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I.  Introduction
In 1970, Levine[4] introduced the concept of generalized closed set in topological spaces. In 2000,
Veeerakumar [6] introduced several generalized closed sets namely g~ closed sets,§ closed set. Andrijevic[1]
introduced S-open set in general topology. The aim of this paper is to introduce the some new type of
separation axioms via fg -open sets. Throughout this paper (X,t) and (Y,o)(or simply X and Y)represents the
non-empty topological spaces on which no separation axioms are assumed,unless otherwise mentioned. For a
subset A of X, cl(A) and int(A) represents the closure of A and interior of A respectively.

Il. Preliminaries
Definition 2.1:A subset A of (X, 1) is called
1) Generalized closed[4] (briefly g-closed) if cl(A) < U whenever AcU and U is open.
2) Bg’-closed [3]if gcl(A)cU whenever AcU and U is 8-open in X.

Definition 2.2: Amap f: (X,7) = (Y, o) is called

1) Continuous [2] if (V) is closed subset in (X,T) for every closed subset V in (Y,0).

2). g continuous[5] if f*(V) is g closed subset in (X,7) for every closed subset V in (Y, o).

3) Bg’- continuous if f*(V) is Bg- closed subset in (X,7) for every closed subset V in (Y,0).

Definition 2.3:A function f:(X,7) =(Y,0) from a topological space X into a topological space Y is called a fg*
irresolute if f*(V) is Bg* closed set in X for every fg*closed set Vin Y.

1. 89"-T, (k=0, 1, 2) SPACES
In this section, a new type of separation axioms in topological spaces called 8g"-T, spaces for k = 0,1, 2 are
defined and their properties are studied.

Definition 3.1: A topological space (X, 7) is said to be

1. By -T, if for each pair of distinct points x, y in X, there exists a £g"-open set U such that either x € U and
ygUorxegUandy e U.

2. Bg’-T, if for each pair of distinct points x, y in X, there exist two Bg -open sets U and V such that x € U
andyg Uandy e Vbutx ¢ V.

3. Bg’-T, if for each pair of distinct points x, y in X, there exist two disjoint g -open sets U and V containing
x and y respectively.

Example 3.2: (i) Let X = {a, b, c} with the topology T ={X, ¢, {a}}. Here Bg"-open sets are {X, ¢, {a}, {b},
{c}, {a, b}, {b, c}, {a, c}}. Since for the distinct points a and b, there exist a #g -open set U= {a} such that acU
and bg U or U={b} such that a¢ U and beU. In a similar manner other pairs of distinct points may also be
discussed. Therefore X is fg"-T, space.

(i) Let X= {a, b, ¢ } with the topology 7 ={X, ¢, {a}}. Here Bg -open sets are {X, ¢, {a}, {b}, {c}, {a, b}, {b,
c}, {a, c}}. Since for the distinct points a and b, there exist g -open sets U= {a} and V={b, c} such that a €U
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butb ¢U and a ¢V but b €V. In a similar manner other pairs of distinct points may also be discussed. Therefore
X is g -T, space.

(iii) Let X = {a, b, c} with the topology T ={X, ¢, {c}, {a, b}}. Here g -open sets are {X, ¢, {a}, {b}, {c}, {a,
b}, {b, ¢}, {a, c}}. Since for the distinct points a and c, there exist two disjoint #g -open sets U= {a} and V={c}
containing a and c. In a similar manner other pairs of distinct points may also be discussed. Therefore X is 8g'-
T, space.

Remark 3.3: Let (X, 7) be a topological space, then the following statements are true:
1. Every Bg’-T, space is fg -T.
2. Every Bg’-T, space is Bg -To.

Theorem 3.4: Every T, space is a g -T, space.

Proof: Let X be a T, space. Let x, y be two distinct points in X. Since X is T, space, there exists an open set M
in X such that xeM, y ¢ M. Since every open set is a g -open set , M is a 8g -open set in X. Thus, for any two
distinct points x, y in X, there exists a fg"-open set M in X such that x € M, y ¢ M. Hence X is a 8g"-T, space.

Theorem 3.5: A topological space (X, T) is 89 -T, if and only if for each pair of distinct points x, y of X, fg -
cl{x}) # Bg -cl({y}) .

Proof: Necessity: Let (X, ) be a Bg"-T, space and x, y be any two distinct points of X. There exists g -open
set U containing x or y, say X but not y. Then X—U is a 8g - closed set which does not contain x but contains y.
Since Bg -cl({y}) is the smallest Bg’-closed set containing y, Bg™-cl({y}) € X—U and therefore x ¢ Bg-
cl({y}). Consequently g -cl({x}) # Bg -cl({y}).

