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ABSTRACT: In this paper, we shall introduce the extension of af — statistical convergence of order y in
probability to double sequences. The study will also establish some inclusion relations between af — statistical
convergences of order y and af — statistical convergences of order yin probabilityof double sequences.
Finally, we will give a condition under which a double sequence of random variables will converge to a unique
limit under two different (a, ) of double sequences and also to prove that if this condition violates then the
limit value of af — statistical convergence of order y in probability of double sequence of random variables for
two different (a, 8) of double sequence may not be equal.
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I.  Introduction

The idea of convergence of a real sequence has been extended to statistical convergence by Fast (1951)
and Steinhaus (1951) and later on reintroduced by Shoenberg (1959) independently and is based on the notion of
asymptotic density of the subset of natural numbers. However, the first idea of statistical convergence (by
different name) was given by zygmund (1979) in the first edition of his monograph published in Warsaw in
1935. Later on it was further investigated from the sequence space point of view and linked with summability
theorem by Fridy (1985), Das et al.(2011). Friday and Orhan (1993).

In Bhunia, Das and Pal (2012) and Colak (2010), a different direction was given to the study of
statistical convergence of order y(0 < y < 1) was introduced by using the notion of natural density y (where n
is replaced by n? in the denominator in the definition of natural density). It was observed in Bhunia, Das and Pal
(2012), that the behavior of this new convergence was not exactly parallel to that of statistical convergence and
some basic properties were obtained. More results on this convergence can be seen from Sengiil and Et (2014).

Quiet recently, Das et al. (2018) introduced and studied the concept of a8 — statistical convergence of
order y in probability for single sequence. Following their introduction, we shall further extended this concept to
double sequence and establish some inclusion relation between af8 — statistical convergence of order y and
af — statistical convergence of order y in probability.

Definition 1.1 (Fast and Steinhaus [1951]): A sequence {x,},ey Of real numbers is said to be statistically
convergent to L if for arbitrary,e > 0 the set
K(e) ={neN: |x,—Ll =2} =0

Has a natural density zero.
Definition 1.2 (Mursaleen and Edely [2003]): A real double sequence {x;; }; xen is statistically convergent to a
number L if for each,e > 0, the set { (j, k),j < mand k < n: |xjk - L| > ¢ } has double natural density zero. In
this case, we write St, — lim; , x; , = L.
Definition 1.3 (Colak [2012]): A sequence {x, },ey Of real numbers is said to be statistically convergent of
order y where (0 <y < 1) to areal number x if for each,e > 0, the set
K = {n € N: |x, —L| = ¢} hasy- natural density of zero i.e
limn_,ooL K < n:|x, — x| = €}| = 0 and we write x,, S—y>x.

nY
Definition 1.4 (Aktuglu [2014]): A sequence {x, },,en Of real numbers is said to be a8 — statistical convergence
of order y where (0 <y < 1) to a real number x if for each ¢ > 0, the set {n € N:|x;, —x| = €} hasaf —
natural density zero i.e
1 S

: . . ap
llmn—moml K € [a,, Bn]: %, — x| = €}] and we write S;'ﬁ —limx, =00rx, — X
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Il. apf — Statistical Convergence Of Order y In Probability
The following definitions and results are by Das et al. (2018).
Definition 2.1(Das et al., [2018]): Let (S, A, P) be a probability space and {x,},,ey be a sequence of random
variables where each X,, is defined on the same sample space S (for each n) with respect to given class of events
A and a given probability function P: A— R. Then the sequence{x,},ey is said to be af — statistical
convergence of order y(where 0 < y < 1) in probability to a random variableX (where X:S — R) if for any
£6>0

lim,,_,, ————| {k € [@,, B,]: P(IX, — X]) = &) = 6}| =0

noe (Bn—an+1)Y
Or equivalently,
1

n—mml {k € [an'ﬁn]: 1- P(le _Xl < 8) = 6}| =0.

