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. Introduction

The concept of statistical convergence was formally introduced by Fast [13] and Schoenberg [36]
independently. Although statistical convergence was introduced over fifty years ago, it has become an active
area of research in recent years. It has been applied in various areas such as summability theory (Fridy [15] and
Salat [33]), topological groups (Cakalli [3], [4]), topological spaces (Di Maio and Kocinac [11]), locally convex
spaces (Maddox [26]), measure theory (Cheng et al [8], Connor and Swardson [9] and Miller [27]), Fuzzy
Mathematics (Nuray and Savas [31] and Savas [34]). In recent years generalization of statistical convergence
has appeared in the study of strong summability and the structure of ideals of bounded functions, (Connor and
Swardson [9]). Kostryrko et al., [23]) further extended the idea of statistical convergence to I—convergence
using the notion of ideals of N with many interesting consequences. Das and Savas [10] introduced and studied
I-statistical and I-lacunary statistical convergence of order a. Brono et al., [2] introduced and studied the
concept I, — statistical and I, —Lacunary statistical convergence for double sequence of order a. Also
Mursaleen [29] introduced A —statistical convergence for real sequence, Hazarika and Savas [22] introduced and
studied the notion of A —statistical convergence in n —normed spaces. Quite recently, Brono and Ali [1]
introduced and studied the concept of 1, —statistical convergence in 2n-normed spaces. Savas [35] introduced
and studied the notion of I, —statistical convergence in topological groups. In this paper in analogy to Savas
[35], we shall introduce and study I;,—statistical convergence for double sequence of order a in topological
groups.
Let K € N x N be a two-dimensional set of positive integers and let K(n, m) be the numbers of (i, ;) in K such
that i < nand j < m. Then the two-dimensional analogue of natural density can be defined as follows.
The lower asymptotic density of a set K € N x N is defined as

. Kmm)
6,(K) = liminf
e nm

nm
In case the sequence (%) has a limit in Pringsheim’s sense then we say that K has a double natural density

and is defined as
lim,, , ~ o = 6, (K).
For example, let K = {(i%,j?):i,j € N}.Then,

6y = lim,, ,, % <lim,,, ff =0,

i.e., the set K has double natural density zero, while the set K = {(i, 2j):i,j € N} has double natural density %
Note that, if we set n = m, we have a two dimensional natural density considered by Christopher [7].
Statistical analogue of double sequences x = (xjk) was defined as follows.
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Definition 1.1: ([30]): A real double sequence x = (xjk) is statistically convergent to a number | if for each
€ > 0, the set
{(j,k),j <nandk <m: |xjk - l| > s}
has double natural density zero. In this case we write st, —limy, x; =1 and we denote the set of all
statistically convergent double sequences by st,.
Let A = (4,,) be a non decreasing sequence of positive numbers tending to oo such that
Api1 Sy +1, 2, = 1.
The collection of such sequences A will be denoted by A.
The generalized de la Vallée —Poussin mean is defined by

t,(x) = % Z Xie,

™ k€ly

Where [,, = [m — 4,, + 1,m].

Definition 1.2 ([24]): A sequence is x = (x;,) is said to be (V/, A )-summable to a number ¢ if
tn(x) = 4, as m — oo,
If, 1,, = m, then (V, 1)-summability reduces to (C, 1) —summability. We write

m
1
[C, 1] = {x =(x):3€€R, lim —lek —f| = O}
m-ooo m

k=1

1
[V,2]=<x=(x,): 3L ER, lim —Z lx, —€] =0
m-oo /1m
k€l
For the sets of sequences x = (x;) which are strongly Cesdro summable (see [14]) and strongly

C,1 V,A
(V,A) —summable to ¢, i.e. (x;) [—3 fand (x;) [—J £ respectively.

