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I. Introduction

n
Suppose F(t) = Z b,t" is a polynomial of degree M whose coefficients satisfy 0 <b, <b, <...<b, . Then
v=0
F (t) has all its zeros in the closed unit disk |t| <1
An equivalent but perhaps more useful statement of the above theorem due to in fact to Enestorm[3] is the
following.

n
Theorem 1. Suppose F(t) = vatv ,N >1be a polynomial of degree mwith b, >0 vV 0<v<n. If
v=0

s ﬂ[f]—mg{mb 1}7 7[f]—ggva<>n<{bb+}

then all the zeros of f (t) are contained in B < |t| <y

Theorem 2. Let F(t) = vatv, Re bjx = ﬂj* and Im bj* =y for j’=0L..n, b #0and for
v=0

some K,
k *k+l *k+2

B <iB<i < <iBzi" " Buzi " Bunz.2i"B

for some positive | *
Then f(t)hasallits zerosin R < |t| < R,where

R1=
2" B~ B- 1" BT |b|+|7o|+|7n
and
AT O ES  R E VA
(i z—l)ZJ*n “pa-T )Z "B +Z(17.|+J )i
R, = max Ll L "+11
|bn|,T

We do not know if the result is best possible, however if we take k = n, j* =1 y,=0 for 0<v<n

b
and b, > 0, we get that all the zeros of the polynomial f (t) lie in the annulus ﬁ < |t| <1 which is best

n 0
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possible in the sense that the inner and outer radii of the annulus here cannot be improved
(f ) =t™ +t" L+t +1). If we take in the theorem 2 K = n we get

Corollary11Let f(t)=2 bt', Re b.=p. and Imb.=y. for j"=01.,nb,#0
v=0
and

B<iB<iB=s.<i"B

for some positive j . Then f (t)hasall its zerosin R, < |t| < R, where
i'[b|

(j*nﬂn _ﬂo + j*n|bn|+

R =

7o

n-1 )
i +zz|yi|r'j
i=1

Dbf" A S AR DO W AR ED Y RS RS Il )}
i=1 i=1

and R, =max

1
|an|’ T
In particular, taking j =1 and y,=0 for 0<v<ninCorollary 1.1, if f(t)= Zn:bvtv isa
v=0
polynomial with real coefficients satisfying b, =<, <... <b, then f (t)has all its zeros in
bl _y bl+b b o
bn _bo +|bn| |bn|

This result sharpen a result due to Joyal, Labelle and Rahman [1]. The Enestrom-Kakeya Theorem is implied by
(1) when by >0

Corollary 1.2. Let f(t) =vatv, Re bj* :ﬂj* and Im bj* =y for i’ =01..n, b #0and

v=0

B> B> j*zﬂzz > j*nﬂn for some positive j . Then f (t)hasall its zerosin R, £|t| < R,where
i
Rl N -k -k O| -k n_l -k
RN Y
i=1

Vo

and

Db°“*"“ T I L 3 Raa B 3l R ML )}
i=1 i=1

R, = max
2 a 1
|ﬂn|’ T
n
In particular, if f(t)= vatv is with real coefficients satisfying b, >, >... > b, then it has all its zeros in
v=0
b b,|+b, —b
Byl ”
by — b, +[b,| lb,|

n
Theorem 3 Let f(t) = vatv Re bj* :ﬂj* and Im bj** =7/j*for i’ =0L..,n b, #0 and for
v=0

somek, j B <P BS B L < B 2 B = 2§ B = B, for some positive |
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Then f(t)hasallits zerosin R < |t| <R, where

R min= by
! "= L x . x -*n—k .k i~ s k1 j*nijilﬁn '*ﬁn—'*
(o[ i+ (2 +2)i™ B = I8 - I B+ (2D e
i=1
-k nil -k H n -k - -k 1 -k
+@=J) > 7B +Z(17n7,-*+1 =il
i=k+1 i=1
and
n-1 .
2j*kﬂn—k _ﬂn - j*nﬁo + j*n|ﬂ0| +|7/O|j*n +|7/n| + 22|7/n—i j*
R2 — i=1

(i8))

n
In particular, if we take K =0and y, =0for 0 <v <n,we get that if f(t) = vatv is a polynomial of
v=0

degree m with real coefficients satisfying j "0, < j" b, <... < jb,_, <, for some positive ", then all
the zeros of  f (t) lie in

|b0| 1 j* S|t| < bn - j*n'tjo +|bo|j*n
|bn|j*n+l+ j*n+lbn . j*bo +(1_ j*Z)Z j*n—i—lbn i ] bn|

i=1

min

This result hold good due to Kovacevic and Milovanovic [6] for j* =1, this further reduces to (1) when

b, = 0, reduces to the Enestrom-Kakeya Theorem.