Sufficiency: Suppose that x, y € X, x # y and 8g -cl({x}) # Bg -cl({y}). Let z be a point of X such that z
e By -cl({x}) but z ¢ Bg-cl({y}). We claim that xg Bg"-cl({y}). For if x € fg"-cl({y}) then Bg"-cl{x}) S
Bg -cl({y}). This contradicts the fact that z & Bg"-cl({y}). Consequently x belongs to the Sg"-open set X — Bg’-
cl({y}) to which y does not belong to. Hence (X, 7) is a g"-T, space.

Theorem 3.6: In a topological space (X, 7), if the singletons are fg"-closed then X is fg’-T; space and the
converse is true if 8GO (X, 1) is closed under arbitrary union.

Proof: Let {z} is Bg -closed for every z € X. Letx, y € X with x #y. Now x #y implies y € X -{x}. Hence
X -{x}is a ﬂg*—opgn set that contains y but not x. Similarly X -{y} is a fg "-open set containing x but not y.
Therefore X isa fg -T; space.

Conversely, let (X, 7) be Bg™-T; and x be any point of X. Choose y eX -{x}, then x # y and so there exists a
B9 -open se*t U such that y eU but* x ¢ U. Consequently y e USX —-{x}, Ehat is X -{x} = u{U,: yeX -{x}}
which is fg -open. Hence {x} is g -closed. That is every singleton set is fg -closed.

Theorem 3.7: The following statements are equivalent for a topological space (X, 1)

1. Xispg T,

2. Letx € X. Foreachy # x, there exists a £g"-open set U containing x such thaty ¢ Bg"-cl({U}).
3. Foreachx eX, n{ Bg"-cl({U}): Ue BG O(X, 7) and xeU}={x}.

Proof: (1)= (2): Let xeX, and for any yeX such that x # y, there exist two disjoint fg -open sets U and V
containing x and y respectively, since X is fg"-T,. So USX—V. Therefore fg"-cl{U})SX-V. So y ¢ Bg -
cl{U}).

(2)=(3) If possible for some y # x, yen{Bg -cl({U}) : Ue BG O(X, 1) and x€U}. This implies ye Bg -cl({U})
for every Bg -open set U containing x, which contradicts (2). Hence n{ 8g"-cl{U}): Ue BG O(X, ) and
xeU}={x}.

(3)=(1) Let x, yeX and x #y. Then there exists at least one g -open set U containing x such that y ¢ Bg’-
cl({U}). Let V = X—Bg"-cl({U}), then yeV and x € U and also UnV=d. Therefore X is fg"-T.

Theorem 3.8: Let (X, 7) and (Y, o) be two topological spaces and f: (X, 7)— (Y, g) be an one to one function.
Then if fis

(1) Bg -continuous and Y is a T, space then X is a Bg"-T, space.

(2) By -irresolute and Y is a 8g°-T, space then X isa Bg -T, space.
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(3) Continuous and Y is a T, space then X is a 8g"-T, space.

(4) Onto, Bg -irresolute and X is a 8g"-T, space then Y is a 8g’"-T, space.

Proof: (1) Let X, y be two distinct points in X. Then f(x) and f(y) are distinct points in Y. Then there exists two
open set U in Y such that f(x) €U and f(y) & U or f(y) € U and f(x) ¢ U. Then f*(U) is a fg -open set in X
such that xef(U) and y ¢ f(U) or ye £1(U) and x ¢ f(U). Therefore X isa Bg"-T, space.

Proof of (2) to (4) are similar.

Remark 3.9: The property of being a Bg"-T, space is preserved under one to one, onto and Bg -irresolute
mappings.

Theorem 3.10: Let (X, 7) and (Y, o) be two topological spaces and f: (X, t)— (Y, o) be an one to one function.
Then if fis

(1) Bg -continuous and Y is a T, space, then X is a 8g"-T; space.

(2) Bg -irresolute and Y isa Bg -T, space, then X isa Bg -T, space.

(3) Continuous and Y is a T, space, then X is a fg -T; space.

(4) Onto and Bg -irresolute and X is a 8g"-T, space then Y is a g -T; space.

Proof: Let x, y be two distinct points in X. Then f(x) and f(y) are distinct points in Y. Then there exists two
open sets U and V in Y such that f(x) €U but f(y) ¢ U and f(y) € V and f(x) ¢ V. Then f(U) and (V) are
B9 -open sets in X such that xef*(U) and

y ¢ f1(U) and ye £1(V) and x ¢ (V). Therefore X is a fg"-T, space.

Proof of (2) to (4) are similar.

Remark 3.11: The property of being a 8g"-T; space is preserved under one to one, onto and Bg -irresolute
mappings.

Definition 3.12: Let A be a subset of a topological space (X, ). The fg -kernel of A is defined as the
intersection of all fg’-open sets of (X, T) which contains A (briefly Bg"-ker(A)). That is 8g -ker(A) = n {Ue
BG O(X, 1) : ACU}.