Definition 2.2. (Das et al., [2018]):Let (S, A, P) be a probability space and {X,}, cybe a sequence of random
variables where each X,, is defined on the same sample space S (for each n) with respect to a given class of
events A and a given probability functionP : A - R. A sequence of random variables{X}, <y is said to be
ap —strong p-Cesaro summable of order y where (0 <y < 1) and p > 0 is any fixed positive real number) in
probability to a random variable X if forany € > 0

1
mZke[an,ﬁn]{P(le -X| = eP}=0.
n n Wy'p

. . PWagp . . R
In this case we write X, —=5 X. The class of all sequences of random variables which are as-strong p-Cesaro

summable of order y in probability is denoted simplyby pVI/th;”.

Definition 2.3 (Das et al., [2018]):Let (S, A, P) be a probability space and {X,,},cn be a sequence of random
variables where each X,, is defined on the same sample space S (for each n) with respect to a given class of
events A and a given probability function P : A —» R. Then the sequence {x, },cy is said to be af-statistically
convergent of order y where(0 <y < 1) in rt" expectation to a random variable X (where X : S —» R) if for
any e >0

. 1

llmn—»mm |{k € [anv ﬁn]: E (le - Xlr = S}| = 0,

Provided E(|X,|") and E(|X|") exists for all n € Nin this case we write S;; —limE(|X,, — X|") = 0 or
sk

byX, —% X. The class of all sequences of randomvariables which are af3- statistically convergent of ordery in

rthexpectation is denotedsimply byESZl‘;.

Definition 2.4 (Das et al., [2018]):Let (S, A, P) be a probability space and {X, },,cy be a sequence of random

variables where each X,, is defined on the same sample space S (for each n) with respect to a given class of

events A and a given probability functionP : A - R. Let E, (x) be thedistribution function of X,, for alln € N.

If there exist a random variable X whose distribution function is F(x) such that the sequence {F, (x)},cniS @ —

statistically convergent of order y to F(x) at every point of continuity x of F(x) then {X,}, ey is said to be

as?

af — statistically convergent of order yin distribution to X and we write X, —4X.
Y

Stl
Theorem 2.1 (Das et al., [2018]):1f a sequence of constants x,, % x then regarding a constant as a random
psh
variable having one point distribution at that point, we may also write x, —% x.
Theorem 2.2 (Elementary properties (Das et al., [2018])):We have the following

lim

lim,,_,,,

P Y1 P Y2
i. If X, EX and X, i Y then P(X =Y) =1forany y;,y, where 0 < yy,y, < 1.

ps’l ps¥2 p s™ax {r1va}
ii. If X, —% X and Y, —%Y then (cX, +dY,) RN (cX + dY) where c,d are constants and 0
<v,Y2 =<1
iii. Let0<y; <y, < 1.ThenPS); S P S% and this inclusion is strict whenevery, < y,.

psl’l pSVZ

iv. Let g:R — R be a continuous function and 0 < y; <y, < 1.ifX, —% X then gX) —4 gX).

Theorem 2.3 (Das et al., [2018]):Let 0 < y <1, (a,B) and (a', 8') are two pairs of sequences of positive real
numbers such that [a,,B,] € [a,f] for all n € N and (B, — a, + 1)Y < &(B, — a,, + 1)"for some & > 0,

then we have P S;; S PS”. .

Theorem 2.4 (Das et al., [2018]):
i. Let0 <y; <y, <1, thenP Wayﬂl'p. This inclusion is strict whenevery; < y,.

ii. Let0 <y<1land0 <P<gq <oo,thenPl/Va‘2;'qcPVI/;’;,’p.
Theorem 2.5 (Das et al., [2018]):Let0 <y, <y, <1 ThenP WJE"’ c PS&'E,.
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Theorem 2.6 (Das et al., [2018]):
i Fory = 1, PW“’ PSag.
p WVl P Y2
ii. Let g:R — R be a continuous functionand0 <y; <y, <1Ifx, — x, then g(x,) —4 g(x).
Theorem 2.7 (Das et al., [2018]): Let {@, }nen 1{Bn Inen PE two non — decreasing sequences of positive numbers

suchthat a, < B, < aps1 < Ppy1and 0 <y; <y, < 1. Then PS" c PSV2 if f liminf ( ) > 1. (such a pair

of sequence exists: take a,, = nlandg,, = (n + 1)!.)

