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Abstract:By having used of differential subordination, it has been investigated in the present paper, 

subordination relations, inclusion relations, distortion theorem and inequality properties are discussed of the 

class𝕄𝔹(𝜶, 𝝀, 𝓵, 𝝁, 𝜜, 𝜝). In this paper it has been introduced some new classes   𝕄𝔹(𝜶, 𝝀, 𝓵, 𝝁, 𝜜, 𝜝) of 

meromorphic functions which are defined by means a meromorphic function using a new operator. 
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I. Introduction 
Let  Ωm +1 be the class of function of the form 

                    𝑓 𝑧 =
1

𝑧
+  𝑎𝑘

∞
𝑘=0 𝑧𝑘 (1)  

which are analytic in the punctured unit disk 𝕌∗ =  𝑧: 𝑧 ∈ ℂ and 0 < 𝑧 < 1 = 𝕌\{0} 

If 𝑓 𝑧 and 𝑔(𝑧) are analytic in 𝕌, we say that 𝑓 𝑧  is subordinate to 𝑔 𝑧 , written symbolically as 

follows 𝑓 𝑧 ≺ 𝑔 𝑧 or 𝑓 ≺ 𝑔   (𝑧 ∈  𝕌). If there exist a Schwarz function 𝜔(𝑧), which is analytic in  𝕌 with 

𝜔 0 = 0   and     ω z  < 1       z ∈ 𝕌  such that𝑓 𝑧 = 𝑔 𝜔 𝑧      (𝑧 ∈  𝕌). If the function 𝑔(𝑧) is univalent 

in 𝕌, it has the following equivalence (cf., e.g.,    [11]; [12])  

𝑓 𝑧 ≺ 𝑔 𝑧  𝑧 ∈  𝕌  

⟺ 𝑓 0 = 𝑔 0 and 𝑓 𝕌 ⊂ 𝑔 𝕌 . 

We define the convolution or Hadamard product of the functions 𝑓 𝑧  and 𝑔(𝑧) by 

 𝑓 ∗ 𝑔  𝑧 =
1

𝑧𝑝 +  𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=𝑝 =  𝑔 ∗ 𝑓  𝑧  (𝑝 ∈ ℕ, 𝑧 ∈ 𝕌                         (2) 

Following the current work of Liu and Srivastava [7] see also [8], [9] for a function 𝑓(𝑧) in the class Ωm+1  given 

by (1), now it is defined the integral operator  

𝑄𝑝
𝑚  ℓ, 𝜆 𝑓 𝑧 =

1

𝑧𝑝 +    
ℓ

ℓ+𝜆(𝑝+𝑘)
 
𝑚

𝑎𝑘𝑧𝑘∞
𝑘=𝑝     {𝜆ℓ > 0}                                  (3) 

The above integral operator converts into the following operator with 𝑝 = 1 

𝑄1
𝑚  ℓ, 𝜆 𝑓 𝑧 =

1

𝑧
+   

ℓ

ℓ+𝜆(1+𝑘)
 
𝑚

𝑎𝑘𝑧𝑘∞
𝑘=1  , (ℓ > 0, 𝜆 ≥ 0, 𝑚 ∈ 𝑁0; 𝑧 ∈ 𝕌∗)        (4) 

It is easily verified from (4) 

𝜆 𝑧  𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

′
= ℓ𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧 −  𝜆 +  ℓ 𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧 ,  𝜆 > 0         (5) 

Making use of the principle of differential subordination as well as the operator𝑄1
𝑚+1 ℓ, 𝜆  , now it is 

introduced a subclass of the function classΩm +1 as follows. 

 

II. Definition 

Suppose that𝛼 ≥ 0, 𝜇 > 0, −1 ≤ 𝐵 ≤ 1, 𝐴 ≠ 𝐵, 𝐴 ∈ 𝑅, we say that a function 𝑓(𝑧) ∈ Ωm +1  is in the class 

𝕄𝔹(𝛼, 𝜆, ℓ, 𝜇, Α, Β) if is satisfies 

 1 − 𝛼  𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
≺

1 + 𝐴𝑧

1 + 𝐵𝑧
, 𝑧 ∈ 𝕌 

In particular, we claim 𝕄𝔹 (𝛼, 𝜆, 𝜇, −2𝜌 − 1) ≡ 𝕄𝔹 (𝛼, 𝜆, ℓ, 𝜇, ρ)denote the subclass of 𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, Α, Β  for 