Definition 3.13: Let x be a point of a topological space X. Then Bg"-ker(x) =n {M :M€ BG O(X, ) and xEM}.

Theorem 3.14: Let (X, 7) be a topological space and x €X. Then ye Bg’-ker({x}) if and only if xe Bg-
cl{y}).

Proof: Suppose that ye Bg -ker({x}). Then there exists a fg"-open set U containing x such that y «U.
Therefore , x¢ g -cl({y}). The proof of the converse case can be done similarly.

Theorem 3.15: Let (X, 7) be a topological space and A be a subset of X. Then Bg™-ker({A}) = {x €X : Bg’-
cl({x)nA= ¢}

Proof: x € Bg -ker({A}) and suppose Bg -cl({x}) NA = ¢. Hence x ¢ X— Bg -cl({x}) which is a fg"-open set
containing A. This is impossible, since x € Bg -ker({A}). Consequently, Bg"-cl({x}) NA# ¢. Next, let x €X
such that Bg"-cl({x}) NA# ¢ and suppose that x ¢ Bg -ker({A}). Then there exists a g -open set U containing
Aand x ¢ U. Lety € Bg’-cl({x}) NA . Hence U is a g -neighbourhood of y which does not contain x. By this
contradiction x € Bg -ker({A}) and hence the claim.

Theorem 3.16: The following properties hold for any two subsets A, B of a topological space (X, 1)
1. AcBg-ker({A}).

2. A c Bimplies that fg"-ker({A})S By -ker({B}).

3. If Aiis Bg-openin (X, ), then A= Bg"-ker({A}).

4. By -ker(Bg-ker({A})) = By -ker({A}).

Proof: The proof of (1), (2) and (3) are immediate consequences of Definition 3.12.
(4) By (1) and (2), we have Bg"-ker{A})S Bg -ker(Bg -ker({A})). If xe By -ker({A}), then there exists U€
BG O(X, 1) such that AcU and x¢ U. Hence Bg -ker({A})<U, and so xg 89 -ker(8g"-ker({A})). Thus Bg’-

ker(Bg -ker({A})) = By -ker({A}).
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Definition 3.17: A topological space (X, 7) is said to be fg"-symmetric if for any pair of distinct points x and y
inX, x € Bg -cl({y}) impliesy € Bg™-cl({x}).

Theorem 3.18: For atopological space (X, t), the following are equivalent:

1. (X, 1)isa g -symmetric space.

2. {x}is Bg -closed, for each x €X.

Proof: (1)=(2): Let (X, 7) be a g -symmetric space. Assume that {x} SU € BG O (X, 1), but Bg"-cl({x})¢U.
Then Bg™-cl({x})N(X-U)# ¢. Now, we take y € Bg -cl({x}) N(X—U), then by hypothesis x € Bg -cl({y}) S
X—U that is, xeU, which is a contradiction. Therefore {x} is g -closed, for each x €X.

(2) =(1): Assume that x € Bg™-cl({y}), but y ¢ Bg-cl({x}). Then {y}cX—Bg -cl({x}) and hence Bg'-
cl({yP)X—Bg -cl({x}). Therefore x eX—Lg"-cl({x}), which is contradiction and hence ye Bg"-cl({x}).

Corollary 3.19: Let 3G O(X, 7) be closed under arbitrary union. If the topological space (X, 7) is a Bg"-T;
space, then it is 89 -symmetric.

Proof: In a Bg’-T, space, every singleton set is fg -closed and therefore, by theorem 3.18, (X, 1) is B¢ -
symmetric.

Corollary 3.20: If a topological space (X, 7) is g -symmetric and g "-To, then (X, 7) is a g -T, space.

Proof: Let x # y and as (X, 7) is 89 -T,, we may assume that x €U €X -{y} for some U € G O (X, 7). Then
x ¢ B9 -cl({y}) and hence yeBg -cl({x}). There exists a fg -open set V such that y €V X -{x} and thus (X,
7) isa By -T; space.

IV. Bg-Ry (k=0, 1) SPACES
In this section, a new class of topological spaces called 8g™-R, and Bg’-R; spaces are introduced and
some of their properties are studied.

Definition 4.1: A topological space (X, 7) is said to be fg™-R, if U is fg -open set and x €U then Bg'-
cl({x}) cu.

Theorem 4.2: For a topological space (X, 7) the following properties are equivalent:

(1) (X, 1) is B9 -R, space.

(2) ForanyF e BG'C (X, 1), x ¢ F implies FEU and x¢U for some Ue BG O (X, 1).

(3) ForanyF e BG'C (X, 1), x ¢ F implies F n ﬁg*-cl(ix}) = ¢. X X .

(4) For any two distinct points x and y of X, either fg -cl({x}) = Bg -cl({y}) or g -cl({x})n Bg -cl{y}) =
o.