Theorem 2.8 (Das etal., [2018]):Let @ = {a,}nen: B = {Bn}nen D€ two non — decreasing sequences of positive
S}’Z

numbers. Let X,, —>X and X, —Lyforo< ¥1 <y, < 1if liminf ( ) > 1then P{X = Y} =
Es” sy
Theorem 2.9 (Das et al., [2018]):Let X, —%x (foranyr >0 and 0 <y <1). Then X, —>X i.e af-
statistical convergence of order y in r" expectation implies af- statistical convergence of order y in
probability.
Theorem 2.10 (Das et al., [2018]):Let {X,, },..y be a sequence of random variables such that P(|X,,| < M) =
ESy Es”
for all n and some constant M > 0. Suppose that X,, —% X. Then X, —% X for anyr > 0.
Theorem 2.11 (Das et al., [2018]):

Es” Es”
(i Let X, —>XandX —>Y(for allr >0and0 <y <1). Then P(X=Y) =1 provided
X —-X,) =20and (Y, —-Y) =0.
Es“ ES“ ESV

(i) Let X, —>XandY —>Y(f0rallr >0and0 <y <1). Then X, +Y)—>(X+

Y)provided(X — X,,) = Oand (Y, —Y) = 0.

Theorem 2.12 (Das et al., [2018]):Let {X,, },,ey be a sequence of random variables. Also let £, (x) = P(X,, = x)

be the probability mass function of X, for all
ASV

ne N and f(x) = P(X = x) be the probability mass function of X. iff, (x) A f(x) for all x then X, —£x.

V

S
Theorem 2.13 (Das et al., [2018]):Let {x,},en be a sequence of random variables. If X, —% X then X,
ASV
—% X.that is af — statistical convergence of order y in probability implies af- statistical convergence of order
y in distribution.

Theorem 2.14 (Das et al., [2018]):Let {a, },en and {B,}.en be two increasing sequences of positive real
numbers such that a, < B,, a1 < Bpi1, B — @) 2 0asn s oand 0 <y; <y, < 1. If limitinf (i—") >

PS}’Z
1 then X —>X implies X, %X,

I11. Main Results
We now give our definitions and results as follows:
Definition 3.1. Let (S, A,, P) be a probability space and {X,,,, }.. nen be a double sequence of random variables
where each X,,, is defined on the same sample spaceS, (for each m, n) with respect to given class of events A,
and a given probability function P: A,— R?. Then the double sequence {X,., }m nen IS Said to be a8 — statistical
convergence of double sequence of order ywhere (0 < y <1) in probability to a random

variableX (where X:S x S —» R?) ifforany &,5 > 0
1

limm,n—moml {(]' k) € [am,n'ﬁm,n]:Pdek _XD = S) 2 6}| =

Or equivalently,
1

limm,n—moml {(]' k) € [am,n'ﬁm,n]: 1- P(|X]k - X| < ‘9) = 6}| =
Example 3.1. Let a double sequence of random variables {x,,, },, »en be defined by

1
I{—l,l} with probability > if mn = p%q*for somep,q €N,
X

1 1
{0,1} with probability P(x,,, = 0) = (1 — —) and P(x,, =1) = —,
mn mn

Lif mn # p?q?, for anyp,q € N.
Let 0 < & 6 < 1. Then we have
P(|%pn — 0] =€) = 1,if mn = (p*q?) for somep,q €N
And
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1
P(|xpyn—0] = ¢) = — if mn # p?q*foranyp,q € N

Lety = %,am,n = ((m—1%*(n—1)?+1), By, = m*n? for all m,n € N.then we have the inequality,
1

m“(}, k) € [(m - 1)2(7’1 - 1)2 + 1,m2n2]:P(|Xm‘n —1 0| < 8) = 5” = (ﬁﬁ'\/%) - 0. As
Pszfaﬁ
n — o and where d is a finite positive integer. So x,, , — 0,
But
mn 1 il{j <m,k <n:P(x,,, —0| =¢) = 6}|. So the right hand side does not tend to 0. This shows
Vmn T Amn Y T T T mn -0
that {x,,, };m nen 1S NOt statistically convergent of order% in probability to 0.

