Quotient Labeling Number Q (G) is the
minimum value among q,(f*).
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1. Main Results
Lemma: 3.1The quotient labeling number of A(T,) with the vertices 24, z, ..., «,along the main path and
either u; or u, or both are pendants is 2.
Proof: Let G = A(T,) be an alternate triangular snake graph.
The graph G is obtained from a path on n vertices uy, U, ..., u, by joining the alternate edges UjUjz1 t0 @ new
vertex v;.
We prove this theorem for the following cases.
Case (i) If the triangle starts with u; and ends with u,;.

The graph G is obtained by replacing the BJ alternate edges of the path by triangles.

Let ug, Uy, ..., uybe the n vertices on the path and vy, vo, ..., VH be the EJnew vertices obtained by replacing
2

the alternate edges of the path by triangles.
Now the alternate triangular snake graph G = A(T,) has n + EJ vertices

Define f: V(G) » {1,2,...,n+ BJ } as follows
f(u,) =i+l fori=0, 1.
f(un.i) = f(Un.i+1) +1 for 2<i<n-1landiis even.
f(un.i) = f(Un.i+1) +2 for 3<i<n-2 and i is odd.
(vyan) = 4, f(vy ) = F(va)) + 3i for 1< <[ -1.
lzJ lZJ ! lzJ 2
For the above vertex labeling we get f*(E(G)) = { 1, 2}.
Therefore in this case the maximum value of f*(E(G)) is equal to 2.
Case (ii) if the triangles start with u, and end with u,,.
The structure of this A(T,,) is isomorphic to the graph obtained in case(i).
For this case the proof follows from case (i).Case (iii) if the triangle starts with u, and ends with u,,.;.
The graph G is obtained by replacing the alternate edges of the path by triangles.

Let uj, Uy, ..., uybe the n vertices on the path and vy, Vs, ..., va_, be the g — 1 new vertices obtained by
2

replacing the % — 1 alternate edges starts from u,us of the path by triangles.

Now the alternate triangular snake graph G = A(T,,) has 37“ — 1 vertices

Define f: V(G) » {1,2, ..., 37“ — 1} as follows

f(u) =ifori=1,2.

f(u;) = f(uiy) +1 for 3 <i< n-landiis odd.

f(u;) = f(uiy) +2 for2 <i<n andiis even.

f(v;) =3i+1 for 1 < i< g— 1.

For the above vertex labeling we get f*(E(G)) = { 1, 2}.

Therefore in this case the maximum value of f*(E(G)) is equal to 2.

By case (i) and (ii) the maximum value of the quotient labeling is 2.

Then q,(f*) = 2. Since minimum degree 3(G) = 1 and maximum degree A(G) = 3.

Therefore q,(f*) can take the value 2 or 3 or 4.

Here q,(f*) = 2 and it is minimum. Hence Q (A(T,)) = 2.
Example: 3.2 Quotient labeling of the alternate triangular snake graphs A(Tg) and A(Ty,) are shown below:

13 10 7 4f
12 11 9 g 6 3 3 2 1
4 7 10 13 16
. A A A A /\ °
1 2 3 H & 2 5 1 12 14 13 7

Lemma: 3.3The quotient labeling number of A(T,) with the vertices z4, 2, ..., «, along the main pathis 3 only
when the triangles start with u; andended with uy, .
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Proof: Let uy, U,,... u,be the n vertices along the main path P,.
Let G = A(T,) be an alternate triangular snake graph.
The graph G is obtained by replacing every alternate edge of the path P, by a cycle C,.

Now the graph G has 32—“ vertices and 2n-1 edges.
Let ug, Uy, ..., u, be the n vertices lies on the path P, and let vy V5, ...vn be the 2 vertices after replacing the
2

alternate edges of the path by a triangle.

Now in G, deg (vj) = 2 for 1<i < g , deg (uy) = deg (u,) = 2 and deg (u;) =3 for 2< i< n-1.
Define f: V(G) —{1, 2, 37“ } as follows:

f(u) =1

f(u;) = f(uiy) +2 foriisevenand i<n

f(u;) = f(uiy) +1 foriis odd and i<n-1

f(vi) = 3i-1 for 1<i<?