Proof: (1)=(2) Let F € BG'C(X, 7) and x ¢ F. Then by (1), Bg -cl({x}) & X—F. Set U = X—Bg"-cl({x}), then
U is a g -open set such that FEU and x ¢ U.

(2)=*>(3) Let Fe ﬁG**C(X, 7)and x ¢ F. Theire exists Ue BG O(X, 1) such that F €U and x ¢ U. Since U €
BG O(X, 1), Un Bg -cl({x}) = ¢ and Fn Bg -cl({x}) = ¢.

(3) =(4) Suppose that Bg -cl({x})#= Bg -cl({y}) for two distinct points x, y €X. There exists z € g -cl({x})
such that z ¢ Bg"-cl({y}) [or z€ Bg -cl({y}) such that z ¢ Bg -cl({x})]. There exists V€ SG O(X, 7) such that y
¢ V and z € V, hence xeV. Therefore, we have x ¢ B9 -cl({y}). By (3), we obtain fg"-cl({x})n Bg -cl({y}) =
¢.

(4) = (1) Let Ve BG O(X, 7) and x€V. For each ye V, x#y and x & Bg"-cl({y}). This shows that Bg -cl({x})
# B9 -cl({y}). By (4), Bg -cl({x})n Bg -cl({y}) = ¢ for each y € X~V and hence Bg -cl({x})n[u Bg -cl({y}):
yeX—V}] = ¢. On the other hand, since Ve G O(X, 7) and yeX—V, we have Bg -cl({y})SX—V and hence
X=V = u{ Bg"-cl({y}) : y€ X—V}. Therefore, we obtain (X—V) n Bg"-cl({x}) = ¢ and Bg -cl({x})SV. This
shows that (X, 7) is a B9 -R, space.

Theorem 4.3: If a topological space (X, ) is 89 -To space and a Bg -R, space then it is a 8g"-T; space.

Proof: Let x and y be any two distinct points of X. Since X is g"-T,, there exists a fg -open set U such that
x€eUandy ¢ U. Asx €U, Bg-cl({x}) CU. Sincey ¢ U, y & Bg -cl({x}). Hence y eV= X —Bg -cl({x}) and it
is clear that x ¢ V. Hence it follows that there exist g -open sets U and V containing x and y respectively, such
thaty ¢ U and x ¢ V respectively. This implies that X is a 8g"-T, space.
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.Theorem 4.4: For a topological space (X, t) the following properties are equivalent:

(1) (X, 7) is Bg"-R, space.

(2) x € Bg-cl({y}) ifand only ify € Bg"-cl({x}), for any two points x and y in X.

Proof: (1) = (2) Assume that X is fg"-R,. Let x € Bg -cl({y}) and V be any g -open set such that y €V. Now
by hypothesis, x €V. Therefore, every fg -open set which contain y contains x also. Hence y € Bg -cl({x}).

(2) =(1) Let U be a Bg"-open set and x €U. If y ¢ U, then x ¢ Bg -cl({y}) and hence y ¢ Bg -cl({x}). This
implies that g -cl({x}) SU. Hence (X, 1) is g -R, space.

Remark 4.5: From Definition 3.17 and Theorem 4.4 the notion of Bg"-symmetric and 89 -R, are equivalent.

Theorem 4.6: A topological space (X, 7) is 89 -R, space if and only if for any two points x and y in X, 8g'-
cl({x}) # Bg -cl({y}) implies Bg -cl({x}) N Bg -cl({y}) = ¢.

Proof: Necessity: Suppose that (X, 7) is 8g-R, and x and y € X such that fg"-cl({x}) # B9 -cl({y}). Then,
there exists z € g -cl({x}) such that z ¢ g -cl{y}) [ or z€ Bg -cl{y}) such that z ¢ Bg -cl({x})]. There
exists V€ BG'O(X, ) such that y ¢ V and z €V, hence x € V. Therefore, we have x ¢ Bg -cl({y}). Thus
x €[X — Bg-cl({y})] € BG O(X, 7), which implies Bg™-cl({x}) S[X — Bg -cI({y})] and

B9 -cl{x})n Bg -cl{y}) = ¢.

Sufficiency: Let V€ BG O(X, 1) and let x €V. To show that fg"-cl({x}) V. Let y ¢ V, that is y € X -V.

Then x # y and x ¢ 8g -cl({y}). This shows that Bg"-cl({x}) # B9 -cl({y}). By assumption, 8g™-cl({x}) n By -
cl{y}) = ¢. Hence y ¢ Bg -cl({x}) and therefore Bg"-cl({x}) SV. Hence (X, 7) is Bg"-R, space.

Theorem 4.7: The following statements are equivalent for any two points x and y in a topological space (X, t):
(1) By -ker({x}) # By -ker({y}).
(2) Bg -cl({x}) # Bg -cI{y}).