53,
Theorem 3.1. If a double sequence of constants x,,, ~% x then regarding a constant as a random variable
having one point distribution at that point, we may also write
Pszyaﬁ
Xmn — X.
Proof: Let e>0 be any arbitrarily small positive real number.
Thenlimm,nﬁmeU, k)el@mn s Bnn 1 |xjk —x| > ¢}/ =0.Nowlet§ > 0.

So the set Ki; = {(j,k) € N X N: P(|x —x| =€) =6} S K

s
Where K = {(j, k) € N x N: |x;, — x| = ¢}. This shows that x,,, — x.
Example 3.2
Let ¢ be a rational number between y; and y, Let probability density function of X,,, be given by
(1, 0<x<1,
foun () = {0, otherwise

1
If mn = [(pq)?] ,foranyp,q € N,and
mnxMm—D0-1)
fmn (X) = 2mn
0, otherwiswe

, where0 <x <2

1
If mn # [(pq)?] ,foranyp,q € N.Nowlet0 < eand § < 1.then

1
P(| X —2| =) =1,if mn = [(pq)?]For somep,q €N
And

e\ 1
P(|Xpn — 2| =€) = (1 — E) Jif mn # [(pq)c] for any p, q eN.
Now let a,,,, = 1 and B,,, = p*q?.consequently we have the inequality

 (mn)* -1 . 1 , -
J%T“W < ml}lrilwmw(],k) € [1,m*n ].P(|Xjk —-2| = 5) = 5}|
And

. 1 , ) (mn)%* +1 d
mlrllrilwi(mn)zyz 1{U. k) € [1,(mn)?]: P(1X), —2| =€) = 8}| < mlirgw( )2 (mn)zyz),

Where d is a fixed finite positive integer. This shows that {X,,, },, nen IS @ — statistically convergent of order
¥, in probability to 2 but is not a8 — statistically convergent of double sequence of order y; in probability to 2

whenever y; <y, and this is not the usual a8 — statistically convergent of double sequence of order y of real
PSza
numbers. So the converse of theorem 3.1 is not true. Also by taking y, = 1, we see that X,,, —% 2 but

{Xonn Jmnen is NOt af — statistically convergent of double sequence of order y in probability to 2 for 0 <y < 1.
Theorem 3.2 (Elementary properties).We have the following

PSZV; PS;;
i If X, — % X and Xonn —% Y then P{X = Y} = 1foranyy;,y, where 0 < yy,y, < 1.

p syt P S%’z P S;ﬂax frivz}
ii. If X —% X and Yo —% ¥ then (X +dYn) LN (cX + dY) where c,d are constants
and 0 < Y1, V2 <1.

iii. LetO<y, <y, <1.ThenP S{;ﬁ cP S;’iﬁ and this inclusion is strict whenever y; < y,.
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Psy)
iv. Let g: Rx R — R x R be a continuous functionand 0 <y; <y, < 1. If X,,,,, —% X then 9 Xmn)
P s)?
ap
—g(X).
Proof:
(i) Without loss of generality, we assume, y, < y;. If possible let P{X = Y} # 1, then there exist two

positive real numbers € and & such that P(]X — Y| = &) =8 > 0.

Then we have

Bmn —amn +1 1 . . _ £ é
M2 (Brn —mn +1)Y1 2L (B —amp +1)71 |{(]‘ k) € [amnl an] P (|)(]k Xl 2 2) 2 2}| +

limmr—oo 1(Fmn—amn+1)y2/),kEamn fnn:PXjk—V>2>52/ Which is impossible because the left hand
limit is not 0 whereas the right hand limit is 0.S0 P{X = Y} = 1.

< lim

lim

(ii) Proof is straight forward and so is omitted.

(iii) The first part is obvious. The inclusion is proper as can be seen from Example 3.2.

(iv) Proof is straight forward and so is omitted.

Theorem 3.3. Let 0 < y <1, (a,B) and (a, ') are two pairs of double sequences of positive real numbers
such that [, Bmn] € [a, B] for all mneN and (Bn — @pn + 1)Y < e(Byun — Amp + 1) for some & > 0,
then we have P SZVM cP Szya,ﬁ,.

Proof:ls straight forward and is omitted. But if the condition of theorem 3.3 is violated then the limit may not be
unique for two different (a, 8)'swe now give an example to show this.