For the above vertex labeling we get f*(E(G)) ={1, 2, 3}

Therefore the maximum value of f*(E(G)) is equal to 3.

Since in G, 6 (G) =2 and A (G) =3.

Therefore q,(f*) can take the values 3 or 4.

Here q,(f*) =3 and it is minimum. Hence Q. (G) =3.

Example: 3.4The quotient labeling of an alternate triangular snake graphA(Ty) is shown below:

2 5 3 11 14

1 3 4 é 7 E] 10 12 13 13

Theorem: 3.5 The quotient labeling number of an alternate triangular snake (i) A(T,) with §(G) = 1 is 2, (ii)
A(T,) with §(G)>11is 3.

Proof: Case (i)Let G be an alternate triangular snake graph with §(G) = 1 then the proof follows from lemma
3.1

Case (ii) Let G be an alternate triangular snake graph with §(G)> 1 then the proof follows from lemma 3.3.
Lemma: 3.6The quotient labeling number of DA(T,) with the vertices 24, u, ..., «, along the main path and
either u; or u, or both are pendants is 2.

Proof: Let G = DA(T,) be an alternate double triangular snake obtained from two alternate triangular snake
graphs that have a common path P, of length n-1.

Let uy, Uy, ..., uybe the n vertices on the path and v; and w;, be the new vertices obtained by replacing the
alternate edges of the path by triangles.

We prove this theorem for the following different cases.

Case (i) if the triangles start with u; and end with u,,_;.

The graph G is obtained by attaching two alternate triangular snake graphs as by case (i) of theorem 3.1.

Let uy, Uy, ..., U, be the n vertices on the path and vy, v,, ..., VH be the EJ new vertices and wy, W, ..., WH be
2 2

the another EJ new vertices of A(D(T,)).
Now the alternate double triangular snake graph G = A(D(T,)) hasn + 2 BJ vertices

Define f: V(G) > {1,2,....n+ 25|} as follows
f(uy) = 1, f(Ups) = 2i for 2<i< n-1
f(vjz_) = 4(+D-1 for 0= i<[%] -1 f(wpy ) =41 +1 for 0= 2] -1

For the above vertex labeling we get f*(E(G)) ={ 1, 2}.

Therefore in this case the maximum value of f*(E(G)) is equal to 2.

Then q,(f*) = 2. Since minimum degree 3(G) = 1 and maximum degree A(G) = 4.

Therefore q,(f*) can take the value 2 or 3 or 4 or5.

Here q,(f*) = 2 and is minimum. Hence Q_(DA(T,)) = 2.Case (ii) if the triangles start with u, and end with u,,.
The structure of this DA(T,)is isomorphic to the graph obtained in case(i).

For this case the proof follows from case(i).Case (iii) if the triangles start with u, and end with u, ;.

The graph G is obtained by attaching two alternate triangular snake graphs as by case (ii) of theorem 3.1.
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Let ug, Uy, ..., u,be the n vertices on the path and vy, v, ..., va_, be the % — 1 new vertices and wy, Wy, ...,
2

, be the another —— 1 new vertices of A(D(T,)).

Now the alternate double triangular snake graph G = A(D(T,,)) has 2n-2 vertices

Define f: V(G) - {1, 2, ...,2n-2 } as follows

f(u) = 1, f(u;) =2(i-1) for 2<i< n

f(v) = 4i-1 for 1<i<s—1 fw;) =4i+1 for 1<i<s—1

For the above vertex labeling we get f*(E(G)) = { 1, 2}.

Therefore in this case the maximum value of f*(E(G)) is equal to 2.

By case (i) and (ii) the maximum value of the quotient labeling is 2.

Then qi(f*) = 2. Since minimum degree 6(G) = 1 and maximum degree A(G) = 4.

Therefore q,(f*) can take the value 2 or 3 or 4 or 5.

Here q,(f*) = 2 and is minimum. Hence Q(DA(T,)) = 2.

Lemma: 3.7The quotient labeling number of an alternate double triangular snake graph DA(T,)with the
vertices u, u, ..., u, along the main pathis 3 only when the triangles start with u; and end with u,,.
Proof: Let uy, Uy, ..., u, be the n vertices of the path P,.

Let G = DA(T,) be an alternate double triangular snake graph.

