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Abstract: Several people presented solutions to the Birkhoff’s problem “Develop a common abstraction which
includes Boolean algebras (rings) and lattice ordered groups as special cases”. Many common abstractions
namely dually residuated lattice ordered semi groups, lattice ordered groups, DR - groups, lattice ordered
rings are presented in [6], [4], [3] and [2] respectively.

The objective of this paper is to introduce Characterization Theorem for commutative lattice ordered ring or
commutative €-ring which is an abstraction between Boolean algebra and lattice ordered group.
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I.  Preliminaries
In this section are listed, a number of definitions and results which are made use of throughout the paper. The

symbols <, %, +,., -, v, A and * will denote inclusion, non-inclusion, sum, product, difference, join ( least

upper bound ), meet (greatest lower bound ) and symmetric difference in a lattice L or commutative
£-ring R (whenever they are defined)
To start with
Definition 1.1
A Boolean algebra is a non-empty set B with two binary operations v, A and an unary operation '
defined on it and satisfy the following.
1. (B,Vv, A)isa lattice
2.av (bac)=(@av b)a(awv c)foralla,b,c € B
3. B has least element 0 and greatest element 1
4. Foreach a € B there existsa’ € Bsuchthata v a’=1andaana =0
That is a Boolean algebra B is a distributive complemented lattice.
Definition 1.2

Aring R is called a Boolean ring if a’= a foralla € R
Definition 1.3
A Boolean ring R is called Boolean ring with identity if

there exists 1 € Rsuchthatl-a=a-1=a, foralla € R.
Theorem 1.1
The following systems are equivalent
1. Boolean Algebra
2. Boolean ring with identity
Definition 1.4
A non — empty set G is called lattice ordered group or £ - group if
(i) (G, +) is a group
(i) (G, v, A)isa lattice
(iia+x vy+b=(a+x+b) v (a+y+bh)
atx Ay+tb=(@+x+hb) A (@a+y+h)
foralla, b, x,y €G.
Definition 1.5
A non —empty set R is called lattice ordered ring or £ - ring if
(i) (R, +, -) isaring
(i) (R, v, A)isalattice

DOI: 10.9790/5728-1502035966 www.iosrjournals.org 59 | Page



Characterization Theorem for Commutative Lattice Ordered Ring.

(iia+x vy+b=(a+x+b) v (a+y+bh)

a+tx Ay+b=(@+x+hb) A (a+y+h)
foralla, b,x,y €R

(ivia(x v y)b=(axb) v (ayhb)
aXx Ay)b=(axb) A (ayDh)
foralla,b,x,y € Randa >0,b >0

Definition 1.6
A non-empty set B is called a Browerian Algebra if and only if

i) (B, <)is a lattice

ii) B has a least element

iii) Toeacha, b € B, thereexists x =a-b € Bsuchthatb v x > a

I1.  Definition And Examples
In this section two equivalent definitions for commutative lattice ordered ring are introduced and
established that commutative lattice ordered ring is an abstraction between Boolean algebra and lattice ordered
group.

Definition 2.1
A non-empty set R is called commutative lattice-ordered ring if it has two binary operations +, - and a
binary relation < defined on it and satisfy the following
0] (R, +, -) is a commutative ring
(i) (R, <)isalattice.
(iila<b=a+c< b+c foralla,b,c €R.

(iv) a<b,0<c = ac < bcforalla, b,c €R.
Definition 2.2

A non-empty set R is called a commutative lattice-ordered ring if it has four binary operations +, . , v
and A defined on it and satisfy the following
0] (R, +, -) is a commutative ring
(i) (R,v,A) isalattice
(iii) (a+c)v(b+c)=(avb)+c
@+c)a(b+c)=(@nb)+c

forall a,b,ceR
(iv) acvbc = (avb)c
acabc = (aanb)c foralla,b,ceRandc>0.

We observe that
Theorem 2.1

Two definitions of a commutative lattice-ordered ring are equivalent.
Theorem 2.2

Any commutative lattice ordered ring is a lattice ordered group.
Theorem 2.3
A Boolean ring is a commutative lattice ordered ring.
Theorem 2.4
If R is a commutative £-ring and ab = a A b for all a, b € R then R is a Boolean ring.
Theorem 2.5:

Any Boolean algebra is a commutative lattice-ordered ring.
Theorem 2.6:

Any commutative £ - ring need not be a Boolean algebra.
Proof: By an example.