Example 3.3. Let a = {(2mn)!},8 = {(2m + 1)! (2n + D)Janda ={(2m + 1)! (2n + 1)!}. Let us define a
sequence of random variables {X,,,, },un cz BY

1 1
{-1,1} with probability P(X;, = —1) = 7z P(xy =1) = (1 —j—k),
if Cm)! <j<(@m+1D,2n)! <k<@n+1),

. . 1 1
{—2,2} with probability P(x; = —2) = 7z P(xy =2) = (1 - —),

Xk € 1 jk
ifm+1! <j<@m+2),Cn+1)! <k<(@n+2),
. . 1
{—3,3} with probability P(x; = —3) = x P(xy =3),

ifj=0Cm)landj=C2m+ 1), if k=2n)!and k = (2n + 1)!
Let0 < g6 < 1and0 <y < 1. Then for the double sequence (a, 8)
1
P(|x — 1] =€) =j—k,if Cm!<j<Cm+D,2n)!<k<@2n+1),
And
P(lge —1| =€) =1,if Cm+ D! <j<@m+2),C2n+ D! <k < (2n+2),
And
P(lxe —1| =€) =1,if j = @m)land j = @m + D,k = @n)land k = (2n + 1)},
Therefore,

1
i 1 | | | Il —
Tnl}[riltx) (@mT DI+ D= @mI @l + 1) [{je[(2m)!, 2m + D], ke[(2n)!, 2n + L, ]: P(Jx;, — 1]
>e)=6}=0
Pszyaﬁ
S0 x,,, — 1. Similarly, it can be shown that for all the double sequences a = {(2m + 1)!(2n + 1)1}, =

Psy |,
{@2m +2)! 2n + 2)1}, and x,,, —2 2.

Definition 3.2. Let (S,, A,, P) be a probability space and {X,,, },, »enbe a double sequence of random variables
where each X,,,, is defined on the same sample space S, (for each m and n) with respect to a given class of
events A, and a given probability functionP : A, » R?. A double sequence of random variables{X,,, }m nen IS
said to be ap —strong p-Cesaro summable of order y where (0 <y < 1) and p > 0 is any fixed positive real
number) in probability to a random variable X if forany € > 0

1
lim Z Z P(|Xs —X| = )} = o.
mn —eo (an = Oy + 1)}/ je[am'ﬁm]ke[a ] | / |
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pwy”
In this case we write X,,, —“% X. The class of all sequences of random variables which are af-strong p-
Cesaro summable of order y in probability is denoted simplyby PWZVa";.

Theorem 3.4.

i. Let0 <y; <y, <1, thenPVI/ZV;'ﬁp. This inclusion is strict whenever y; < 5.

. Let0 <y<1land0 <P <gq <oo,thenPWZ];";cPWZ’;”;.

Proof:

Q) The first part of this theorem is straightforward and so is omitted. For the

second part we will give an example to show that there is a double sequence of random variables {X,,, },, nen
which is af —strong p-Cesaro summable of ordery, of double sequence in probability to a random variable
X but is not a8 —strong p-Cesaro summable of ordery; of double sequence in probability whenever y; < y,.
Let ¢ be a rational number between y; and y,. We consider the sequence of random

Variables:

1 1
|({—1,1} with probability > if mn= [(pq)?] for somem,n € N

1
an € { [ ili = N — —
{0,1} with probability P(X,,, =0) =1 T and P(Xp, = 1) =5

| mZnZ
1
( if mn # [(pq)?] foranym,n € N
1
Then we have for 0 < ¢ < 1,P(|X,,, —0| = ¢) =1,if m,n = [(pq)?]for some m,n € N

1 , L
And P(|X,,, —0] = ¢) = el if mn= [(pq)c]for any m, neN.
Let ,,, = 1 and B,,, = p?>q?, so we have the inequality
(mn)?* —1 1 »
lim ————< i —Z Z P(|Xy — 0| =
m}ln;loo (mn)zyl m,‘lngoo(mn)zyz jE[l,mZ] ke[l,nz]{ (l jk | S)}
And
1
lim —Z Z P(IX; — 0] = &)Y’
m,n—m(mn)zl/z je [1,m2] ke[l,nz]{ (l sk | )}
< (mn)?¢ +1 1 (1+1+ N 1 )
e (mn)?2r2 (mn)2v2\12 ~ 22 (mn)*

