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Convergence of derivatives for certain mixed Baskakov-Szasz
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Abstract:In this paper we discuss about the mixed summation-integral type operators having Baskakov basis
functionin summation and Szasz-Mirakyan basis function in integration. We have central moments and some
other basic results for these operators, and obtain the rate of point-wise convergence, a Voronovskaya type
asymptotic formula and error estimate in simultaneous approximation.
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I.  Introduction
In the year 2003, Srivastava-Gupta [5] proposed a family of summation-integral typeoperatorsincluding
some well-known operators [4] as special cases. Some other operators have been proposed in[1],[2] and[3].
ForCyjo.) ={f EC:f(t) <M +1t)Y, M>0, y >0}, a new mixed type sequenceof operators is
defined here as

P.(f,x) zf W, (x,t)f(t)dt,
0

where

WaG,) =1 ) P00

n+v-—1) x”vzo (nt)Y

Dn, y(x) = vin—1)! (1+x)+ Gnp(t) = e —— !

are Baskakov and Szasz basis functlons respectively. Hencethe operators defined in this paper are

P.(f,x) = nzpm,(x)fo 0o (Of (D). (LD

v=0
It can easily be verified that these operators havingcombination of Baskakov basis function and Szasz
basis function, are the linear positive operators. In the present paper we estimate some direct results for the
operators P,such as a point-wise rate of convergence, asymptotic formula and an error estimate in simultaneous
approximation.

1. Auxiliary Results
We need the following lemmas to get appropriate results.
Lemma 1:For m € W := wholenumbers, if the mfhorder moment is defined by

nm(x)—anu

Then U, o(x) = 1; U, 1(x) = 0; and U,, , (x) = x(1 + x)[Unm(x) +mUy, - 1(x)]
Consequently,
Um(x)=0 (n_[%])

Lemma 2:The central moment T, ,,, (x), m € W is defined by

Ty () —nzpwquw(t) (- .

Taking m = 0,1,2 we have
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nx? + 2nx + 2

1
Tn,O(x) =1, Tn,m (X) = E; Tn,Z(x) = n2

and also we have the recurrence relation
nTn,m+1(x) = x(l + x) [Tn,m (x) + an,m—l(x)] + (m + 1)Tn,-m (x) + mXTn,m—l (X)
m+1
Consequently from this relation T, ,,,(x) = 0 (n_[T]) for all x € [0, ).

Lemma 3: For our operators (1.1), we can easily find the identity given as below
m+i-pr2it o (m+i-D!2i-1)!

P (thx)=nt——x'+n
) (n— D! (EH? (-1 - )
Lemma 4:There exists polynomial @, ; ,-(x) which is independent of nand v, such that

x71+0(n72).

) . d
A+ D [P @] = D n =m0 QP D=
20 =r,
i,j=0

I11. Direct Results
In this section we prove direct results related to operators(1.1).
3.1 Simultaneous Approximation
Theorem:If f € C,[0,0),y > 0 and ) exists at a point x € (0, ), then

lim RV (f(6), ) = fO ().
Proof:By Taylor’s expansion off, we have

LIO)
f®) = Zf () (t—x)" +e(t,x)(t—x),
i=0

i!

where €(t,x) — 0 as t - x.Therefore
LD (x) .
PO (6),%) = zf—,() f W (¢, x) (£ — x)idt + j W, (t, x)e(t, x) (t — x)"dt
i=0 . 0 0
=E; + E,.
To estimate E; we use binomial expansion and Lemma 2 as

=Y IO (e [woeare
i=0 v=0 0

M () ¢
- fr—l(X) f W (¢, x) trdt
0

=) +o(D), (n > )
Next, using Lemma 4, we obtain

NGRS . r
|E,| < Z nl“%ZIv —nx|/ p,, (%) f Gnp(®)e(t, ) |t — x|"dt
2i+j <r, =0 0
i,j=0
Since e(t, x) — 0 ast — x for givene > 0, there exists a § > 0 such that |e(t, x)| < efor 0 < |t — x| < 6.
Further if u = max{y,r};u € Z then we can find a constant K such that |e(t, x)||t — x|" < K|t — x]|* for
Qi+ ()|