𝐴 = 1 − 2𝜌, 𝐵 = −1 and 0 ≤ 𝜌 < 1 

It is clear that 𝑓 𝑧 ∈ 𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, ρ ⟺ 𝑓(𝑧) ∈ Ωm +1 and satisfies 1 − 𝛼  𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+

𝛼 𝑧𝑄1
𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇−1

> 𝜌, (𝑧 ∈ 𝕌) 
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In present study, it will discussed distortion theorem, inclusion relations, inequalities properties and 

subordination relations of the class 𝕄𝔹(𝛼, 𝜆, ℓ, 𝜇, Α, Β). 

 

III. Preliminary Lemmas 

In proving the chief results, the following lemma is applied: 

Suppose the function 𝑕(𝑧) be analytic and convex in 𝕌 with the condition 𝑕 0 = 1 and also let the function 

𝜑(𝑧) given by 

𝜑 𝑧 = 1 + 𝑐1𝑧 + 𝑐2𝑧
2 + 𝑐3𝑧3 + ⋯                                                     (6) 

is analytic in 𝕌. If      

𝜑 𝑧 +
𝑧𝜑 ′ (𝑧)

𝛾
≺ 𝑕 𝑧 where (𝑧 ∈ 𝕌, ℜ𝑒{𝛾} ≥ 0, 𝛾 ≠ 0)                   (7)                                                               

then,                    𝜑  𝑧 ≺ 𝜙 𝑧 =
𝛾

𝑧𝛾
 𝑡𝛾−1

𝑧

0

𝑕 𝑡 𝑑𝑡 ≺ 𝑕 𝑧  𝑧 ∈ 𝕌 , 

and𝜙 𝑧  is the best dominant of (7). 

 

IV. Main Results 

Theorem1. Let 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 ≤ 1, 𝐴 ∈ 𝑅, 𝑓 𝑧 ∈ 𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, Α, Β , then 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Proof: Consider the function  

𝜑 𝑧 =  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
,  𝑧 ∈ 𝕌                                              (8) 

Now 𝜑(𝑧) is analytic in 𝕌 with 𝜑(0) = 1 

Differentiating (8) with respect to 𝑧, we have  

𝜇

𝑧
+ 𝜇

 𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

′

𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧 

=
𝜑′(𝑧)

𝜑(𝑧)
 

Multiplying by 𝜆𝑧 and using the recurrence, we have 

𝜆 𝑧 
𝜑 ′  𝑧 

𝜑 𝑧 
= −𝜇ℓ +

𝜇ℓ𝑄1
𝑚  ℓ,𝜆 𝑓 𝑧 

𝑄1
𝑚 +1 ℓ,𝜆 𝑓 𝑧 

                                           (9) 

From equation (8) and (9) we obtain 

          𝜑 𝑧 + 𝑧
𝜆𝛼

𝜇ℓ
𝜑′ 𝑧 =  1 − 𝛼  𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

+ 𝛼 𝑧𝑄1
𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇−1

 

Since 𝑓 𝑧 ∈ 𝕄𝔹(𝛼, 𝜆, ℓ, 𝜇, Α, Β) so  𝜑 𝑧 + 𝑧
𝜆𝛼

𝜇ℓ
𝜑′ 𝑧 ≺

1+𝐴𝑧

1+𝐵𝑧
 

Now using the lemma (6) with 𝛾 =
𝜇ℓ

𝛼𝜆
  we have 

𝜑(𝑧) ≺ 𝜙 𝑧 =
𝜇ℓ

𝛼𝜆
𝑧

𝜇 ℓ

𝛼𝜆  .
𝑧

0

𝑡
𝜇 ℓ

𝛼𝜆
−1𝑑𝑡 

or 𝜑 𝑧 ≺ 𝜙 𝑧 =
𝜇ℓ

𝛼𝜆
 

1+𝐴𝑧𝑢

1+𝐵𝑧𝑢

1

0
𝑢

𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1+𝐴𝑧

1+𝐵𝑧
                             (10) 

Corollary1. : 𝜇 > 0, 𝛼 ≥ 0, 𝜌 ≠ 1. If 

 1 − 𝛼  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
 

≺ 𝑧
[1+(1−2𝜌)]