The graph G is the graph obtained from two alternate triangular snake graphs that have a common path P,
Now the graph G has 2n vertices and 3n-1 edges.

Let uy, Uy, ..., usbe the n vertices lies on the path P, and let v vy, ...v% andw;, W, ...,w%be the n vertices after
replacing the alternate edges of the path by two triangles

Now in G, deg (v;) =2 for 1<i< % , deg (w;) =2 for 1< i< > deg (u;) =deg(u,) =3 and deg(u;) =4 for 2<i<n-1.
Define f: V(G) —{1, 2, ..., 2n } as follows:

f(wy) =1

f(w;) =4i for 2< igg f(u;) = i+1 fori =1, 2.

f(u;) =f(uiy) +2 for3<i<n

f(v1) = 4, f(vi) = 4(i-1)+2 for 25 i< 2

For the above vertex labeling we get f*(E(G)) ={1,2,3}

Therefore the maximum value of f*(E(G)) is equal to 3.

Since in G, 8 (G) =2 and A (G) =4.

Therefore q,(f*) can take the values 3 or 4 or 5.

Here q,(f*) =3 and it is minimum. Hence Q.(G) =3.

Example: 3.8The quotient labeling of an alternate double triangular snake graph DA(Typ) is shown below:

Theorem: 3.7The quotient labeling number of an alternate double triangular snake graph (i) DA(T,) withs(G)
=1is 2, (i) DA(T,) with §(G)>1is 3.

Proof:Case (i)Let G be an alternate double triangular snake graph with §(G) = 1 then the proof follows from
lemma 3.6.

Case (ii) Let G be an alternate double triangular snake graph with §(G)> 1 then the proof follows from lemma
3.7.

Theorem: 3.8The quotient labeling number of a double triangular snake graph D(T,) is 3 only when the
triangles start with u; andended with u,.

Proof: Let G= D(T, ) be any double triangular snake graph.

The double triangular snake G is obtained from two triangular snakes that have a common path P,.

Let vy, v, v, be the vertices lies on the common path P..

let u; u, . u._; be the vertices lies above the path P, and w; w5, ...w,_; be the vertices lies below the path P,.
In G, u; is adjacent with v;v;,, for 1<i <r-1 and w;is adjacent with v;v;, for 1<i <r-1.

Define f: V(G)— {1,2,....,(3r-2)} as follows:

f(u)=1, f(w)=4

f(vi)= i+1fori=1,2
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f (u;)=3i-1 for 2<i<r-1

f (wy)=3i for 2<i<r-1.

f (vi)=3i-2 for 3<i<r.

For the above vertex labeling f*(E(G)) = {1, 2, 3}.

Therefore in this case the maximum value of f*(E(G)) is equal to 3.

But in G, the minimum degree 6(G) =2 and maximum degree A(G) =6.

Therefore q,(f*) can take the values 3 or 4 or 5 or 6 or 7.

Here q,(f*) =3. Hence Q,(G)=3.

Example: 3.9The quotient labeling of the double triangular snake graph D(Tyg) is shown below:

Theorem: 3.10The quotient labeling number of a quadrilateral snake graph Q, is 3.

Proof: Let G = Q, be any quadrilateral snake graph with 3n-2 vertices.

Let uy, Uy, ..., u, be the n vertices on the path and let v;and w; be the 2n-2 new vertices which are obtained by
replacing the edges u; ui.; by cycle C,. Now the graph G has 3n-2
vertices with deg(u;) = deg(u,) = 2, deg(v;) = deg(w;= 2 for 1< i< n-1 and deg(u;) = 4 for 2<i<n-1.

Define f: V(G) —» {1, 2, ..., 3n-2 } as follows

f(u) = 1, f(u;) = 3(i-1) for 2<i< n

f(vy) = 2, f(v;) = f(vi.)+3 for 2<i<n-1

f(wy) = 4, f(w;) = f(w;1)+3 for 2<i<n-1

For the above vertex labeling we get f*(E(G)) = { 1, 2, 3}.

Therefore in this case the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 4.

Therefore q,(f*) can take the value 3 or 4 or 5.

Here ¢,(f*) = 3 and is minimum. Hence Q,(Q,) = 3.