|t — x| = 6. Thus withM = max,; ;< , we have

XT

o0 o0
Bl <MY Y o= nall () [ ana(©ele - 2l de
2it) <r, v=0 0

1,j >0

o0 0
<M Y Y ool p@) [ 4 @ele - alrde
2i+j<r, v=0 0
i,j >0

<M Yt Y - nal g, (04 e j G (©) [£ — x| dt + f G (OK |t — x| dt
2itj<r, v=0 |t—x|<§ [t—x|>6

i,j=0

= E3 + E4.
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For E; we apply Schwaz inequality for integration and summation and then use lemmas1 and 2 as

© 1/2 , o % 0 %
Bl < em Y ni“{Zw—nfopn,v(x)] {f q,w(t)} U qn,v(t)|t—x|2fdt}
2i+j<r v=0 0 0
1,j >0
. i\ 1 r
<eM z nl“O(n]?).—.O(n_i)
2i4) <r, n
i,j=0
=e.0(1).

For E, also applying Schwaz inequality, Iemmas 1 and 2, and taking C = MK we get

Eo<C ) l“[}v—nxwpw(x)] [anxx)fqnv<t>e|t—x|2ﬂdt}

2i+j<r,
i,j=0

; A Kk
<eM Z nitlo (n2>0 (n 2 1)
27 <r,
1,0

r—u

<0(nz )=o)

Thus for arbitrary small € > 0, it follows that E, = o(1).Hence collecting estimates of E;andE,, we get the
objective.

3.2 Asymptotic Relation Formula

Theorem: If f € C,[0,0),y > Oandf **2 exists at a point x € (0, %), then
@' - (r)? (3r% + 4r + 1 (2r)!

rlli_r)rolon{Pn(r) (f@®),x) — f(r) (x)} — 8 f(r) (x) + CEEoIE xf(r+1)(x)
3(3r* + 1413 + 23r% + 167 + 4)(2r)! -
2{(r + )12 xf O ()

Proof:From Taylor expansion theorem of function

@
= Zf D¢t

wheree(t, x) - 0 as t — x. Therefore applymg Lemma 2

0]
tim{nP (£(0), %) — 00} {zf ® j W6 3) (- 0'de - fO )

+n f W, (%) e(t, x) (¢ — x)7+2, dt
0

= ]1 +]2
From here
r+2 f(l) (x) i
]1 =nz i Z([ )l—] jW(’”)(t X) t]dt_f(r)(x)
i=0 j=0
0 (r+1)
= f— T'( —) { P(T)(tr x) — } + }C(T_i_—l()xl)n{(T + 1)(_x)Pn(r)(tr,X) + P,fr)(tr+1,x)}

+

fO2@) (r+ 1D +2)
r+2r " 2
Using Theorem 3, for each x € (0, «), we get

fO®) { nT(n 47— 1) (2r)! } Af T (x)
= riin -1

2P (%) + (r + 2)(—0)PT(t7+, %) + P (¢7+2, x)}.

h="5 CEDIGE D <
[ (MmT™1(n+7r)! @r+2)! \
I \ n"(n+r—-1!2r)! n—D{r + DI} (r+1lx+
o 1)(_")”{ G-DIGE  J | T Eman @i

| ( m-01H2 )

1
|
|
I
|

DOI: 10.9790/5728-1502021923 www.iosrjournals.org 21 | Page



Convergence of derivatives for certain mixed Baskakov-Szasz operators

r+1Dr+2) 2{n_r(n+r—1)! 2! }
x r!

2 (n—1D!0G"H2
(Tl (n+71)! 2r+2)! \
) @G DR D
nf T+ (x) +r+2)(=x) { n"2m+1r)! Qr+1)! }
R r! .
(r + 2)! \ (n—1)! (1?2 J

jn"_z(n+r+ 1)! (2r+4)!(r+2)!x21
(n— DG +2)P 2 -
) a Bt r+ )1 @+ 3) o0

n—DHr+ 1D}
Taking limitsasn — oo, we get the coefficients of £, f0+D and FC+2) as

3(3r*+14r3+23r2+167+4)(2r)!
2{(r+2)1}2
which can be shown easily along with the proof of previous theorem.