1−𝑧
 𝑧 ∈ 𝕌                  (11) 

then,  𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺ 𝜌 + (1 − 𝜌)

𝜇ℓ

𝛼𝜆
 

1+𝑧𝑢

1−𝑧𝑢

1

0
𝑢

𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Proof: By the definition (6) and equation (10), we obtain 

 1 − 𝛼  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
≺  

1 + 𝐴𝑧

1 + 𝐵𝑧
 

⇒  𝑧𝑄1
𝑚  ℓ, 𝜆 𝑓 𝑧  ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Taking 𝐴 = 1 − 2𝜌, 𝐵 = −1 then we obtain 

 1 − α  zQ1
m+1 ℓ, λ f z  

μ
+ α zQ1

m ℓ, λ f z   zQ1
m+1 ℓ, λ f z  

μ−1
≺ z

[1 + (1 − 2ρ)]

1 − z
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 zQ1
m+1 ℓ, λ f z  

μ
=  

𝜇ℓ

𝛼𝜆
 

1 +  1 − 2ρ 𝑧𝑢

1 − 𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 =  𝜌 +  1 − 𝜌 𝑓 𝑧 ∈ 𝕄𝔹 𝛼1, 𝜆, ℓ, 𝜇, ρ ,  𝑧 ∈ 𝕌  

Corollary2. : Let 𝜇 > 0, 𝛼 ≥ 0 then  𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, Α, Β  ⊂ 𝕄𝔹(0, 𝜆, ℓ, 𝜇, Α, Β) 

Proof: If 𝑓 𝑧 ∈ 𝕄𝔹(𝛼, 𝜆, ℓ, 𝜇, Α, Β),   

 zQ1
m +1 ℓ, λ f z  

μ
≺

1+𝐴𝑧

1+𝐵𝑧
                                                         (12) 

If 𝛼 = 0 then   𝑓 𝑧 ∈ 𝕄𝔹(0, 𝜆, ℓ, 𝜇, Α, Β), so         

 𝑧𝑄1
𝑚+1 ℓ, λ 𝑓 𝑧  

μ
≺

1+𝐴𝑧

1+𝐵𝑧
                                                        (13)                             

From equation (12) and (13), we have  𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, Α, Β  ⊂ 𝕄𝔹 0, 𝜆, ℓ, 𝜇, Α, Β  

Theorem2.  Let 𝑓 𝑧 ∈ 𝕄𝔹 0, 𝜆, ℓ, 𝜇, ρ  for  𝑧 ∈ 𝕌  then  

𝑓 𝑧 ∈ 𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, ρ for   z < 𝑅 α, μ, ℓ ,  Where ℜ α, μ, ℓ =
ℓμ

α+ α2+ℓ2μ2
                    (14) 

Proof: Setting   zQ1
m +1 ℓ, λ f z  

μ
=  1 − ρ 𝑕 𝑧 + 𝜌    𝑧 ∈ 𝕌  

Differentiating with respect to z, we get  
𝜇

𝑧
+ 𝜇

 𝑄1
𝑚 +1 ℓ,𝜆 𝑓 𝑧  

′

𝑄1
𝑚 +1 ℓ,𝜆 𝑓 𝑧 

=
 1−𝜌 𝑕 ′  𝑧 

 1−𝜌 𝑕 𝑧 +𝜌
 

Multiplying by 𝜆𝑧 and using recurrence relation (5), we have 

−𝜇ℓ + 𝜇ℓ 
𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧 

𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧 

=
𝜆𝑧 1 − 𝜌 𝑕′ (𝑧)

 1 − 𝜌 𝑕 𝑧 + 𝜌
 

Again multiplying by 𝛼 and using the definition of  𝑕 𝑧 , we obtain 

 1 − 𝛼  𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
− 𝜌 =  1 − 𝜌  𝑕 𝑧 + 𝑧