Let Q [ A] denote the ring of polynomials over the ordered field Q. Then
Q[ A]is a commutative lattice ordered ring but not a Boolean algebra.
If R is a commutative £-ring then we have

Property 1: [(a—b)vO0]+b=awvb,foralla,b e R

Property 2:a<b—=a-c< b-candc-b< c—a,foralla b, ccR.
Property 3: (avb)-c=(a-c)v(b-c) foralla b,ceR.
Property4:a—(bvc)=(a-b)a(a-c) foralla b,ceR.
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Property5:a—(bac)=(a-b)v(a-c) forallab,ceR.
Property 6: (bac)—-a=(b-a)a(c—a)foralla b,ceR.
Property7:a >b= (a-b) +b=a,foralla,b € R.
Property8:avb+aab=a+b,foralla,beR

Property 9:[(a—-b)vO]+aanb=aforalla,beR

Propertyl0: (avb)-(a Ab)=(a-b)v (b—a)foralla, b eR.
Property11:a—(b-c)<(a-b) +c

(a+b)-c< (a-c)+b foralla,b,c eR.

Property 12: anb=0andaanc=0thenan(b+c)=0

avb=0and avc=0 thenav(b+c)=0 foralla,b,ceR.
Theorem2.7:
Any commutative £-ring is a distributive lattice.

I11.  Characterization Theorem
In this section to find the relation between commutative £-ring and Browerian algebra and further
established the characterization theorem for Commutative lattice-ordered ring
Clearly we have
Theorem3.1

If R is a commutative £-ringand a+b =a v btoeach a, b € R, there exists a least element x € R such that
bvx=b + x > a then R is a Browerian algebra.
Theorem 3.2

Any commutative £-ring R is a direct product of a Browerian Algebra B and an £-ring S if and only if

i) (@+b)—(c+c) = (@a-c)+(b-c)
and
i) (ma+nb)—(a+b) > (ma-a)+ (nb-b)
forall a, b, c € R and any two positive integers m, n.
Proof:
First Part:

Assume that (i) (@ +b)—(c+c) = (a-c) + (b +¢) ----------mmmmm-- D

and
(if) (ma + nb) — (a + b) = (ma - a) + (nb - b)--------------- (2)
forall a, b, c € R and any two positive integers m.n.
To prove B is a Browerian Algebra,
S is a £-ring
andR=B x S

Leta, b, c € R be arbitary

—> (@+b)-c < (a-c)+b, byproperty 11

= ((@a+b)-c)-c < ((@a-c)+b)-c

=(@a-c)+b-c

=>(@+b)-(c+c)<(a-c)+(b-c)-----—-—-m-mmm-- (3)
From (1) and (3) we get (a+hb) —(c+c)=(a-c) + (b - C) --------=--=------—= 4)
Also (ma + nb) —a < (ma - a) + nb, by property 11

= [(ma+nb)-a]-b < [(ma—a)+nb]-b

= (ma+nb)—(a+b) < (ma-a)+(nb-b) (5)
From (2) and ( 5) we get
(ma +nb) —(a+b)=(ma-a)+ (nb—b) (6)

TakeB={a € R/a+a-a=0}
S={ae R/at+ta-a=a}

Claim 1: B is a Browerian Algebra.
i) B is closed with respectto v and A.
First we claim thatifa € Bthena+a=a
For leta € B be arbitrary.
—>a+a-a=0<0
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= [(a+a)-a]+a<0+a
—>at+ta<a
Also0=(a+a)—a < (a—a)+a, byproperty1l
—=>0<a
—>0+a<La+a
—>a<a+ta
Thusa+a=a--------------- @)

Next to claim that if foralla,b € Bthenav b,a A b € B.
For leta, b € B be arbitrary. Then
(a+b)+(a—-b)=(a+a)—(b+Dh) by(4)

=a-b, by (7)
—>a-beB
= (@a-b)+be B
= (a-b)v 0)+beB
— a Vv b € B, by property (11)
Also (a+b)-(av b)=(a+b)—[(a v b)+(av b)],sincea v b e B
=[a-(a v b)]+[b—(a v b)], by (4)
=[(a-a) A (@a-b)]+[(b-a) A (b-Db)], by property 4
=[0A (a-b)]+[(b-a) A 0]
=0
—>at+tb=avb
Leta,be B —a+bavbeB
= (@+b)-(avb)eB
—> a A b e B, by property 8
i) (B, v, A)isa lattice
Idempotent law:

Leta € B be arbitary. Then
ava=-ata=a
aAa=(a+a)—(avVv a),byproperty 8

—ata-a
-a
Thusa v a=a, a A a=aforalla e B
Commutative law:
Leta, b € B be arbitary. Then
avb=a+b
=b+a
=b v a
aAnb=@+b)-(av b
=(b+a)-(b v a)
=b A a
Thusa v b=b v aaAb=b A aforalla,b € B.
Associative law:
Leta, b, c € B be arbitrary. Then
av (bvc)y=a+(b+c)
=(@a+b)+c
=(avbve
anbac=lat(b Ac)]-[aVv (b AcC)]
=lat(b Ac)-[at+(bAc)
@Aanb)Aac=[(anb)+c]-[@ A b) Vv c]
=[@an b)+c]-[(a A b)+c]=0
Thusav (bvec)=(@av b)ve
(@Anb)yac=an(bAac)foralla b, ce B.
Absorption law:
Leta, b € B be arbitary. Then
av (@anb=a+(@nahb)
=at[(@a+b)-(av b)
=at[@@+b)-(at+h)]
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=a+0=a
an(@vb=a+@yv b]-[av (@av b))
=[la+(av b)]-[(a v a) v b]
=la+(av b)]-(av b)=a
Thusa v (a A b)=a A (av b)=aforalla, b € B.
Hence (B, v, A) is a lattice.