Definition 1.3 ([29]): A sequence x = (x;,) is said to be A —statistcially convergent or S; —convergent to? if for
everye >0
1
lim —[{k €l,:|x, — ] = €}| =0.
m—oo A

In this case we write

Sy ={x=(x):3L €R, S —limx = ¢£}.
Itis clear that if A,, = m, then S, is same as St.
Analogously;
Let 4, = (4,,,) be a non decreasing double sequence of positive numbers tending to oo such that
A(m+1)(n+1) < Amn + 1'/111 =1
The collection of such double sequences will be denoted by A,.
The generalized de la VVallée —Poussin mean for double sequences will defined by

1
tmn(x)=l Z ijk'

Jjk€lm

Where [, , = [mn — 1,,, + 1, mn].
Definition 1.2.1: A double sequence x = (x;; ) is said to be (V, 1,) —summable to a number ¢, if ¢,, — ¢, as

m,n — oo,
If, A,,, = mn,then (V, A,) —summability reduces to (C, 1.1) —summability. We write

m n
1
(c,1.1) = x=(x]-k):EI€ER,l"ilrE%ZZ|xjk—€|=0 and

j=1k=1
m n
o1
[V, 2] =3x= (xjk): ERAS R,lrhrlgm Z Z'xjk —{’| =0
j€ly kel

For the sets of double sequences x = (xjk) which are strongly Cesdro summable (see [29]) and strongly

i [€,1.1] [V.A2] .
(V, 4;) —summable to #, that is x;, —— ¢ and x;;, — £ respectively.
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Definition 1.3.1: A double sequence x = (xjk) is said to be 4, —statistically convergent or S;, —convergent to
L if forevery ¢ > 0,
: 1.

m!}lrilmmﬂ(],k) € Ly |xjk -t =¢}|=0
In which case we write S, — limx = £ or(x;, ) 23 ¢ and

Si, = {x = (xjk): 3LeERS,, —limx = {’}.
Itis clear that if A,,,, = mn, then, S, is same as St,
The main purpose of this article is to introduce and study, I;,—statistical convergence for double sequence of
order a in topological groups and to give some important inclusion theorems.

I1. Definitions and Preliminaries
The following definitions will be required in the sequel.
Definition 2.1: If X is a non-empty set then a family of set I ¢ P(X) is called an ideal in X if and only if
(i) @ € I; (ii) foreach A,B € I we have AU B € [; (iii) foreach A € I and B c A we have B € .

Definition 2.2: Let X is a non-empty set. A non-empty family of sets F c P(X) is called a filter on X if and
only if (i) ® & F; (ii) for each A,B € F we have AN B € F; (iii) foreachA € Fand B > Awe have B € F.
An ideal I is called non-trivial if I # ® and X & I.

Definition 2.3: A non-trivial ideal I ¢ P(X) is called an admissible ideal in X if and only if it contains all
singletons, i.e., if it contains {{x}: x € X}.

For further study we shall take X = N2 and I will denote an ideal of subsets of NZ2. The following proposition
express a relation between the notions of an ideal and a filter.

Proposition 2.1: Let I ¢ P(N?) be a non- trivial ideal. Then the class
F=F()={M cN*M=N?—-A,forsomeA€l} is a fiter on NZ(we shall call
F = F(I) the filter associated with I).

Definition 2.4: Let I ¢ P(N?) be a non-trivial ideal in N?. A double sequence x = (%) of real numbers is said
to be I —convergent to a number L if for each & > 0 the set A(e) = {(i,j) € N?:|x;, — L| = ¢} belongs to .The
number L is called the I —limit of the sequence (x;;) and we write I — limy;, x; = L.

Remark 2.1: If we take, I = {E c N?:E is contained (N X A) U (A X N)where A is a finite subset of N}.
Then I — convergent is equivalent to the usual Pringsheim’s convergence.
A double sequence x = (x;; ) is said to be I, — [V, 4,] —summable to ¢, if
I, = limp, , tny (X) =€ (tp (%) is the de la Vallée poisson mean of x = (x;; )
That is for any 6 > 0,

{om,n) e NxN: flimt,,, () — ¢ > 6} €1,

mn

If, I = I = {K S N:K is finite subset}. I, — [V, ;] —summability becomes [V, 1,]
Summability.