𝜆𝛼

𝜇ℓ
𝑕′ 𝑧   

or 

  1 − 𝛼  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
− 𝜌 

 1 − 𝜌 
 

=  𝑕 𝑧 + 𝑧
𝜆𝛼

𝜇ℓ
𝑕′ 𝑧   

Using the known estimate,  𝑧𝑕′ 𝑧  ≤
2𝑟

1−𝑟2 ℜ 𝑕 𝑧  ,  𝑧 = 𝑟 < 1 

We have 

 1 − 𝛼  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
− 𝜌

 1 − 𝜌 
 

= ℜ𝑒  𝑕 𝑧 + 𝑧
𝜆𝛼

𝜇ℓ
𝑕′ 𝑧  ≥ ℜ𝑒  𝑕 𝑧 −

𝜆𝛼

𝜇ℓ
 𝑧𝑕′ 𝑧   ≥

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢  𝑕(𝑧)  1 −

2𝛼𝜆𝑟

𝜇ℓ(1 − 𝑟2)
  

Since 𝑘𝑟2 + 2𝑟𝑘 − 𝑘 < 0, 𝑟 ∈  𝛼, 𝛽  

The right hand side of the inequality is positive if 𝑟 <  ℜ α, μ, ℓ  where ℜ α, μ, ℓ  is given (11) consequently it 

follows from (10) that  𝑓 𝑧 ∈ 𝕄𝔹 𝛼, 𝜆, ℓ, 𝜇, ρ  for  z <  𝑅 α, μ, ℓ . 

 

Theorem3. Let 0 ≤ 𝛼2 ≤ 𝛼1. Then  𝕄𝔹 𝛼1, 𝜆, ℓ, 𝜇, A, B  ⊂ 𝕄𝔹 𝛼2, 𝜆, ℓ, 𝜇, A, B  

Proof: First suppose that 𝑓 𝑧 ∈  𝕄𝔹 𝛼1, 𝜆, ℓ, 𝜇, A, B  then by theorem1, we point out 

𝑓 𝑧 ∈  𝕄𝔹 0, 𝜆, ℓ, 𝜇, A, B  and also by the definition (14), we have 

  1 − 𝛼2  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼2 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
 ≺   

1 + 𝐴𝑧

1 + 𝐵𝑧
  𝑧 ∈ 𝕌  

Multiplying by 
𝛼2

𝛼1
, we have 

𝛼2

𝛼1
  1 − 𝛼2  𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

+ 𝛼2 𝑧𝑄1
𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇−1

  ≺
𝛼2

𝛼1
 

1+𝐴𝑧

1+𝐵𝑧
       (15) 

Since we know that 

 1 −
𝛼2

𝛼1
  𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

≺  1 −
𝛼2

𝛼1
  

1+𝐴𝑧

1+𝐵𝑧
                                       (16) 

Now by the equation (6) and (7), we get 
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𝛼2

𝛼1

  1 − 𝛼2  𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
+ 𝛼2 𝑧𝑄1

𝑚  ℓ, 𝜆 𝑓 𝑧   𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇−1
 

+  1 −
𝛼2

𝛼1

  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
 

≺  
1 + 𝐴𝑧

1 + 𝐵𝑧
 , 𝑓 𝑧 ∈ 𝕄𝔹 𝛼2, 𝜆, ℓ, 𝜇, ρ  

So, 𝑓 𝑧 ∈ 𝕄𝔹 𝛼1 , 𝜆, ℓ, 𝜇, ρ ⊂ 𝑓 𝑧 ∈ 𝕄𝔹 𝛼2, 𝜆, ℓ, 𝜇, ρ . 

Theorem4. Let  𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B . Then 

𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝑅𝑒  𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

and the above inequality is sharp with extremal function defined by 

 𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  = 𝑧−1  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

1

𝜇

 

Proof: Since𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , now by theorem1, we get 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Therefore it follows from the definition of subordination and 𝐴 > 𝐵 

𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≤ sup⁡(𝑧 ∈ 𝕌)ℜ𝑒  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢   

≤
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Also, 𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≥ 𝐼𝑛𝑓(𝑧 ∈ 𝕌)ℜ𝑒  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢   

≥
𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢         

Note that the function   𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧    defined in theorem4 and belongs to the class𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , 

then we get the inequality 𝕄𝔹 𝛼1, 𝜆, ℓ, 𝜇, A, B  ⊂ 𝕄𝔹 𝛼2 , 𝜆, ℓ, 𝜇, A, B   of theorem3 is sharp. 

