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Abstract:AproofisgiventhatifAandBareoperatorsonacomplexHilbertspacethatcommutebyascalorfactorthenth
atscalorfactormustberealwhenevereitherAorBisselfadjoint.
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CommutingOperators,normalandselfadjointoperatorsUniversityOfNairobi
SchoolofMathematicsP.0.Box30197Nairobi,KenyaEmail:jawafula@uonbi.ac.ke¢ Introduc-tion
LetHbeaninfinitedimensionalHilbertspaceandB(H)denotetheBanachAlgebraofboundedlinearoperatorsonH,t
henwesaythatAandBare/-
CommutingOperatorsifAB=1BA,Commutatingoperatorshavehardextensiveapplicationinquantummechanical
observationandanalysisofthespectra.InthisarticleweconsiderresultsobtainedbyPutnamandobtaincondi-tionsto
beimposedonisothatAB=ABA.WearriveatsimmilarconditionstothoseobtainedbyBrookwithoutspectralanalysis
oftheoperator.WeshowthatwhenoperatorscommutetoascalefactorthenthenumericalrangeW(AB)oftheproductis
realorpureimaginery

AnoperatorissaidtobenormalifAA>I< :A*A,selfajointifA:A*andanti—selfajointif
k
A=—A",

Theorem1.1(Putnam-Fuglede)

IfTisanormaloperatorand TcommuteswithanyoperatorSthen T*s=s1*
Corollary1.2

IfAandBarenormaloperatorssuchthat TA=BTthenTA *=B* Tforal loperatorsTonH

Proof
1A 0
Let A= 0o B
and
_ [0 0
L_[T 0

thenNisnormalandfurthermoreLN:NL.Soby(i)LN>‘< =N*L. -

HenceTA*=B* TApplyingFugledestheoremRehder(1982)madesomeremarkableobservationsontheproductof
selfadjointoperatorsasfollows.

Theorem1.3
LetAandBbeselfadjointoperatorsandeither AorBispositive. ThenABisselfadjointifandonlyifABisnormal

Proof
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.ObviouslyifABisselfajointthenABisnormal.FortheconverseweNotethat
A(BA)=(AB)A

andsoweinvokeFugledestheoremtoobtain
A(BA)Y*=(AB)* Ai.e. A°B=BA~.
SupposethatAispositive(otherwiseinterchangesroIeswithB)thenAisthesquarerootofA2

henceAcommuteswithBandso(AB) *=BA=AB

LetTheaselfadjointoperatorthen T=ABwhereAispositiveandBunitary be thepolarde-
compositionofT.Theprevioustheoremgivesaconverseintheclassofnormaloperators. ThusifTisnormaland 7=AB
whereAispositiveandBselfadjointthenTisselfadjoint.

Corollary1.4

LetT = A+
iBbethecanonicalformofanoperatorwherebyAandBareselfadjoint.IfABisnormalandeitherAorBispositivethen
Tisnormal

Proof

Wehavethat

TT*=(A+iB)(A—IB)=A+i(BA—AB)+B>=A’+B°.
Ontheotherhand

TXT=(A—iB)(4 + iB)=AZ+i(AB—BA)+B2=A+B2=TT*

Corollaryl.5

LetAandBbeSelfadjoint,andeitherAorBbepositive.IfAB — BA # OthenAlsoAB + BA # 0

Proof

IfAB+BA=0then(AB)(AB)* =(AB)(BA)=—(AB)~.Simmilarly(AB) * (AB)=(BA)(AB)=—(AB)~.

ConsequentlyABisnormalandbytheorem1.5.7 ABisselfadjointi.eAB—AB=0.
A-commutingoperators

WeconsideroperatorsthatcommuteuptoscalarmultiplesandmakesomeapplicationofthePutnamFugledeproperty
toobtainthefollowing

Theorem2.1

LetA,BbeboundedoperatorsonaHilbertspaceHsuchthatAB = ABAandAB # Owhere

Aisacomplexnumber.Then

(i) IfAorBisSelfadjointwemusthavethatAisarealnumber(ii)IfAandBareSelfadjointthenA {1, — 1}
(iii) IfAandBareselfadjointandeitherAorBispositivethenA=1.

Proof

(i) AB = ABAifandonlyif
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B*A*=)a*B*.
ButifsayA:A*then
* -
B A=1AB*.
* * * *
BuyPutnamFuegledethecoremB A = A4 B .Hencewehavethat
M B =14 B

* *

9onsequentlywehavethat(l_ —A)A B = 0SinceAB # Oweobtaintheresult(X—A):O.So
A=A

(i)  I1fA=A™,B=B™thendB = ABAandso(AB)™* =
ZA* B* HenceBA=
AAB=

MBA=|A IzBA.ConsequentIy(l— |A] 2)BA:O.Sofrom(i))\:i 1.

(iii) LetAB=—BAthenConsiderthecommutatorofAandBnamelyAB — BA = AB + AB = 2AB #
0.Howeverthisleadstotheanticommutaorbeingnonzero.i.eAB + BA # 0
.Thisisacontradictionhencewemust havethatA=1

AnoperatorAiscalledanti-selfadjointifA+A *=0
Remark:IfAisananti-selfadjointoperatorthenAisnormaloperator. Toseethisnotethat
AA*=—A%=p* A

Theorem2.2

IfanoperatorTisanti-selfadjointthenW(T)isapureimaginary.

Proof

NotethatAe W(T) = A=(Tx, x)=(x, T*x):— (x, TX)= —A.ThusA+A=0andhenceA
isapureimaginarynumber.

Theorem?2.3
LetAB = ABA, AB #+ 0andBbeanormaloperator.lfAisanti-selfadjointthenAisareal
number

PI‘OOf * * _ %k *
IfAB = ABAthenwetaketheadjointonbothsidestofindB A =1 A4 B .Henceapplying

thePutnam-Fuegledetheoremwehavethat

B*A=AAB* « —B*A*=—A\A*B* « (AB)*=AA*B* = (ABA)*=AA*B* =
M*B* < (A-NA* B*=0.HenceA=A
Corollary2.4

MEB*=

IfAandBareanti-selfadjointoperatorsuchthatAB = ABAandAB # OthenA€{1,—1}
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Proof
SinceAisnormalwehavethatAisarealnumber.Furthermore,fromAB=ABAweobtain

* * * *
B A =14 B & BA=1AB =21%BA & (1 — (1)%)BA = 0.SinceAB # OweobtainA=+1
Corollary2.5

IfAandBareanti-selfadjointoperatorsuchthatAB=ABAandAB #
Otheneither W(AB)isarealorpureimagineryset.

Proof

IfA=1thenABisselfadjointandso W(AB)isreal.IfA=—1thenABisanti-selfadjointandso W/(AB)
ispureimaginery.
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