Definition 2.5: A double sequence x = (x;; ) is said to be I, —statistically convergent to ¢, if for each
1
{(m,n) € N x N:{m,n) € N x N:%Hj <mk<mn |xjk —{’| > s}| > 8}} € L.

In this case we write x;, — €(St(l;)). The class of all I, —statistically convergent sequences will be denoted by
St(l,).

Definition 2.6: A double sequence x = (x;; ) is said to be I;, —statistically convergent to £ or S, (1)
convergentto £ if forany e > 0 and § >

1
(m,n) ENXN:{(m,n) ENXN:/1—|{jSm,kSn: |xjk —€| 26}| 28}}612
mn

In this case we write x;; — {’(512 (I,)). The class of all I;, — statistically convergent sequences will be
denoted by S;, (I,).

DOI: 10.9790/5728-1502034954 www.iosrjournals.org 51 | Page



I, —Statistical Convergence of Double Sequence of Order « in Topological Groups

Throughout in this article X will denote a topological Hausdorff group, written additively, which satisfies the
first axiom of countability. A double sequence x = (xjk) in X is said statistically convergent to an element £ of
X if for each neighbourhood U of 0,
1

im—1i < < n:x, — =

lglrrllqmnH] smk<snxy —{¢ U}| 0,
Where, the vertical bars denote the cardinality of the enclosed set. The set of statistically convergent sequences
in X is denoted by St,(X). Furthermore we define A, —statistically convergence in topological groups as
follows:
A double sequence x = (x;;) is said to be S;, —convergent to ¢ (or A, —statistically convergent to ¢) if for
each neighbourhood U of 0,

1 .
11}1r7{1m|{(1,k) ElLpnixy —£ €U} =0.
In this case, we write
Sy, — limy, x, = £ or x> £(S;,) and define
Sy, (X) = {x = (xy ): for some £, S, — l}kmxj }
I11.1;, — Convergence for double sequence of order a

In this section, we shall introduce and study I;, —statistical convergence for double sequences of order a in
topological groups and we shall also present some inclusion theorems.
We now have

Definition 3.1: A double sequence x = (x;, ) in X is said to be statistically convergent of order « to ¢ of X if for
each neighbourhood U of 0,

1
i
. (mn)@
The set of all statistically convergent of order a sequences in X is denoted by St,* (X).
Also we define 1, —statistical convergence of order « in topological groups as follows:

| <mk<nx, —¢eU}|=0.

Definition 3.2: A double sequence x = (x;;) is said to be S;, —convergent of order « to £ (or A, —statistically
convergent of order « to ¢) if for each neighbourhood U of 0,

1
w%m,k) Elpnixy —L€U} =0
In this case, we define
S1, (X)) = {x = (xjk):for some ¢, Sy, — lilrglac]-k ={’}
]
If we take A,,,, = mn, Sy (X) reduce to St,* (X):

Now we shall give the definitions of I, —statistical convergence and I, —Statistical convergence of order a in
topological groups as follows:

Definition 3.3: A double sequence x = (x;;) is said to be I, —statistically convergent of order a to ¢ or
S%(I,) —convergent to # if for each § > 0 and each neighbourhood U of 0,

{(m,n) €N x N:(mi)a |{] Ssmk<snx, —{¢ U}| > é‘} € I,.

In this case we write x;, — £(S%(l3)). The class of all I, —statistically convergent sequences will be denoted by
simply S%(1,)(X).

For, I =1 ={K S N:K is a finite subset}, I, —statistical convergence of order a becomes statistical
convergence of double sequences of order « in topological groups which has not been study till now. Finally for

I =1 An, =mnand a =1 it becomes statistical convergence of double in topological groups.