p WVZIP
This shows that X, AO but {X,.,; }mnen IS NOt af —strong p-Cesaro summable of ordery,; of double
sequence in probability to 0.
(i) Proof is straight forward and so is omitted.
Theorem 3.5
Let0 <y; <y, <1.ThenP VI/Z}:B"’ c PS%’ZB.
Proof: proof is straight forward and so is omitted.
So we can say that if a double sequence of random variables {X,,, },, nenaf8 —strong p-Cesaro summable of
ordery of double sequence in probability to X then it is af —statistically convergent of double sequences in
probability to X i.e.P szl'lf cP szyaﬁ :
But the converse of the theorem 3.5 is not true in general as can be seen from the following example.
Example 3.4
Let a double sequence of random variables {X,,,, },n »en be defined by

1
{—1,1} with probability > if mn = (pq)*? for some p, qeN,

1 1
Xmn €1(0,1} with probability P(X,y, = 0) = 1 — 5-—— and P(X,, = 1) =

vmn va mn

)

if mn # (pq)??foranyp,q € N.
Let 0 < € < 1 be given. Then
P(|X,, — 0| = &) = 1,if mn = (pq)P? for some p,q €N
And

P(|Xpn — 0 = &) = 57—, if mn # (pq)?" for any (p, q) eN.

P Wzyaﬁ
Let a,,, = 1and f3,,, = (mn)?. This implies X,,, — 0 for each 0 < y < 1. Next let
H ={m,n € N:mn # (pq)?? for any p,q € N}. Then
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(mn)z" Z,E 1mz]zke L 2]{P(| (o — 0| = s)}p
WZ}E[lm Zke[lnz]{ (| 0| > g)}p

keH

1 P
* (mn)?r Z}E[lm Zke[l nz]{ (| — 0| =€)}
jeH
"

1

11> s X Zk:lﬁ > i

(mn)zV Z}E[lmZ]Zke[ln ]\/]T (mn)zV Z}e[;rg Zkelgég

Since X" 1Zk 1\/_ > \/_ form,n = 2 s0 X,,, is not aff — strong p-cesaro summable of double sequence
of order Y in probabilityto 0 for 0 <y < E'
Theorem 3.6
0) Fory =1, pI/I/2 P = =PSy,,
(i) Letg:RXR - R X R be a continuous functionand 0 <y; <y, <1
PW” PWV2

lf an —)X then g(an ) _)g(X)
Proof: for (i) and (ii) the proof is straight forward and so is omitted.

Theorem 3.7
Let {an tmnen s {Bmn Ymnen 08 two non — decreasing double sequences of positive numbers such that «,,, <

Bon < Amns1 < Bmnsr and 0<y; <y, < 1. Then PS)' c PSV2 if f limiidinf (ﬁ’””) > 1. (such a pair of
double sequence exists: take a,,,, = (mn)!and B, = ((m + 1)! (n + 1)!)

find sufficiently large r and s such that ir—s >(1+9)

Therefore,
_ "1 Y1

(ﬁ_m ““> > (i) Now for each €, § > 0 we have
Brs 1+6

1
G U < Bl k < 18,1 (1 — x| 2 €) 2 5}
_mHJ <Pm k= ﬁn:P(|Xjk _X| > 8) > 5}|

27 U < Bk < B P(|X = X[ 2 ) = 6}
n

S Y1 1 )
2 (153) G —a 1y Velons, ) kelanl: P( x| 2 €) 2 5)].

Hence the result follows: now if possmle suppose that liméin f (ﬁ""‘) > 1so for each j, k € N, we can choose a

subsequence such that . k<1 + — and ,Br sy = Jk
TjSk
Let Ir Sk [“r,-,s;u ﬂr;,Sk]- We define a double sequence of random variables by