Proof: (1) = (2) Suppose that Bg”-ker({x}) # Bg -ker({y}), then there exists a point z in X such that z € Bg-
ker({x}) and z ¢ Bg -ker({y}). Theorem 3.14, implies that x € Bg -cl({z}), since z€ By -ker({x}). By z ¢
By -ker({y}), we have {y} n pg-cl({z}) = ¢. Since x € Bg -cl{z}), By -cI{x}) € Bg-cl({z}) and {y}
Ba-cl{x}) = ¢. Therefore, it follows that Sg -cl({x}) # B9 -cl({y}). Hence gg -ker({x}) = Bg -ker({y})
implies that fg"-cl({x}) # B9 -cl{y}).

(2) = (1) Suppose that Bg™-cl({x}) # Bg -cl({y}). Then there exists a point z in X such that z € Bg"-cl({x}) but
z ¢ B9 -cl({y}). We claim that x ¢ Bg-cl({y}), for if x € Bg-cl{y}) then Bg"-cl{x}) € Bg -cl({y}). This
contradicts the fact that z ¢ Bg -cl({y}). Hence x ¢ Bg -cl({y}). Theorem 3.14, implies y ¢ Bg -ker({x}).
Therefore, fg -ker({x}) # Bg -ker({y}).

Theorem 4.8: Let (X, 7) be a topological space. Then N[ Bg™-cl({x}) : x€ X} = ¢ if and only if Bg"-
ker({x}) # X for every x € X.

Proof: Necessity: Suppose that N[ Bg™-cl({x}) : x € X} = ¢. Assume that there is a point y in X such that 8g’-
ker({y}) = X. Let x be any point of X. Then x€U for every 8g -open set U containing y and hence y€ g -
cl({x}) for any x € X. This implies that yen{Bg -cl({x}): x€X}. But this is a contradiction. Hence fg’-
ker({x})#X for every xeX.

Sufficiency: Assume that fg"-ker({x})#X for every xeX. If there exists a point y in X such that yen{8g'-
cl({x}) : xeX}, then every Bg -open set containing y must contain every point of X. This implies that the space
X is the only Bg -open set containing y. Hence Bg -ker({y}) = X which is a contradiction. Therefore N[ 8g"-

c({x}) : xe X} = ¢.

Theorem 4.9: For a topological space (X, t) the following properties are equivalent:

(1) (X, 7)isaBg-R, space.

(2) For any non-empty set A and GE SG O(X, 7) such that ANG# ¢, there exists FE G C(X, T) such that
ANF# ¢ and FCG.

(3) Forany Ge BG O(X, 7), we have G = U{Fe BG'C(X, T) : FEG}.

(4) Forany Fe BG'C(X, T), we have F= n{Ge BG O(X, 7) : FEG}.

(5) Forevery x € X, Bg -cl({x}) € Bg -ker({x}).
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Proof: (1) = (2) Let A be a non-empty subset of X and GE G O(X, 1) such that ANG# ¢. Let x€ANG. Then
Xx€G= By -cl{x}) <SG, since (X, 7) is Bg"-R, space. Set F = g -cl({x}), then FE BG C(X, 7), FEG and
ANF# b.

(2) = (3) Let Ge BG O(X, 1), choose xeU{ F € BG'C(X, 7) : FEG}. Then x€F for some Fe BGC(X, 7) and
F<G. Therefore, xe G. On the other hand, suppose XeG. If we define A = {x}, then AnG= ¢. By our
hypothesis, there exists FE G C(X, 7) such that AnF# ¢, and FSG. Since A= {x}, xeFCU{Fe BG C(X, 1) :
FCSG}. Hence G = U{F € BG C(X, 1) : FEG}.

(3) = (4) Obvious.

(4) = (5) Let x be any point of X and y & Bg -ker({x}). There exists U € G O(X, 7) such that x eU and y ¢ U,
hence Bg™-cl{y}) NU = ¢. By (4) (n{G € BG O(X, 1) : Bg -cl{y}) €G}) NU = ¢ and there exists G €
BG O(X, t) such that x ¢G and Bg-cl({y}) €G. Therefore g’ -cl{x}) NG = and y & Bg-cl({x}).
Consequently, we obtain 8g’-cl({x}) € Bg"-ker({x}).

(5) = (1) Let G € BG'O(X, 7) and x €G. Let y € Bg-ker({x}), then x € Bg"-cl({y}) and y €G. This implies
that B9 -ker({x}) €G. Therefore x € Bg"-cl({x}) S By -ker({x}) G. Therefore (X, 1) is a fg -R, space.

Theorem 4.10: A topological space (X, 7) is Bg°-R, space if and only if Bg"-cl({x}) = Bg -ker({x}), for each
x eX.

