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Abstract:By having used of differential subordination, it has been investigated in the present paper,
subordination relations, inclusion relations, distortion theorem and inequality properties are discussed of the
classMB(a, 4, 2,4, A, B). In this paper it has been introduced some new classes MB(a, 4,%, 1, A, B) of
meromorphic functions which are defined by means a meromorphic function using a new operator.
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. Introduction
Let Q,, ;1 be the class of function of the form
f(@) ==+ 7 a 24()
which are analytic in the punctured unit disk U* = {z:z € Cand 0 < z < 1} = U\{0}
If f(z)and g(z) are analytic inU, we say that f(z) is subordinate to g(z), written symbolically as
follows f(z) < g(z)or f < g (z € U). If there exist a Schwarz function w(z), which is analytic in U with
w(0) =0 and |w(z)] <1 (z € U) suchthatf(z) = g(w(z)) (z € U). If the function g(z) is univalent
in U, it has the following equivalence (cf., e.g., [11]; [12])
f(z) < g(2)(z € U)
& f(0) = g(0)and f(U) < g(U).
We define the convolution or Hadamard product of the functions f(z) and g(z) by
(F*9@ =+ S, abz = (g«@) P ENzeU (2)
Following the current work of Liu and Srivastava [7] see also [8], [9] for a function f(z) in the class Q,,; given
by (1), now it is defined the integral operator

QD@D =5+ i o)

The above integral operator converts into the following operator withp = 1

Qe (2) =2+ T |
It is easily verified from (4)

M@ (e (e, /Df(Z)), =01 (6, Df (@) — A+ DI EDf(2),(A>0)  (5)

Making use of the principle of differential subordination as well as the operatorQ{”“({’,l) , now it is

"zt (e >0} (3)

e "k . .
m] apz ,(€>0,AZO,mENO,ZEU) (4)

introduced a subclass of the function classQ,, . as follows.

1. Definition
Suppose thate = 0,u>0,—-1<B <1,A+# B,A€R, we say that a function f(z) € Q.1 is in the class
MB(a, 4, %, u, A, B) if is satisfies
1+ Az

(1 - (2@ @DF@)" +a(2Q1 € DF @) (2Q G @) < 77512 €U

In particular, we claim MB (a, A, u, —2p — 1) = MB (a, A, #, i, p)denote the subclass of MB(a, A, 4, u, A, B) for
A=1-2p,B=—-1land0<p<1
It is clear that f(z) € MB(a,A,4,1,p) < f(2) € Qnyr and  satisfies(1 — a)(zQ" 1 (6, D) f ()" +

a(zQ (6, Df (@) (20 @ Df D) > p,(z € V)
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In present study, it will discussed distortion theorem, inclusion relations, inequalities properties and
subordination relations of the class MB(a, A, ¢, i, A, B).

Il. Preliminary Lemmas
In proving the chief results, the following lemma is applied:
Suppose the function h(z) be analytic and convex in U with the condition h(0) = 1 and also let the function
¢(2) given by

0(2) =1+ c1z+ 2% + 323 + - (6)
is analytic in U. If
o(z) + Z('f(z) < h(z)where (z € U,Re{y} =0,y # 0) )
then, ¢ (2)<¢p(2) == f t" 1 h(t)dt < h(z)(z € U),

0
and¢ (2) is the best dominant of (7).

V. Main Results
Theoreml. Lety >0, =2 0,—1 <B <1,A€R, f(2) € MB(a, 4,4, u, A, B), then

1
a1 " u_{’ 1+ Azu Z_f_l 1+ Az
(201 (6. D @) < ally 1+ Bz ™" du < 1+ Bz
Proof: Consider the function
0@ = (2" (e, Df ()", (z€U) (8)

Now ¢ (z) is analytic in U with ¢(0) =1
Differentiating (8) with respect to z, we have
k, @UEDI@) ¢ @)
z TN @)
Multiplying by Az and using the recurrence, we have