Example: 3.11The quotient labeling of the quadrilateral snake graph Qg is shown below:

2 4 5 7 5 10 1 13 14 16 17 13 20 22

1 3 6 g 12 15 18 21

Theorem: 3.12The quotient labeling number of a double quadrilateral snake graph D(Q,) is 3.

Proof: Let G= D(Q,) be any double quadrilateral snake graph.

The graph G is obtained from two quadrilateral snake graphs as by theorem 4 that have a common path.
Let uy, Uy, ..., u, be the n vertices on the path let v;, w;, X;, yi be the 4n-4 vertices obtained by replacing the

edges of the path by cycles C,. Now the graph G has 5n-4
vertices with deg (v;) = deg(w;)= deg(x;) = deg(y;) = 2 for 1<i<n-1, de(u;) = deg(u,) = 3, deg(u;)= 6 for 2<i<n-
1 Define f: V(G) = {1, 2, ..., 5n-4 } as follows

f(Vl) =1, f(Wl) =2, f(ul) =3, f(Xl) =3, f(yl) = 6,

f(u) = 4(i-1) for 2<i< 4,

f(Ui) = f(ui—l) +5for 5<i< n,

f(xj) = f(yin) +1 for 2<i< n-1

fly)=5ifor2<i< n-1

f(w;) =5(i+1) -2 for 2<i< n-2

f(vi) = 5i-1 for2<i< n-1, f(wp4) =5n-4

For the above vertex labeling we get f*(E(G)) = { 1, 2, 3}.

Therefore in this case the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 6.
Therefore q,(f*) can take the value 3or4or5or6or?7.

Here q,(f*) = 3 and is minimum. Hence Q_(D(Qy)) = 3.

Example: 3.13Quotient labeling of the double triangular snake graph D(Q,) is shown below:
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Theorem: 3.14The quotient labeling number of a triple quadrilateral snake graph T(Q,,) is 3.
Proof: Let G = T(Q,) with V(G) = {vi, X;, ¥j, Uj, Vj, S, tj : I<i<n, 1<j<n-1} and

E(G) = {(vi xi), (vi u), (Vi si), (Xi yi), (Ui W), (Si i), (Vi Vie) (Vi Vier), (Wi Vieg) (i Vier) : 1S1<n-1}
Define f: V(G) - { 1,2, ....., Tn-6} by

f(x1) =1, f(y1) =2, f(uy) =5, f(s1) =6

f(v;) =2+i fori=1,2.

f(w;)) =7ifor 1<i<n-1

f(t) =7i+1 for 1I<i<n-1

f(x;) =7i+2 for 2<i<n-1

f(y;) =7i-1 for 2<i<n-1

f(u) =7i-4 for2<i<n-1

f(s) =7i-3 for2<i<n-1

f(v;) =7(i-1)-2 for3<i<n

For the above vertex labeling we get f*(E(G)) ={ 1, 2, 3}.

Therefore the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 8.

Therefore q,(f*) can take the value 3or4 or5or6or7or8or9.

Here q,(f*) = 3 and it is minimum. Hence Q(G) = 3.

Example: 3.15Quotient labeling of the triple quadrilateral snake T(Qg) is shown below.

Theorem: 3.16The quotient labeling humber of a graph obtained from a triangular snake graph by subdividing
only the edges on the main path of the triangular snake graph is 3.
Proof: Let G be the graph obtained from a triangular snake graph by subdividing only the edges on the main
path of the triangular snake graph.
Now V(G) = {vi, gj, wj: I<i<n, 1<j<n-1} and
E(G) = {(vie), (Viwi), (&iVira), (Wi Visr) 1 1S i<n-1}.
Define f: V(G) - { 1,2, .....,, 3n-2} by
f(v;) = 3i-2 for 1<i<n.
f(e)) =3j for 1I<j<n-1
f(w;) = 3j-1 for 1I<j<n-1
For the above vertex labeling we get f*(E(G)) = { 1, 2, 3}.
Therefore the maximum value of f*(E(G)) is equal to 3.
Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 4.
Therefore q,(f*) can take the value 3 or 4 or 5.
Here q,(f*) = 3 and it is minimum. Hence Q(G) = 3.
Example: 3.17Quotient labeling of the graph obtained from a triangular snake graph T¢ by subdividing only the
edges along the main path is shown below:
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Theorem: 3.18The quotient labeling number of a graph obtained from a Quadrilateral snake graph by
subdividing only the edges on the main path of the quadrilateral snake graph is 3.