Proof: Let (X, ) be a fg’-R, space. By theorem 4.9, Bg -cl({x}) € Bg -ker({x}) for each x €X. Let y € Bg’-

ker({x}), then x € g’-cl({y}) and by theorem 3.14, y € fg -cl({x}) and hence Bg -ker({x}) € Bg -cl({x}).
Therefore g -cl({x}) = Bg -ker({x}). Converse part is true from theorem 4.9.

Theorem 4.11: A topological space (X, ) is 8g°-Ry if and only if for any two points x and y in X, 8g'-
ker({x})# Bg -ker({y}) implies Bg -ker({x}) N g -ker({y}) = ¢.

Proof: Suppose that (X, 7) is a Bg"-R, space. Thus by theorem 4.7 for any two points x and y in X if Bg’-
ker({x})# Bg -ker({y}) then g -cl({x})# Bg -cl({y}). Now we prove that 8g -ker({x}) n g -ker({y}) = ¢
Assume that z € ,Bg* ker({x}) n Bg -ker({y}) . By z€ Bg'- ker({x}) and by theorem 3.14, we get x € ﬂg*-
cl({z}). Slncexeﬁg -cl({x}), by theorem 4.2, Bg"-cl({x})= Bg" cl({z}) Slmllarly, we have B9 -cl({y})=Bg -
cl({z})= Bg -cl({x}). This is a contradiction. Therefore, we have Bg"-ker({x}) n Bg" ker({y}) = ¢.

Conversely, let (X, 7) bea topologlcal space such that for any points x and ly in X, B9 ker({x}) + By ker({y})
implies Bg” ker({x}) N By -ker({y}) = ¢.Theorem 4.7 states that, if Bg ker({x}) + Bg -ker({y}), then ﬂg -
cl({x})# ﬂg -cl({y}). By theorem 4.6, it is enough to prove 8g° cl({x}) npg-cl{y}) = cb Suppose B9 -

cl({x}) N By -cl{y}) # ¢. Let z€ Bg” cI({x})n Bg -cl{y}) Then ze Bg -cl({x}) and z€ Bg -cl({y}). Since
z€ By -cl{x}), and by theorem 3.14, x€ Bg -ker({z}). Therefore, Bg" ker({x}) n By -ker({y}) # ¢. Then by

hypothesis, we get g -ker({x}) = ﬁg -ker({z}). Slmllarly from zeﬁg -cl({y}), we can prove that fg'-
ker({y})=B g -ker({z}). Therefore g -ker({x})=p g -ker({z})=p g -ker({y}). This is a contradiction to our

assumption g -cl({x})# Bg -cl({y}). Therefore Bg -cl({x})=Lg -cl({y}). Hence (X, 7) is a By -R, space.

Theorem 4.12: For a topological space (X, t) the following properties are equivalent:
(1) (X, 7)isaBg-Rg space.

(2) IfFis Bg -closed, then F= Bg"-ker(F).

(3) IfFis Bg -closed and x€F, then Bg -ker({x}) SF.

(4) 1f xeX, then Bg -ker({x}) € Bg -cl({x}).

Proof: (1)=(2) Let F be Bg"-closed and x¢F. Thus X—F is a g -open set containing x. Since (X, 7) is 89 -Ru,
Ba -cl({x}) €X—F. Thus g -cl({x}) NF = ¢ and by theorem 3.15, x¢ Bg -ker(F). Therefore fg -ker(F) = F.
(2) = (3) In general, ACB implies g -ker(A) € Bg -ker(B). Therefore, it follows from (2), that 8g -ker({x})
C By -ker(F) =F.

(3) = (4) Since xe Bg -cl({x}) and Bg -cl({x}) is g -closed, by (3), By -ker({x}) < Bg -cl({x}).

(4) = (1) Let x€ Bg -cl({y}). Then by theorem 3.14, ye Bg"-ker({x}). (4) = y€ Bg -ker({x})< Bg -cl({x}).
Therefore xe Bg"-cl({y}) implies ye Bg -cl({x}). Therefore (X, 7) is g -R, space.

Definition 4.13: In a topological space (X, 7) is said to be 8g"-R; if for x, y, in X with Bg"-cl{x})# By -
cl({y}), there exist disjoint 8g -open sets U and V such that Bg"-cl({x})<S U and g -cl({y})< V.
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Theorem 4.14: A topological space (X, 7) is 89 -R; space if it is Bg"-T, space.

Proof: Let x and y be any two points X such that 8g"-cl({x})# fg"-cl({y}). By Remark 3.3 (1), every Bg"-T,
space is fg"-T, space. Therefore, by theorem 3.6, Bg"-cl({x})={x}, Bg"-cl({y})= {y} and hence {x}#{y}. Since
(X, 7) is Bg"-T, , there exist a disjoint g"-open sets U and V such that Bg"-cl({x}) = {x}<U and Bg"-cl({y}) =
{y}cV. Therefore (X, 7) is Bg -R; space.