(r+ 1) xJ
@r)i-(@r)? (_3r2+4—r+1)(2r)!
@z 7 {4112
x%. In order to complete the theorem, it is sufficient to show that J, - 0 asn — o,

and

Remark: In particular if » = 0, we conclude the following asymptotic formula in ordinary approximation-

3
lim{nP, (f(£),x) — f(x)} =§x2f 2,
n-—oo
.3.3 Error Estimate in Simultaneous Approximation

Theorem: If f € C,[0,00),y >0andr <m < (r +2). If f(’")exists and is continuous for sufficiently large
non(a —n,b + 1),

m
||Pn(r)(f,x) —fO| < cnt Z”f‘” + Cn (D, n7Y2) + 0(n72),

i=r
where the constants C; and C, are independent of f and n, w(f,§) is the modulus of continuity of f on
(a —n,b +n)and ||.|| denotes the sup-norm on [a, b].

Proof: By Taylor’s expansion of f, we have

@ (m) — fm)
Fo = Z(t o T 4 om0 O e - o),

wherex < ¢ < tand ){(t)IS the characteristics function on (a —n,b +1n).Fort € (a —n,b +n) and x € [a, b],
we have

= @ m) (&) — £m)
o =Y a-0l= @ on LT,

i=0
For t € [0,0)\(a — 1, b + 1), we define

~ N FO@
h(t,x) = f(£) ;(t — )
Thus

0

® 7
fl.—,(x) f W, (¢, x) (¢ — x)'dt — f(r)(x)} + f W (¢, x) X
0

0

RO (0 - fO@) = {Z

i=0

f™E© =™

m!

(t — )™y (t)dt + j W, (t,%) h(t, x)(1 — x(t))dt
= Kl + Kz + K3. '

Using Theorem 3, we find

@
Kl— f (X)Z(, )" f W) Ut = O )
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j _,(n+r =1 27!
n

e T l FO0)
_ _ — X
y (n+r-1! @2r-1)! 14 O(n_Z)J

(n -1 (G - 1))

3 m f(i)(x) i i - "
= Z il Z (l) 0™ o
i=0 j=0
Therefore

m
1Kl < et ) [l + 02,
i=r
uniformly in x € [a, b]. Next, using Lemma 4 and Schwaz inequality

[f™ @ - fm | It
!

m

IK,] < f WO, %) x| x(O)dt

0

w(F™,8) [ |t — x|
Tfh/l/n(”(t,xﬂ <1 +— )lt — x|mdt.
0

1
(m) - z
w ,0 ) )
Mc‘z Z nitl {Zlv _ nx|2] pn‘v(x)} X
v=0

m!
2i4)<r,
ij=0
1 1 1 1

qn,u(t)dt}{ qn,v(t)lt—xlz’"dt} +6‘1{ qn,v(t)dt}{ Gn,p (8) [t — x|2 Dt
[ osond | [ wea]

uniformly in x. Choosings = n='/2, we get
m) =172 r—m r-m-— m-—r
Il < % [0 (%) +n720 (03] < Guo(F ), n2)0 (n 7)),
For K5, applying Lemma 4
i+1 |Qi.j.r(x)| N i
Il < Y st LN o, (0) [ @ (OIRCE ] (1 2@)de
v=0 0

2i4j<r,
i,j=0

o0

<My Y Y ool g | @IhE0lde
2itj<r, v=0 [t—x|>6
i,j=0

|Qi,j,r(x)|

xT

whereM; = maxzi+j<r,

i,j=0
Further we take an integer u = max{y, m} so that there is a constant M,such that |h(t,x)| < M, (t — x)* for
[t — x| = 6.Nowapplying Lemmas 1 and 2, we can easily verify that ||K;|| = O(n=5)for any s > 0 uniformly on
[a, b]. The estimates of K;, K,and K; together give the required result and hence the proof is completed.

Note: Some readers can oppose the result in asymptotic formula for these operators, obtained by me. | request
them for some improvement in this formula.
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