iii) B has a least element
Leta € B arbitrary. Then
O=(@+a)-a

< (a-a)+a, by property 1

= 0<aforallae R

Therefore B has a least element.

iv) Toeacha, b € Btheseexistsx=a-b € Bsuchthatb v x > a

Leta, b € B be arbitary
—> x=a-beBandb v x=b+x
=b+a-b=a>a

Hence B is Browerian Algebra.

Claim2: Sisa € - ring.
i) (S, +, -)isaring.
Closure law:
Leta, b € Sbe arbitary. Then
[(@+b)+(a+b)]-(a+b)=(2a+2b)-(a+h)
=(2a-a) + (2b - b), by (6)
=a+h
—>at+tbesS
Thusa,b e S = a+b e S.
Clearly ‘+’ is associative and commutative in S, since S is a subset of R.
Existence of Identity:
For leta € S be arbitary
Clearly0 € S,since0=0+0-0
Thena+0=0+aforallae S
Thus there exist an element0 € Ssuchthata+0=0+a=aforalla e S
Existence of Inverse:
Forleta € S. Then
(-a)+(-a)-(-a)=-a-a+a
=-a
=-a€sS
—>a+(-a)=(a)+a=0
Thus to each a € S there exist an element —-a € S such thata + (-a) =0
Closure law:
For leta, b € Sbe arbitary. Then
ata—a=a
b+b-b=b
—>ab=(at+a-ab
=ab+ab-ab
—>abeS
Associative law:
Clearly - is associative in Ssince S C R.
Distributive law:
Clearly distributive law hold in S since S C R
Therefore (S, +, ) isaring.
(i) (S, v, A) is a lattice.
Leta, b € S be arbitary
—>a-bbes
= (@a-b)+besS
—> a Vv b e S byproperty 1
Alsoa,be S=>a+b,avbesS
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= @+b)-(avhes
= a A b e S, by property 8
Idempotent law:

Leta € S be arbitary. Then
ava=(a-a)+ta=a
ana=(a+ta)—(avVv a)

=(@a+a)—a =a
Thusa v a=a,a A a=aforalla e S.
Commutative law:
Leta, b € Sbe arbitary. Then
avb=(@+bh)-(aAb
=(@+b-a) v (a+b-h)
=b v a
anb=@+b)-(@avVv Db
=(@+b-a) A (a+b-b)
=b A a
Thusa v b=b v aanda A b=b A aforalla,b € S.
Associative law:

Leta, b, c € Sbe arbitary. Then

avibve=la-(bvel+bve

za-(bvc+tbvcec=a

@vbvc=[@vb-c]+c

=(@avb-c+c
zavbhb
=(a-b)+b=a
anbbac=la+t(b Ac)]-[aVv (b AC)]
=[a+t(bb Ac)]-[(a-(b AcC)+b A ]
—a+t(bAac)-[a-(bAcCc)+b A (]
—a+(b ACc)-a
=b A c
=(b+c)-(b v )
=(+c)—[(b-c)+c]
=b+c-b=c
@nb)Aac=[@nb)+c]-[(a Ab)vc]
=[@@ A b)+c]-[[(a A b)-c]+c]
=(@anb+c-(@aAb=c
Thusav (bvec)y=(avb)vecaan®Bac=(@Ab) Acforalla b,ce S
Absorption law:

Leta, b € Sbe arbitary. Then

av(@anb=[a-(@aanb]+t+(@anb=a

an@avb=la+@yv b]-[av (@av b))