0@ _ _ QT (f (2)
A@D o = T erenre) ©)

From equation (8) and (9) we obtain

Aa _
@(2) + z—“<p @) = (1 - )z @D @) + a(zQP 6D f (@) (2Qr 1 (8, Df ()"

1 +Az

Since f(z) € MB(a, 4,4, u, A, B) so (p(Z) +Z—(p () < 5

Now using the lemma (6) with y = — we have

ut (% p g
o) < Pp(2) = —lelj.tvd dt
0

¢ r11+Azu —_1 1+Az
£ = du <
0 1+Bzu 1+Bz

oro(z) < ¢(2) = (10)

Corollaryl.: p >0, =2 0,p # 1. If
(1 - ) (zQr D (@) + a(zQP D F @) (2@ (6, Df ()"
z% (z€eU) (12)

¢
then, (ZQ{nH (£, l)f(z))# <p+(1-p) gfol tZ ug_’l_ldu

Proof: By the definition (6) and equation (10), we obtain

1+A4
(1= (0P . DF ()" +alzQf (€ DFD) (0 (EDF DY < e
A
= 207 (EDfE) < et
Taking A = 1 — 2p, B = —1 then we obtain
(1 — ) (2QP (6, VE@)" + a(zQ} (£, D)) (2QP+ (8, V@) < zw
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£ (114 (1-2p)zu ue
(zQr+(e, A)f(z))u = % %ug—fldu = p+ A —-p)f(z) € MB(ay,4,4,1p), (z €U)
S —

Corollary2. : Let u > 0,a = 0 then MB(a, A, ¢, u,A,B) € MB(0,A, 4,1, A, B)
Proof: If f(2) € MB(a, 4,4, 4, A, B),

QI (8 V@) < o (12)

Ifa =0then f(z) € MB(0,4,7%,u,A, B),so
Az

QI 1 ENfF @) < o (13)
From equation (12) and (13), we have MB(a, A, ¢, 1, A,B) < MIB(0, A, %, u, A, B)
Theorem2. Let f(z) € MB(0, 4,74, u, p) for (z € U) then

— tu
f(z) € MB(a, A,%, u, p)for |z| < R(a, pu, £), Where R(a, u, £) = P rom (14)

Proof: Setting (zQP+1(¢,M)f(2))" = (1 — p)h(2) +p (z € V)

’

(eI enr®)  a-pn' @

P Ef () T A-ph(2)+p
Multiplying by Az and using recurrence relation (5), we have
QP& Nf(2)  Az(1—p)h (2)
TN L -ph@) +p
Again multiplying by a and using the definition of h(z), we obtain

- Aa
(- @) (207 &, Df ()" +a(zQp & DF D)@ @D @) =p = (= p) (D) + 250 @]

or

Differentiating with respect to z, we get % +u

—ut + uf

(- (e @ D@ +a(zer @ DF@) e @D @) ™ =]
1-p)
_ Aa
= {h(z) +zogh (z)}

Using the known estimate, |zh'(2)| < 132 R{h(2} |zl =r<1
We have
(1 - ) (P @D @) +a(zQ D @) (@0 @ D) —p
1-p)
3 Aa Aa pl (11+Azu ne | 2air
= Re {h(z) + Zﬁh (z)} > Re {h(z) ~ e |zh (z)l} > P | 1B uaz du{h(z)} {1 D) rz)}

Since kr? + 2rk —k < 0,7 € (a, B)
The right hand side of the inequality is positive if r < R(a, u, £) where R(a, y, £) is given (11) consequently it
follows from (10) that f(z) € MB(a, A, 4, u, p) for |z|] < R(a, , £).