Theorem5. Let 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B then  

𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝑅𝑒  𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

and the above inequality is sharp with extremal function defined by  

 𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  = 𝑧−1  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

1

𝜇

 

Proof: Since𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , now by theorem1, we get 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Therefore it follows from the definition of subordination and 𝐴 > 𝐵 

𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≤ sup⁡(𝑧 ∈ 𝕌)ℜ𝑒  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢   

≤
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Also, 

𝕽𝒆 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≥ 𝐼𝑛𝑓(𝑧 ∈ 𝕌)ℜ𝑒  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢   

       ≥
𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 
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Note that the function   𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧    defined in theorem (4.4) and belongs to the class 

𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , then we get the inequality 𝕄𝔹 𝛼1, 𝜆, ℓ, 𝜇, A, B  ⊂ 𝕄𝔹 𝛼2, 𝜆, ℓ, 𝜇, A, B   of theorem3 is 

sharp. 

Theorem6. Let 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B  , then 

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝑅𝑒  𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

and the above inequality is sharp with extremal  function defined by  

 𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  = 𝑧−1  

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

1

𝜇

 

Proof: Since𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , now by theorem1, we get 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Therefore it follows from the definition of subordination and 𝐵 > 𝐴 

𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
>

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

and also we have, 

𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
<

𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Therefore              
𝜇ℓ

𝛼𝜆
 

1+𝐴𝑢

1+𝐵𝑢

1

0
𝑢

𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 <  𝕽𝒆 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
μl

αλ
 

1−Au

1−Bu

1

0
u

μ l

αλ
−1du                (17) 

Corollary3.Let𝜇 > 0, 𝛼 ≥ 0, 0 ≤ 𝜌 < 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , then 

𝜇ℓ

𝛼𝜆
 

1 −  1 − 2𝜌 

1 + 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝕽𝒆 𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 +  1 − 2𝜌 

1 − 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

and equivalent to 

𝜌 +  1 − 𝜌 
𝜇ℓ

𝛼𝜆
 

1 − 𝑢

1 + 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝕽𝒆 𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

 

< 𝜌 +  1 − 𝜌 
𝜇ℓ

𝛼𝜆
 

1+𝑢

1−𝑢

1

0
𝑢

𝜇 ℓ

𝛼𝜆
−1𝑑𝑢                  (18) 

Proof: By setting 𝐴 =  1 − 2𝜌  𝑎𝑛𝑑 𝐵 = 1 in inequality of theorem5, we obtain 

𝜇ℓ

𝛼𝜆
 

1 − (1 − 2𝜌)

1 + 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝕽𝒆 𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 + (1 − 2𝜌)

1 − 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Also we have, 

𝜇ℓ

𝛼𝜆
 

 1 − 𝜌  1 − 𝑢 + 𝜌 1 + 𝑢 

1 + 𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝕽𝒆 𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

 

<
𝜇ℓ

𝛼𝜆
  𝜌 +

 1 − 𝜌 (1 + 𝑢)

1 − 𝑢
 

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

𝜌 +
𝜇ℓ

𝛼𝜆
 1 − 𝜌  

 1 − 𝑢 

 1 + 𝑢 

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 < 𝕽𝒆 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

 

< 𝜌 +
𝜇ℓ

𝛼𝜆
(1 − 𝜌)  

(1 + 𝑢)

(1 − 𝑢)

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 

Theorem7.  Let 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , Then 

 
μℓ

αλ
 

1 − Au

1 − Bu

1

0

u
μℓ

αλ
−1du 

1

2

< 𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇

2 <  
μℓ

αλ
 

1 + Au

1 + Bu

1

0

u
μℓ

αλ
−1du 

1

2

 

Proof: Since we know that by the theorem1 we have 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

1+𝐴𝑧

1+𝐵𝑧
. Since−1 ≤ 𝐵 < 𝐴 ≤ 1, so 

from inequality of theorem4 for 𝑢 = 1 

0 ≤
1 − 𝐴

1 − 𝐵
<  𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
1 + 𝐴

1 + 𝐵
and 
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0 ≤
𝜇ℓ

𝛼𝜆
 

1 − 𝐴𝑢

1 − 𝐵𝑢

1

0

u
μℓ

αλ
−1du < 𝑅𝑒 𝑧𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  
𝜇

<
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢

1 + 𝐵𝑢

1

0

u
μℓ

αλ
−1du 

or  
μℓ

αλ
 

1 − Au

1 − Bu

1

0

u
μℓ

αλ
−1du 

1

2

< 𝕽𝒆 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇

2 <  
μℓ

αλ
 

1 + Au

1 + Bu

1

0

u
μℓ

αλ
−1du 

1

2

 