If we have information only about the imaginary parts of the coefficients we have the following theorem which
is of interest and follows by applying theoem1 to — if (t).

Theorem 4 Let f(t) = vatv, Re b;. =,

- and bj* =y for i =01..,n, b, # Oand for some
v=0

kl
o <in<i* <. <i%=i"%.2 ., =..> "y, forsome positive j . Then f (t)has
allits zerosin R < |t| <R, where
%oy
a

R1 —
[zryk—yo—j*nyn+ 1o, +|3,+ |,

n-1
im+2> |8
i=1

and
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(oo | i + (2 + 1) ™ Y = ™ e — i 70 +
k_l 1 * n_l -k 1 -k -k 1
G2-DY 5", + =i i+ (8 -1+ i18]i™)
i=1

n
i=k+1 i=1

|bn|’}/j*

By making suitable choice of j*and k in the above theorems, one can also obtain the following corollaries
which appear to be interesting and useful. In each of these

f)=2 bt",Re b =y. and Im by =y.for j'=0]1.., nandb, #0.

v=0

R, = max

Corollary 1.3 Let By < B, <... < B, then all the zeros of f (t)liein R,< |t| < R, where
&

{pr-psp 1o+ 25

R =

n-1
{|bo|—ﬁo+ﬁn+|yo|+|yn|+zz|yi|}
i=1

d R, =
an , b,
Corollary 1.4 Let B, = B, >... = [, then all the zeros of f (t) liein R,< |t| < R,where
b
R = T
o=l 25|
i=1
n-1
[+ 1,41+ 42530
and R, = =
|
Corollary 1.5 Let , <y, <... <y, thenallits zeros of f (t)liein R, < |t| < R,where
s

R = n-1
RN

n-1
=l <l 230
And R,= =
|
Corollary 1.6 Let ¥ = y; > ... = ¥, then all the zeros of f (t)liein R < |t| <R,

b
R~ b
o)+l 1A+ 25

o=+l 1]+ )+ 2505

and R, = |bn|
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Proof of Theorem 2

Let the polynomial F(t)=(j"~t) f (1) = o, + > (i’ —b —Dt"" —b,j™* =—b, j™* + G, (t)
i=1
We first note that

‘b|—1 - j*bi‘ :‘bl—l - J*ﬂu +i(yi, — j*?/i‘ 3)
Then
a1 L - o
t GZ(EJ‘:‘J byt +Z(] b —bi_1> Plandon [t = j" by (3)
i=1
I o e | i
t 62@ <[ibo|i™+ | ia —a ]
i=1
< |bo j*n+l +Z‘j*ﬂj _ﬁjfl j*n_j +Z(‘7j71‘+ j*‘?’j‘)j*n_j
j=1 j=1
-k k J.* -k i n J -k -k i n -k -k i
:|bo|J nﬂ"‘Z(J B _ﬁi—l)J R Z(ﬂm_l ,B.)J " +207i—1|+ J |7i|)] "
i=1 i=k+1 i=1
k-1 .
=[oy| i+ (2 +D) B - T - VB (P -DY 0B
i=1
n-1 . n . e
+@=§ Y B+ Y (B Tl
i=k+1 i=1
Hence, by the Maximum Modulus Principal
t"G, %} <M, for ff|<i
Which implies
G;G <Mt for t z%
This follows

IF@)|=|-bt" +G, (1)

n+ n n 1
o =M = o -Mo])or >

M, 1
Soif [t >max| —2,— [=R,, then F(t)#0andinturn f(t) = 0, thus establishing the outer radii for
2

by " ]
the theorem.
For the inner bound, Let us consider

FO)=(*-)f®)=jb+> (b -b_)t" ~bt"™ = jb, + G, ()
i=1

Then for |t| =j by (2)

G <Y o, — ib[i™ +]o,[i™
i=1

1B Al Sl + T )i o,
i=1 i=1
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n-1
j*n+1 + 22|7/i|j*l+l = Ml Applylng Schwartz’s

=i B+ 2" B =T B+ [0 i+ ol

Leema [2] to G, (t), we get

Gl(t)SMjl—ft) for ft|<j’
So
i i - M, (t
|F(t)|: iy +Gl(t)‘2 J bo|—|Gl(t)|2 j b0|_ Jlf)
- y
JMbO| <J.soif |t| <JTbO| =R, then F(t)#0andinturn f(t)=0.
1 1
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