Theorem 4.15: For a topological space (X, 7) is 89 -symmetric, then the following are equivalent:
(1) (X, 7)ispy -Tz space.

(2) (X, 1)is ﬁg -R; space and Bg -T, space.

(3) (X, 1) is Bg"-R, space and g -T, space.

Proof: (1) =(2) and (2) =(3) obvious.

(3) =(1) Let x, y €X such that x # y . Since (X, ) is B9 -To space. By theorem 3.5 Bg™-cl({x}) # Bg -cl{y}),
since X is Bg’-R;, there exist disjoint fg -open sets U and V such that Bg"-cl({x}) €U and g -cl({y})SV.
Therefore, there exist disjoint #g"-open set U and V such that x€U and yeV. Hence (X, 1) is g -T, space.

Remark 4.16: For a topological space (X, t) the following statements are equivalent:

(1) (X, 1) is Bg’-R; space.

(2) If x, y €X such that Bg"-cl({x}) # Bg -cl({y}), then there exist fg -closed sets F; and F, such that x&F,
yEFl, yEFz, X&Fz and X:F1UF2.

Theorem 4.17: If a topological space (X, 7) is Bg"-R; space, then (X, 7) is g -R Space.

Proof: Let U be a g -open set such that xeU. If ygU, then x¢ Bg -cl({y}), therefore Bg"-cl({x}) # By -
cl({y}). So, there exists a Bg-open set V such that Bg"-cl({y})SV and x&V, which implies yg& Bg -cl({x}).
Hence Bg -cl({x}) €U. Therefore, (X, 7) is g -R, space.

Theorem 4.18: A topological space (X, 7) is fg -R; space if and only if xeX — g -cl({y}) implies that x and y
have disjoint 8g -open neighbourhoods.

Proof: Necessity: Let (X, 7) be a fg"-R; space. Let xeX — 8g -cl({y}). Then Bg"-cl({x}) # Bg -cl({y}), so x
and y have disjoint 8g -open neighbourhoods.

Suffrcrency First to show that (X, r) is Bg"-R, space. Let U be a Bg -open set and xeU. Suppose that ygU.
Then, Bg -cl({y})nU = ¢ and X ¢ By cl({y}) There exist a B9 -open sets U and U, such that x € Uy, y €U,
andU NU, = ¢. Hence, Bg” cI({x})C By’ cI({UX}) and Bg” -cl{x})nu,c By cI({UX})nU ¢. [ For srnceU
is ﬂg open set, X—Uy is By -closed set. So By -cl({X— U,}) = X-U,. Also since UynUy = ¢ and U,CU,". So
Lo -cl{u)c By cI({X Uy}) Thus g -cl({U,})eX-U v Therefore ye By cl({x}) Consequently, Bg -
cl{x})<U and (X, 1) is B9 -R, space. Next to show that (X, T) is fg" Rl space. Suppose that g cI({x})qt By’ -
cl({y}). Then, assume that there exists z€ Bg -cl({x}) such that z¢ B9 -cl({y}). There exist a Bg -open sets V,
and V, such that zeV,, yEV and V,nV, = ¢. Since ze By -cl({x}), XEV,. Slnce (X, 7) is By -R, space, we
obtain ,b’g -<cl({x})cV,, B9 -cl{yhev, and VNV, = ¢. Therefore (X, 1) is Bg"-R, space.

Theorem 4.19: A topological space (X, ) is fg"-R; space if and only if for each x #y €X with Bg"-ker({x}) #
Bg -ker({y}), then there exist Bg -closed sets G;, G, such that Bg -ker({x}) €G;, B9 -ker({x}) NG, = ¢ and

By -ker({y}) € G,, B9 -ker({y}) N G1 = ¢ and G,UG,= X

Proof Let (X, 1) be a Bg"-Ry space such that for each X #Yy€EeX W|th By -ker({x})# ﬁg -ker({y}). Since every
Bg -R; space is Bg"-R, space. By theorem 4.7, Bg" cl({x}) # B9 -cl({y}). As X is Bg"-R; space there exists
By open sets Uy, U, such that Bg"-cl({x}) € U; and Bg"-cl({y}) € U, and U, NU,= ¢ then X -U; and X -U,
are ,b’g -closed sets such that (X =UuX - Uy)= X. Put G;= X Uz and G, = X -U;. Thus X €G; and y €G,, s0