Corollary4.  Let 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , then 

 
μℓ

αλ
 

1 − Au

1 − Bu

1

0

u
μℓ

αλ
−1du 

1

2

< 𝕽𝒆 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇

2 <  
μℓ

αλ
 

1 + Au

1 + Bu

1

0

u
μℓ

αλ
−1du 

1

2

 

Theorem8. Let > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , Then 

Case1. If 𝛼 = 0, when  𝑧 < 1, we have 

𝑟−1  
1−𝐴𝑟

1−𝐵𝑟
 

1

𝜇
≤  𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  ≤ 𝑟−1  
1+𝐴𝑟

1+𝐵𝑟
 

1

𝜇
                                               (19) 

and inequality (19) is sharp, with the extremal function defined by 

𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧 ≤ 𝑧−1  

1+𝐴𝑧

1+𝐵𝑧
 

1

𝜇
                                                                            (20) 

Case2. If 𝛼 ≠ 0, when  𝑧 = 𝑟 < 1, we have  

𝑟−1  
𝜇ℓ

𝛼𝜆
 

1−𝐴𝑟𝑢

1−𝐵𝑟𝑢

1

0
u

μℓ

αλ
−1du 

1

𝜇
≤  𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  ≤ 𝑟−1  
𝜇ℓ

𝛼𝜆
 

1+𝐴𝑟𝑢

1+𝐵𝑟𝑢

1

0
u

μℓ

αλ
−1du 

1

𝜇
            (21) 

and inequality (21) is sharp, with the external function defined by 

𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧 = 𝑧−1  

𝜇ℓ

𝛼𝜆
 

1+𝐴𝑟𝑢

1+𝐵𝑟𝑢

1

0
u

μℓ

αλ
−1du 

1

𝜇
                          (22) 

Proof: Case1.If 𝛼 = 0, since 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B   and 𝜇 > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and  now by the 

definition of  𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B  that  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

1+𝐴𝑧

1+𝐵𝑧
 

Therefore it follows from the definition of the subordination that 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

1+𝐴𝜔 𝑧 

1+𝐵𝜔 𝑧 
where𝜔 𝑧 = 𝑐1𝑧 + 𝑐2𝑧

2 + 𝑐3𝑧
3 + ⋯ is analytic in 𝕌 

and 𝜔(𝑧) <  𝑧 ,so when  𝑧 = 𝑟 < 1 we have  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  𝜇 =  

1+𝐴𝜔(𝑧)

1+𝐵𝜔(𝑧)
 ≤

1+𝐴𝑟

1+𝐵𝑟
 and            

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  𝜇 ≥ ℜ𝑒 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

≥
1−𝐴𝑟

1−𝐵𝑟
 

It is obvious that (19) is sharp with the extremal function defined by (20). 

Case2. If 𝛼 ≠ 0, by the theorem1 we have  

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

u
μℓ

αλ
−1du ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Therefore it follows from the definition of the subordination where  

𝜔 𝑧 = 𝑐1𝑧 + 𝑐2𝑧2 + 𝑐3𝑧
3 + ⋯ 

is analytic in 𝕌 and  𝜔(𝑧) <  𝑧 ,so when  𝑧 = 𝑟 < 1 we have 

 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
=

𝜇ℓ

𝛼𝜆
  

1 + 𝐴𝜔 𝑧 𝑢

1 + 𝐵𝜔 𝑧 𝑢
 

1

0

 u
μℓ

αλ
−1du ≤

𝜇ℓ

𝛼𝜆
  

1 + 𝐴𝑢𝑟

1 + 𝐵𝑢𝑟
 

1

0

 u
μℓ

αλ
−1du 

and  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≥ ℜ𝑒 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  𝜇 >
𝜇ℓ

𝛼𝜆
 

1−𝐴𝑢𝑟

1−𝐵𝑢𝑟

1

0
u

μℓ

αλ
−1du. 