Proof: Let G be the graph obtained from a quadrilateral snake graph by subdividing only the edges on the main
path of the quadrilateral snake graph.

Now V(G) = {vi, g, uj, wj: 1<i<n, I<j<n-1} and

E(G) = {(viei), (vi u) (Ui Wi), (& Visr), (Wi Visg) : 1Si<n-1}.

Define f: V(G) - { 1,2, ....., 4n-3} by

f(vy) =1, f(v;) = 4i-3 for 2<i<n.

f(e;) = 4i-1 for 1<i<n-1

f(u;) =4i-2 for I<i<n-1

f(w;) = 4i for 1<i<n-1

For the above vertex labeling we get f*(E(G)) = { 1, 2, 3}.

Therefore the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 4.

Therefore q,(f*) can take the value 3 or 4 or 5.

Here q,(f*) = 3 and it is minimum. Hence Q (G) = 3.

Example: 3.19Quotient labeling of a graph obtained from a triangular snake graph Qg by subdividing only the
edges on the main path of Qg is shown below:

2 4 [ g 10 12 14 16 18 20
1 3 5 7 9 11 13 15 17 15 21

Theorem: 3.20The quotient labeling number of the subdivision graph of the triangular snake graph S(T,)is 3.
Proof: Let G =S(T,) be the subdivision graph of the triangular snake graph T,.
Now V(G) = {vi, &, W, X;, ¥j: 1<i<n, I<j<n-1} and

E(G) = {(viey), (Vi xi), (% Wi), (W; i), (& Visr), (Vi Vi) 1 IS1<n-1}

Define f: V(G) - {1, 2, ....., 5n-4} by

f(vy) = 1f(v;) = 5(i-1) for 2<i<n.

f(e;) = 5i-2 for I<i<n-1

f(x;) = 5i-3 for 1I<i<n-1

f(y;) = 5it1 for I<i<n-1

f(w;) = 5i-1 for 1I<i<n-1

For the above vertex labeling we get f*(E(G)) ={ 1, 2, 3}.

Therefore the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 4.
Therefore q,(f*) can take the value 3 or 4 or 5.

Here q,(f*) = 3 and it is minimum. Hence Q(G) = 3.

Example: 3.21Quotient labeling of S(T-) is shown below:

Theorem: 3.22The quotient labeling number of the subdivision graph of thequadrilateral snake graph S(Q,) is
3. Proof: Let G = S(Q,) be the subdivision graph of quadrilateral snake graph Q, Now V(G) = {vi, €;, U;, W;,
X ¥, zj: 1<i<n, 1<j <n-1} and

E(G) = {(vie), (Vi xi), (Xi Wi), (Wi Yi), (iVisr), (Vi Vier) : 1S i<n-1}

Define f: V(G) - { 1,2, .....,, Tn-6} by

f(v)) =1, f(e)) =3, f(xq) =2,

f(v;) = 7(i-1)-2 for 2<i<n.

f(e;) = 7(i-1)+2 for 2<i<n-1

f(x;) = 7(i-1)+1 for 2<i<n-1

f(y) = 7i-1 for 1<i<n-1

f(zj))=7ifor 1<i<n-1

f(u;) = 7i-3 for 1I<i<n-1
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f(w;) = 7i+3 for 1<i<n-2

f(wp.1) = 7(n-1)+1

For the above vertex labeling we get f*(E(G)) = { 1, 2, 3}.

Therefore the maximum value of f*(E(G)) is equal to 3.

Then q,(f*) = 3. Since minimum degree 3(G) = 2 and maximum degree A(G) = 4.
Therefore q,(f*) can take the value 3 or 4 or 5.

Here q,(f*) = 3 and it is minimum. Hence Q. (G) = 3.

Example: 3.23Quotient labeling of S(Q-) is shown below:

IV. Conclusion
Quotient labeling number for some snake related graphs are calculated in this paper. Calculating quotient
labeling number for other family of graphs is our future work.
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