Theorem3. Let 0 < a; < a;. Then MB(ay, 4,4, 1, A,B) € MB(ay, 4,4, u, A, B)
Proof: First suppose that f(z) € MB(ay,4,¢,u,A,B) then by theoreml, we point out
f(z) € MB(0, A, ¢, u, A, B) and also by the definition (14), we have

(1 - e @@ +a(z0r € VF@)(Er @ @) '} < |
Multiplying by Z—i we have

1+ Az
1+ Bz

}(ZE[U)

2{0 - ) (e @ DF D) + w20 @ Df@) (20 @ V@) T} <2 19)
Since we know that
(1= Gerenr@) < (1-2) () (19)

Now by the equation (6) and (7), we get
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Z—f{(l — ) (2Q M (D (D))" + @y (2QF (8, DF () (20 (8, Df () )
+(1-2) Gor e 0 @)

<<1+Az) (2) € MB(ay, 4,4, 1, p)
1+BZ ) fZ aZ) ] ;.u-)p

SO, f(z) € M[B(alll; 'gv u, p) c f(Z) € MIB((ZZI)'I ‘Euu'! p)

Theorem4. Let u >0, a 20,—1<B <A <1landf(z) € MB(a, 4,7, 1A B). Then
ut (11— Au pe_ wo wl Y1+ Au pe
— a 'du <R (e, <— ar d
all, 1 —Bu “ “ e (=0 (6. Df () alol+Buu “

and the above inequality is sharp with extremal function defined by

1
m L (uf 1+ Azu pe_ i
(e ) = [ [ gl

Proof: Sincef (z) € MB(a, 4, 4, u, A, B), now by theorem1, we get

1+ Azu ul’ 1+ Az
m+1 H -1
(@ @Df @) < 7 f T+ <178z

Therefore it follows from the definition of subordmatlon and A > B

Re(zQ'+' (£, )f (@) < € U)R ”{)leAzu ld
e(zQ7 f(z supifz )Re v 1+Bzuu u

u{’ 11+ Au u_i_ld
al
@), Ty M

Also, Re(zQ0 (6, )f (D))" = Inf(z € )R “{JFHAZ“ L1y
so,Re(zQ7 flz nf(z )Re ), 1+Bzuu u

u{’ 11— Au we |
al d
axl — Bu u u

Note that the function ((Q{"“(t’, A)f(z))) deflned in theorem4 and belongs to the classMB(a, 4, ¢, u, A, B),

then we get the inequality MB(a4, 4, ¢, 4, A,B) € MB(a,, A, ¢, u, A, B) of theorem3 is sharp.
Theorem5. Letyu >0, a 2 0,—-1 <B <A <1landf(z) € MB(a,A,%,u A, B)then

pt (11— Au we_, -_— W b (P14 Au we
2i), Topu < Re (20 @ Df (@) < uer du

AJy 1+Bu
and the above inequality is sharp with extremal function defined by

(Q{n+1(£’ A)f(z)) = 51 {H_’?f 1+ Azu M du}

all, 1+ Bzu "
Proof: Sincef (z) € MB(a, A, %, u, A, B), now by theorem1, we get
14+ Azu wut 14+ Az
m+1 H !
(ZQ (fl)f()) o 1+Bzu ’ du<1+Bz
Therefore it follows from the definition of subordlnatlon and A > B
ut 114+ Azu uet
m+1 < ——1
iRe(le €2 A)f(z)) supifz € IU)ERe{ AJ- 1T Bzuu ak du}
ut 11+ Au W
<— Lau
ally 1 +Bu"
Also,
£ (Y14 Azu et
m+1 s c ,U_J- !
ERe(le (f,l)f(z)) > Inf(z € U)Re {al 1T T 1 du
pt (11— Au we_;
“all, 1-Bu"" du
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Note that the function ((Q{"“({’,A)f(z))) defined in theorem (4.4) and belongs to the class
MB(a, A, 4, 1, A, B), then we get the inequality MB(aq, 4,4, 1, A,B) € MB(a,, A, 4, u, A B) of theorem3 is