=la+(av b)]-[(a v a) v b]
—at+(@vbh-(@avh=a
Thusa v (a A b)=a,a A (aVv b)=aforalla,b e S
Hence (S, v, A)isa lattice.
Next to claim that
1. atxvy+b=(a+x+bh) v (a+y+bh)
atx Ay+t+bh=(a+x+b) A (a+y+Dh)
foralla,b,x,y € S.
2. a(xvyb=(@xh) v (aybh)
ax Ay)b=(@axb) A (ayDh)
foralla,b,x,y € Sanda>0,b>0.
For (1); Leta, b, X,y € S be arbitrary. Then
(@a+x+b) v (a+y+b)=[(a+x+b)—(a+y+hb)]+(a+y+b)

za+x+b
(@a+x Vv y+b)=[a+(x-y)+y)+b]
za+x+b
(@+x+b) A (a+ty+b)=[(a+x+b)+(a+y+b)—(a+x+h)]
za+x+b
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@+x Ay+b)=[a+[(x+y)—(x Vv y)]+b]
=at(x+y)-(x+y-y)+b
:a_+y+b
Thus(@a+x+b) v (a+y+h)=(a+x v y+h),
@+x+b) A (a+y+b)=(@a+x A y+b)foralla b, x,y € S.
For (2); Leta, b, x,y € Sbe arbitraryanda>0,b >0. Then
(axb) v (ayb)=(axb-ayb)+ayb =axb
axvyb=ax-y+ty)b=axb
a(x Ay)b=alx+ty-(x v y)b
=a(x+y-[(x-y)+y))b=ayb
(axb) A (ayb)=(axb+ayb)-((axbh) v (ayh))
zaxb+ayb-[(axb-ayb)+aybh]
zaxb+ayb-axb=ayb
Thus(axb) v (ayb)=a(x v y)b,(axb) A (ayb)=a(x A y)b
foralla,b,x,y € Sanda>0,b>0
Hence S is a £-ring.
Claim3: R=B xS
It is enough to prove for any a € R can be uniquely expressed asa=x +y,
y=(@@+a)-ax=a-[(a+ta)-a] = xe Bandy € S.
Then(y+y)-y=[(2a-a) +(2a-a)] - (2a-a)
=[(2a +2a) - (a +a)] - (2a-a), by (6)
=(4a—2a)—(2a-a)
=4a-2a—a,since2a—a < a
za=(a+ta)—-a=y
=yt+ty)-y=2y
Also (y +y) -y < (y-y) +y, by property 11
=y
= ((y+ty)-y=sy
Therefore (y +y) -y =y

—=>yesS
y=(@+a)-a
=>y<a
XZ>20=>X+Xx2>20+x=X
= X+ X > X
Now (a-y)+(a-y)=(a+a)—(y+y) by(4)
=2a-2y
=2a-2(2a-a)
=2a-(4a-2a)

—> X+Xx=2a-(4a-2a)

We have (4a—2a)+(a—(2a-a)) =(2a-a) +(2a-a) + (a—(2a-a))
> (2a-a)+a
=2a

= (4a—-2a) +(a—(2a-a)) = 2a

= 2a-(4a-2a) <a-(2a-a)

= Xx+x < X
Therefore x + x =X

=>X+Xx-x=0

—>XxeB

Thusifa € Rthena=x+yimpliesx € B,y € S

Uniqueness part:

Supposea=x'+y" wherex’ € Bandy' € S

Thena+ta=x'+y)+ X +y)

=X +x)+ @y +y)
=x"+2y'sincex’ € B
=x'+ty)ty
=a+t+y
—>((@t+ta)—-a=(aty)-—a
= ((aty)-a)-y'=(at+ty)-(a+y)=0
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—aty =a+y

—>aty-a=y

= (a+a)—-a=y

=y=y
Nowa=x +y’

—a-y=x'<x =>a-y <x
X-@-y)sx-aty

= (- Y)Y =0

=>x' <a-y
Hencex'=a-y' =a—[(a+a)-a]
=X
=>x'=x

HenceR=B x S
Second Part:
Conversely assume that a commutative £ - ring R = B x S where B is a Browerian algebraand Sis a ¢

- ring.
To prove i) (@+b)—(c+c)=(a-c)+(b-c)
i) (ma+nb)—(a+b) = (ma-a)+ (nb-b)

for all a, b, ¢ in R and any two positive integers m, n.

Leta, b, c € R be arbitrary.
—>a,b,ceB,sincea=a+0,b=b+0,c=c+0
—>a-c,b-c,a+theB
—>(@-c)+(b-c),a+tbeB
= (a-c)+(b-c)—(a+b) € Bsuch that

(a+b) vx = (a-c)+(b-c),since B is a Browerian algebra.
—>Xx=-(c+c) € Bsuch that

(@+b)y—(c+c)=(@-c)+(b-c)

—>(@+b)-(c+c)=(a-c)+(b-c)

Similarly leta, b € R be arbitrary.

—>ab, B

—> ma,nb,,a,b e B,sinceata=3aa+a+a =aetc.

—>ma-anb-b,ma+nb € B

—>(ma-a)+(nb-b),ma+nb € B

—=>x=[(ma-a)+ (nb-b)] - (ma+nb) € B such that
(ma +nb) +x > (ma—a) + (nb - b)

—>(ma+nb) —(a+b) = (ma-a)+(nb-h)

Hence the proof.
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