that/)’g -ker({x})<=G;, ﬂg -ker({y}) €G, and G;UG,= X and [i’g -ker({x}) NG, = d) ﬂg -ker({y}) N Gy = o.
Conversely, let for each x # yeX with g -ker({x}) # Bg -ker({y}), there exists g -closed sets G, and G, such
that Bg™-ker({x}) €G1, By -ker({x}) NG, = ¢ and Bg -ker({y}) € G, Bg -ker({y}) N G, = ¢ and G,UG,= X,
then X -G; and X -G, are 8g -open sets such that (X —G;NX - G,)= ¢. Put X—G;= U, and X—G,= U,. Thus
Bg -ker({x})<U; and Bg -ker({y})SU, and U;nU,= ¢, so that xeU, and yeU, implies x& Bg -cl({y}) and
ye Bg -cl({x}), then Bg"-cl({x})<U; and Bg -cl({y})SU,. Thus (X, 7) is B9 -R; space.
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Corollary 4.20: A topological space (X, 7) is fg"-R; space if and only if for each x#yeX with 8g"-cl({x})#
Bg-cl{y}) there exist disjoint 8g"-open sets U and V such that Bg"-cl(8g"-ker({x}))cU and Bg"-cl(Bg'-
ker({y}))<V.

Proof: Let (X, 7) be a fg"-R; space and let x;tyeX with Bg”-cl({x})# B9 cI({y}) then there exist disjoint 8g -
open sets U and V such that g -cl({x})<U and Bg -cl{y})cV. Also X, 7)is ﬁg -Rg space implies by theorem
4.10, for each xeX then B -cl{P=89g" ker({x}) but Bg -cl({x})= Bg -cl(Bg-cl({x})) = Bg-cl(Bg -
ker({x})). Thus Bg™-cl(Bg -ker({x}))<U and Bg -cl(Bg -ker({y})<V.

Conversely Iet for each x=yeX with /?g cl({x});t Bg -cl({y}), there exist d|310|nt B9 -open sets U and V such

thatﬁg -cl(Bg -ker({x}))SU and Bg" cl(ﬁg -ker{y})cV. Slnce {x}e Bg"-ker({x}) then ,Bg -cl{x}) < Bg'-
cl(Bg -ker({x})) for each xeX, so we get 8g"-cl({x})<SU and Bg -cl({y})SV. Thus (X, 7) is B9 -R; space.

Theorem 4.21: A topological space (X, 7) is Bg°-T, space if and only if either yg& Bg -ker({x}) or x¢ Bg -
ker({y}), for each x=yeX.

Proof: Let (X, 7) be a Bg"-T, space then for each x#y€eX, there exist 8g -open set U such that xeU, y & U or
x& U,y €U. Thusif xeU and y & U then y¢ Bg -ker({x}) or else if x & U and yeU then x¢ Bg -ker({y}).
Conversely, let either yg Bg -ker({x}) or x¢ Bg -ker({y}), for each x=y€eX. Then there exists fg"-open set U
such that xeU, y € U or x ¢ U, y €U. Thus (X, 7) is 8g"-T, space.

Theorgm 4.22: A topological space (X, 7) is 8g°-T; space if and only if for each x#yeX, yg¢ Bg -ker({x}) and
xe¢ pg-ker({y)). )

Proof: Let (X, 7) be a Bg -T; space then for each x=yeX, there exists Sg -open sets U, V such that xeU, y ¢ U
and y €V, x & V implies yg¢ Bg -ker({x}) and x¢ Bg -ker({y}).

Conversely, let yg g -ker({x}) and xg¢ Bg -ker({y}), for each xyeX. Then there exists Sg -open sets U, V
such that xeU, y g Uand y €V, x & V. Thus (X, t) is 8g - T, space.

Theorem 4.23: A topological space (X, 7) is g°-T; space if and only if for each x#yeX, g "-ker({x})n By -
ker({y}) = ¢.

Proof: Let (X, ) be a8g’-T, space. Then Bg -ker({x}) = {x} and Bg"-ker({y}) = {y}. Thus Bg -ker({x}) N
Bg -ker({y}) = ¢ ) ) )
Conversely, let for each x=yeX implies fg -ker({x}) n Bg -ker({y}) = ¢ and suppose that (X, ) be not Bg -T;
space then by theorem 4.21 we get for each x=yeX implies ye Bg -ker({x}) or x€ Bg -ker({y}), then Bg’-
ker({x}) n By -ker({y})# ¢ this is contradiction. Thus (X, 7) is g -T; space.

Corollary 4.24: Let (X, 7) be a topological space. A Bg"-T; space is fg -T, space if and only if one of the
following conditions holds:
1. For each x=yeX with Bg -cl({x})# Bg -cl({y}), then there exist Bg -open sets U, V such that 8g"-cl(8g -

ker({x}))< U and Bg -cl(Bg -ker({y}))< V.
2. For each x#yeX with g -ker({x})# Bg -ker({y}), then there exist fg"-closed sets Fy, F, such that 8g'-

ker({x})SF1, Bg -ker({x}) NF,= ¢ and By -ker({y})<S F», B9 -ker({y}) NF, and F,UF, = X.
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