( 1
{—1,1 with probability > if mne Irj_skwhere j, k€ N}

1

Xmn €4{0,1} with probability P(X,,, =0) =1 — )2

1
W and P(an = 1) =

if myné¢ L s, foranyj,keN
Let0 <6 > 1. Now

P(| X, — 0| =e)=1,if myne I, s, where j,k €N,
And

P(| Xy — 0l = ¢) = if mn ¢l g wherejkeN,

1
(mn)?’
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1 3 . _ (ﬁrj,sk_arj,sk+1)
(Brj,sk_arj,sk+1)y |{];k € [arj,sk: Brj,sk] . P(len - Ol = E) = 6}| = _(ﬁrj‘Sk—arj‘sk+1)y - but as

m|{j,k € [arj,sk.ﬁr,,sk] P(| Xy — 0| =€) 2 5} is a subsequence of the double
Tj,Sk_ Tj,Sk

Now

1

sequencem|{j,k € [arj,sk,[)’rj,sk] P(| X — 0| =€) = 6} this shows that X,, is not af —

statistically convergent of double sequences of order y (where 0< y < 1) in probability to zero.
Finally, let y = 1. If we take u and v sufficiently large such that a,; <u < B,; and ag < v < S then we

observe that
ﬁr- 1.5k 1+ﬁr-sk_ar-s 1 1 1
—0] > ) < L= J: J ok _{1 — 4. —}
Z Z P (1% | =€) a, + u + (2,2)2 ot (u, v)?

j=1k= TSk
Bri—1ysge-1 ﬁT'Sk_“TwSk 1 1 1
< G=15Ck=1) 7T, J +_{ +—2+...+ 2}
Briy-1500-1 @rjsk uv (2.2) (w,v)
1

2 fpos .
S_k+_{1+(22)2+ o )2} 0,if j,u - o and k, v — «oThis shows that

PS;
X,m — 0 But this is a contradiction as PS}* c PSV2 where (0< y; < y, < 1).we conclude that lim mf(ﬁ’”")

Xmn
must be > 1.
Theorem 3.8
Let a = {@unmaens B = {Bmntmanen b€ two non-decreasing double sequences of positive numbers. Let
Syl PSVZ

P
X, —> X and X,,, A yforo <y, <y, <1.Iflim 1nf(i"’") > 1, then P{X = Y}=1.

Proof:
Let € > 0 be any small positive real number and if possible let P(]JX — Y| = £)=6§ > 0 now, we have the
inequality

& &
PUX = Y12 &) < {P(Xy = X1 = 2} + {P(X — V1 2 5}
= {j, ke[ tpn Bon ]: P(IX — Y| = 6}
C{'kf[a Brn 1: P(|X; —X|)>E)>§}U{'ke[a B 1: P(1X; —Y|>f)>§}
= mns Pmn 1+ ik =35)=3 ] mn» Pmn 1 ik 2225
= |{j, ke[amn B | PUX — Y| = €}
<fik Plxe —xPh =52 ik p(lx, —v]>%) >
= |{]’ E[am"’ﬁmn]' (| L |) —E) —§}|+|{]: E[amn:ﬁmn]- (| Sk — |_E) =
= |{, ke[amn Brun ]: PUX = Y| 2 &) 2 6} S
<[l =Bk =tap (e -x123) =2}

; £ 1)
+ |{],k6[amn,ﬂmn]:P(|Xjk —Y| ZE) Zi}l

= Bon = Cn) < 1 < Bl k S [B1P (X0 = Y] 22) 2 3+ 1 kel B ]: PUXs =Y 25 2
o2

N| &
——

Brn = o\
=7
S[ﬂl]yl b < Bl k< 182:P (1 k—x| =2
+ :m |{],k6[amn,ﬁmn (| e — Y 2 }
= (P o)
< G i = ks e (1 31 25) 2 3 + (Bt tl)
ok —TF {]lkf[amnugmn (| G — Y zg) Zg}|
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151 1
=>(1—am”) <

B! =TI Ty )

et stone (i -x=25) =g (g g

j . £ 8
X Bom — o + D7 {]' kel Bun): P (X6 = ¥] = E) > §}|

st e (=12 5) =5+ (1-pe )

) _ £ )
o — {],ke[amn,ﬁmn]. P(|%e = v| 2 E) > E}|

Taking m,n — oo on both sides, we see that the left hand side does not tend to 0. Since liméiinf (ﬁ’"") > 1 but

.
the right hand side tends to 0. This is a contradiction, so we must have
P{X=Y}=1.

= (1 Fmn

151 1
- an) = ol
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