Theorem9. Let > 0, 𝛼 ≥ 0, −1 ≤ 𝐵 < 𝐴 ≤ 1 and 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , Then 

Case1. If 𝛼 = 0, when  𝑧 = 𝑟 < 1, we have  

𝑟−1  
1+𝐴𝑟

1+𝐵𝑟
 

1

𝜇
≤  𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  𝑟−1  
1−𝐴𝑟

1−𝐵𝑟
 

1

𝜇
                                       (23) 

and inequality (23) is sharp, with the extremal function defined by (20) 

Case2. If 𝛼 ≠ 0, when  𝑧 = 𝑟 < 1, we have 

𝑟−1  
𝜇ℓ

𝛼𝜆
  

1+𝐴𝑟𝑢

1+𝐵𝑟𝑢
 𝑢

𝜇 ℓ

𝛼𝜆
−1𝑑𝑢

1

0
 

1

𝜇
≤  𝑄1

𝑚+1 ℓ, 𝜆 𝑓 𝑧  ≤ r−1  
μl

αλ
  

1−Aru

1−Bru
 u

μ l

αλ
−1du

1

0
 

1

μ
       (24) 

and inequality (24) is sharp, with extremal function defined by (22). 

Proof: Case (i)  if  𝛼 = 0, since 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B , and −1 ≤ 𝐵 < 𝐴 ≤ 1 , we get from the definition 

of 𝑓 𝑧 ∈ 𝕄𝔹 α, 𝜆, ℓ, 𝜇, A, B   that    𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

1+𝐴𝑧

1+𝐵𝑧
   it follows from the definition of the 
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subordination that  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

1+𝐴𝜔(𝑧)

1+𝐵𝜔(𝑧)
 where    𝜔 𝑧 = 𝑐1𝑧 + 𝑐2𝑧

2 + 𝑐3𝑧3 + ⋯is analytic in 𝕌 and 

 𝜔(𝑧) <  𝑧 ,so when  𝑧 = 𝑟 < 1 we have  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≥

1+𝐴|𝜔 𝑧 |

1+𝐵|𝜔 𝑧 |
≥

1+𝐴𝑟

1+𝐵𝑟
  and   

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  𝜇 ≤ ℜ𝑒 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

≤
1−𝐴𝑟

1−𝐵𝑟
 

It is clear that (17) is sharp with the external function defined by (18), so 

𝑟−1  
1+𝐴𝑟

1+𝐵𝑟
 

1

𝜇
≤  𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  ≤ 𝑟−1  
1−𝐴𝑟

1−𝐵𝑟
 

1

𝜇
           (25) 

Case2. If 𝛼 ≠ 0, and by the theorem1, we have 

 𝑧𝑄1
𝑚 +1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑧𝑢

1 + 𝐵𝑧𝑢

1

0

𝑢
𝜇 ℓ

𝛼𝜆
−1𝑑𝑢 ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
 

Therefore it follows from the definition of subordination that 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≺

𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝜔(𝑧)

1 + 𝐵𝜔(𝑧)
𝑢

𝜇 ℓ

𝛼𝜆
−1

1

0

𝑑𝑢 

where𝜔 𝑧 = 𝑐1𝑧 + 𝑐2𝑧
2 + 𝑐3𝑧3 + ⋯ is analytic in 𝕌 and 

 𝜔(𝑧) <  𝑧 ,so when  𝑧 = 𝑟 < 1 we have 

 𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≥

𝜇ℓ

𝛼𝜆
  

1 + 𝐴𝜔(𝑧)𝑢

1 + 𝐵𝜔(𝑧)𝑢
 𝑢

𝜇 ℓ

𝛼𝜆
−1

1

0

𝑑𝑢 ≥
𝜇ℓ

𝛼𝜆
 

1 + 𝐴𝑢𝑟

1 + 𝐵𝑢𝑟
𝑢

𝜇 ℓ

𝛼𝜆
−1

1

0

𝑑𝑢 

and  𝑧𝑄1
𝑚+1 ℓ, 𝜆 𝑓 𝑧  

𝜇
≤ ℜ𝑒 𝑧𝑄1

𝑚 +1 ℓ, 𝜆 𝑓 𝑧  
𝜇

≤
𝜇ℓ

𝛼𝜆
 

1−𝐴𝑢𝑟

1−𝐵𝑢𝑟
𝑢

𝜇 ℓ

𝛼𝜆
−11

0
𝑑𝑢 
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