sharp.
Theorem6. Letu >0, « 20,—1 < B <A <1andf(z) € MB(, 4,4, A, B) then
pt (P14 Au we_, _— pt (11—Au we_,
o), T+Bu Ual du<Re(zQ1 & Df(z )) <— ), T i du
and the above inequality is sharp with extremal function defined by
1
L 1
m+1 — 1 “_gf 1+Azu ut,
(Q1 ({’,A)f(z)) z {aﬂ e Bzuu 7 du
Proof: Sincef (z) € MB(a, 4,4, 4, A, B), now by theoreml we get
Y1 4+ Azu et 1+ Az
m+1 P —1
(zer @ Df@)" < o 1+Bzu" <175,
Therefore it follows from the definition of subordlnatlon and B > A
ma1 u u_{’f 1+ Au Zi
Re(zQ" (4, Df (2)) > ), Trea™ Ydu
and also we have,
1—Au gt
Re(zQ" 1 (4, Nf ()" <= f uZ—rldu
Therefore e wiildu < Re(2QP (¢, A)f(z)) <Ep=s us~ldu 17)
Corollary3.Letu >0, a =0, 0<p <1land f(z) € MB(a, 1, %, u, A, B) then
ue (f1-(1-2p) w, mal j 1+ (1 -2p) -
aal T du < Re(zQ" (6, D f ()" < T4 du
and equivalent to
+ - [ < e 0 )
p pa/101+uua u elz0i Az
<p+(- )’”f1 L ——1du (18)
Proof: By setting A = (1 —2p) and B = 1in inequality of theorem5, we obtain
w1 (1=2p) e, _— " /wj 1+(1-2p) e,
al, T u du < Re(zQI" (£, Df (2))" < ) - du
Also we have,

W rA-pA-w+pl+u & -
0(/1 1+u

ut [t A-p0+uw
oo

du < Re(zQ"' (6, ) f(2))"

du

l 1-— ut
P)f El oy w ua tdu < me(zQ{"H(f, A)f(z))”

1+u) we_
( )uwl Lau

<p+—( —p)f
Theorem?7. Letu >0, a > 0,—-1<B<A<1and f(z) € M]B%(a,/l,f,u,A, B), Then

; 1
b LA e, B L(wl (114+Au w2
{% ~Bu ufxl_)\—ldu} < me(zQ{”“(g’ l)f(Z))Z < {Ii_ ;‘7—1 u}

A), T+Bu”
Proof: Since we know that by the theoreml we have(zQ{”“({) MNf(z )) <5 L+Az
from inequality of theorem4 for u = 1

1-4 1
0<T—F5< (21 (e, Nf (@) < -

.Since—1<B<A<1,s0

+A

+Band
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ut (11— Au ué
0<—
arly 1—Bu

1

Wt (*1—Au we, 2 £ (pe (14 Au we; )2
@ dup < mtle, A 2 < —f a1d
or {akf BV u SRe(le ( )f(z)) Al TF e u

Corollary4. Letu >0, a 20,—-1<B <A <1landf(z) € MB(a, 4,7, A, B), then

1 1
pe (11—Au we ;)2 pe (11+Au we ;)2
— a dup <R mtlp, A 2 —f a d
{oc?\fo 1—-Bu ! e(=or™( )f(z)) ary, 1+ Bu'" 4
Theorem8.Let>0, a >20,—1<B < A<1andf(z) € MB(a,A,%,u A B), Then
Casel. If « = 0, when |z| < 1, we have

“du < Re(zQ**1(#, A)f(z)) < —f

1

—1 (1-Ar m 1+Ar\u
(e Br) <P e Nf @) <t (E2) (19)
and inequality (19) is sharp, with the extremal function defined by
1
Qe Df () < 77t (1) (20)
Case2. If a # 0, when |z| = r < 1, we have
1
_ ‘11 Aru =_ 1 1+Aru _—
rt <z/1 fO 1- Bru 1 ) = |Q +1({) A)f(Z)l sr (afo 1+Bru 1du) (21)
and inequality (21) is sharp, with the external function defined by
1
m f rl 1+Aru =_ H
O (e Df () = 27 (1 [ A ) (22)
Proof: Casel.lf « = 0, since f(z) € MB(a, 4,4, 14,A,B) andu >0, a 20,—1 < B <A < 1and now by the
definition of MB(a, 4,4, 1, A, B) that (zQ"*' (6, )f (2))" < 1o