Definition 3.4: A double sequence x = (x;;) is said to be I;, —statistically convergent of order a to £ or
S1, —convergent of order a to ¢, if for each § > 0 and each neighbourhood U of 0

{(m,n) €N x N:%ij € Lppixy — £ 2 UY| > 5} € I,.
In this case, we write
S, I2)(X) = {x = (xjk):for some ¢,S; () — lji,lr(nxjk ={’}
If we take @ = 1, we have
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$,I))X) = {x = (x]-k):for some ¢,S;,(I;) — lim x;, =€}
Jjk
For, I =1 I, —statistical convergence of order a becomes A, —statistical convergence of order a« in

topological groups which has not been study till now. If A,,, = mn, I, —statistical convergence of order
becomes double statistical convergence of order a in topological groups

IV. Inclusion Theorems
We shall prove the following theorems

Theorem 4.1: Let 0 < & < B < 1. Then S, (N (X) © sz(l)(X).
Proof: 0 <a < <1.Then

(G 4) € i s =€ € UY _ [{G.K) € b 20 — € € U}

P - Mon

And so for any § > 0 and any neighbourhood U of 0
6.1 € Imﬁﬁ'xf" —¢euj] > 5} c {(m,n) ENXN: o, € I’”%’j" —teu) > 5}.
Hence if the set on the right hangnside belongs to the ideal I, then obviously the set on the left hand side also
belongs to L. This shows that S (1) (X) < sz (D X).

{(m,n) €N X N:

Corollary 4.1: If a double sequence is I, —statistically convergent of order a to £ for some 0 < a < 1 then, it
is, I, —statistically convergentto ¢ i.e. S’ (I) < S, (D).
Similarly we can show that

Theorem4.2: Let0 < a < < 1. Then

(i) Ste(I) < Sté (D).

(i) In particular St5 (I) < St, ().

A

(mn)®

Theorem 4.3: St5 (1)(X) < Sz, (DX) if lim,, inf
Proof: Let us take any neighbourhood U of 0. Then,

>0

G|V < mk <nixe — @ Ul 2 {6 k) € i — £ € V)]
Y
- (mn)a A%’m |{(.]'k) € Im,n:x}'k - -f E U}|
i i /1%11
If lim,y,, inf oz = @
Then from definition  (m,n) € N X N:—(i";“)a < %} is finite. For & > 0 and for each neighbourhood U of 0,

1
{(m,n) € N x N:/1—|{(j,k) € Lynixy —€ €U} = 5} c
mn

{ ENXN'1|{'1€EI . geu}|>a6}u{ ENXN: Ao <a}
(m,n) mn U, k) mn* Xjk ) (m,n) “(mn)* 2)

The set on the right hand side belongs to I, and this completed the proof. Finally, we prove the reverse inclusion
state in theorem 4.3

mn —Amn

(mn)®

Theorem 4.4: If 1, € A, be such that for a particular a, 0< a < 1, lim,,,
St (D" (X).
Proof: Let § > 0 be given. Since lim,,, /:l": = 1, we can choose m,n € N X N such that |(:11’"T")a - 1| < g, for

=0 then S3; (1(X) c

allm,n > p. Let us take any neighbourhood U of 0. Now
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1
(mn)*

1 1
i smk<nx -t U}| —|{j<mk<nx —£eUl|+ {G k) € Ly pixy — ¢ & U}

(mn)*
mn — A,
(mn)“

<1 1 d ! k) € Iy ,: LeU
<1~ (1-3)+ G {000 € lnnizy — £ € U}
é 1

=5+ ) U, k) € Lyn:xy — € € U},
For all m,n = p. Hence for § > 0 and for each neighbourhood U of 0,

1
{(m,n)eNxN: (mn)a|{jgm,kSn:xjk —f¢ U}| 26}
1

c {(m, n) € N x N: ()

If S,{2 — limx;, = ¢ then the set on the right hand side belongs to I, and also the set on the left hand side also
belongs to I,. This shows that x = (x;,) is I, —statistically convergent to ¢.

1
+%|(j,k) € Lynixy —£ & U|

5
j<mk<nx, —¢teU}|> 5} u{1,2,34,5,..p}.
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