Therefore it follows from the definition of the subordination that

1+Aw (2) . -
(zQP*(2, l)f(z))” < 1::Bw(z)wherew(z) =z + ;2% + 323 + -+ is analytic in U
and|w(2)| < |z|,50 when |z| = r < 1 we have |zQ"*1(¢, ) f (2)|* = |$ZE; < = and
ZQ 1 (6, DI = Re(2Q7 1 (8, Df () = 5
It is obvious that (19) is sharp with the extremal function defined by (20).
Case2. If a # 0, by the theorem1 we have
114 Azu ne 1+ Az
m+1 K =~ q——l
(e e Df @) <7 L Trea™ Y TyEs
Therefore it follows from the definition of the subordination where
w(z) = 1z + 2% + 323 + -
is analytic in U and |w(2)| < |z|,s0 when |z] = r < 1 we have
1 1
mal u =y_{’ 1+ Aw(z)u :_6’_1 <u_{’ 1+ Aur ;H’
(zQ (6, D f () 7, T+ Bo)u ua du_al — | uadu
and (2Q§*1 (£, DF () = RelzQp+ (€, DF @I > 12 [1 1 i1 qu,
Theorem9. Let >0, a =2 0,—-1 <B <A< 1land f(z) € MB(a, 4, ¢, u, A, B), Then
Casel. If « = 0, when |z| = r < 1, we have
1
_ 1+Ar _ 1-Ar
1 () < lop el () 23

and inequality (23) is sharp, with the extremal function defined by (20)

Case2. If a # 0, when |z| = r < 1, we have
1 1

1 (ut (1 (14Aru EE_ n m Z1 w1 f1-Aru) BL_ o
r1 (%fo G:Bru)uaza 1du)# <O, Df(2)| <r 7t (%fo (1_Bru)uaz 1du)u (24)
and inequality (24) is sharp, with extremal function defined by (22).

Proof: Case (i) if a =0, since f(z) € MB(o, 4, %, 1,A,B),and —1 < B < A < 1, we get from the definition

of f(z) € MB(a, A, 4,1,A,B) that  (zQP*'(L, Df ()" <7 42 it follows from the definition of the
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1+Aw (z)
1+Bw (z)

lw(z)| <lzls0 when |zl=r<1 we hae (zQI"'(LDf())" =
1-Ar

QP+ (L, Df DIF < Re(2Q (. Nf(2))" < -
It is clear that (17) is sharp with the external function defined by (18), so

subordination that (zQ"* (¢, A)f(z))“ < where  w(z) = ¢;z + ;2% + c32° + --+is analytic in U and

1+A|w(z)| > 1+Ar

T 1+Blw(2)] 14Br and

1 1
_ 1+Ar m _ 1-Ar\u
r (D < Qe D@ < () (25)
Case2. If a # 0, and by the theorem1, we have
114+ Azu ne 1+ Az
m+1 a -1
(zer '@ Df@)" < o 1+Bzu" du <175,
Therefore it follows from the definition of subordlnatlon that
M+ Aw(z) &
m+1
(zQP* (L, Df ()" < o) Ba)(z)u 5 du

wherew(z) = ¢;z + ¢,z + ¢c3z3 + -+ is analytic in U and
lw(2)| < |z|,s0 when |z| =7 < 1 we have

L1+ Aw(2)u| et ul (114 Aur we
zQP (e, A — " lym tdu>"= | ——ua 'du
(207 (6. Df ()" 2 M 1) o Bur
m+1 m+1 1 1—Aur BE_4
and (zQP**1 (£, Df(2))" < Re(2Q7" (¢, ,1) f@)" < Jy o uer ! du
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