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I.  Introduction

As early as 1850, the chess enthusiasts were confronted with the problem of finding the minimum
number of queens that can be placed on a chess board so that all the squares are attacked by a queen or occupied
by a queen. This problem has roots in domination theory of graphs.

In practical problems the graph theorists are interested in a subset V, of the vertex set V of a graph G
with minimum cardinality, which is such that every edge of G is incident with some vertex in V. Similar
concept for edges can also be thought of. An exact notion of a dominating set that is in vogue in the present
literature is said to be initiated by Berge [4] and Ore [13]. This lead to an active research work on domination
theory of graphs, mostly, by Allan and Laskar [1], Allan et al., [2], Cockayne and Hedetniemi [6], Haynes and
Slater [8] and many others. Later Madhavi [11], Maheswari and Madhavi [10], Sujatha and Madhavi [14],
Swetha et al., [15] and others have studied the vertex domination, the edge domination and other related
parameters for arithmetic graphs and arithmetic Cayley graphs associated with the arithmetic functions in
number theory and the residue class ring (Z,,, ®,0).

In this paper the authors study the vertex domination in the nilpotent Cayley graph of the ring
(Z,, ®,0©). For the graph theoretic, number theoretic and algebraic notions that are used in this paper, the reader
is referred to [5], [3] and [9].

Il. The Nilpotent Graph G(Z,,, N) Of The Ring (Z,,, ®,©) And Its Properties

In [12] the authors have introduced a new class of arithmetic Cayley graphs, namely, the nilpotent
Cayley graphs associated with the set of nilpotent elements in the residue class ring (Z,,®,0),n =1, an
integer. An element @ # 0, in the ring (Z,,, ®,0®) is called a nilpotent element, if there exists a positive integer [
such that (@) # 0. It is an easy verification that the set N of all nilpotent elements in the ring (Z,, ®,0) is a
symmetric subset of the group (Z,,, ®). The Cayley graph G(Z,,, N) associated with the group (Z,,, ®) and its
symmetric subset N, is the graph whose vertex set V is Z, and the edge set E = {(x,y)/x,y € Z, and either
x—Y€ENory—x€N}and it is called the nilpotent Cayley graph of the ring (Z,, ®,0). We state below
some basic properties relating to G(Z,,, N), whose proofs can be followed in [12].
Lemma 2.1: (Lemma 2.7, page 3, [12]) Let n = [[;_; p;*, where p; < p, < --- < p,, are primes, a; = 1 and
1<i<r, are integers. The set N of nonzero nilpotent elements in the ring (Z,, @, ©), is given by
N={mO1mQO2..mO ([Il-;p% T —1)}, where m = p;p,p3 ... p,.
Further m is the least positive integer such that m is a nilpotent elementin (Z,,,9,0).
Lemma 2.2: ( Corollary 2.8, page 4, [12]) The number 9t(n) of the nilpotent elements in the ring (Z,,, B, ©),
where n =[[I_1p;%,p1 <p, <+ <p,, are primes and a; =1, 1<i<r, are integers, is given by
R =[li-yp* " — 1.
Lemma 2.3: ( Lemma 2.10, page 4, [12]) The graph G(Z,, N) is ([T/_; p;%~* — 1) —regular and the number of
edges in G(Z,,, N) is given by g(n;:1 p%i~t —1).
Lemma 2.4: (Lemma 2.11, page 5, [12]) For an integer m = pp, ... p,, Where p; < p, < -+ < p, are primes,
the graph G(Z,,, N) contains only vertices.
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Example 2.5: The graphs (Zs, N), G(Zg, N), G(Z1,,N) and G(Zg, N) are given below:
0 0

i 7 1

o

o
(W]

=
(]

6
G(ZIZ! N)

Theorem 2.6: (Theorem 3.5, page 7, [12]) If n=[[[-;p;%, where p; <p, <:-<p, are primes,
a; =21, 1<i<r, are integers and n = p;p; ...p,, then the graph G(Z,, N) is a union of m disjoint
connected components of G(Z,, N), each of which is a complete subgraph of G(Z,, N).

I11. Vertex Cover Of The Nilpotent Cayley Graph G(Z,,, N)
This section is devoted for the discussion of the vertex cover and the vertex covering number of the nilpotent
Cayley graph.
Definition 3.1: A subset S of vertices of a graph G is called a vertex cover of G, if every edge of G is incident
with some vertex in S. A minimum vertex cover is one with minimum cardinality.
Definition 3.2: The cardinality of a minimum vertex cover of a graph G is called the vertex covering number
and it is denoted by B(G).
Lemma 3.3: If n = []i_; p;, where p; <p, <--- <p, are primes and 1 < i < r are integers, then the vertex
cover of the graph is empty.
Proof: By the Lemma 2.4, the graph G(Z,,, N) contains only vertices. Since G(Z,,, N) has no edges, its vertex
cover is empty and the vertex cover of G(Z,,, N) is empty and its vertex covering number is zero. ]
The following corollary is immediate form the Lemma 3.3.
Corollary 3.4: If p is a prime then the vertex cover of the graph G(Zp, N) is empty and its vertex covering
number is zero.
Theorem 3.5: If n = []i_; p;%, where p; <p, < - <p, are primes, «a; =1, 1 <i<r are integers and let
m = pyp; ...p,, then the subset V, ={0,1,2,..,(n —m) — 1} of the vertex set V of the nilpotent graph
G(Z,, N) isavertex cover of G(Z,, N).
Proof: Let n =[]/, p;*, where p; <p, <:-<p, are primes, a; =1, 1 <i<r are integers and let
m = p;p, ...p,. Consider the subset V. = {0,1,2,...,n —m — 1} of the vertex set V of the graph G(Z,, N).
Let (x,y) be an edge of G(Z,,, N). If we show that at least one of x and y isin V., then V. is a vertex cover of
G(Z,,N).Suppose that x ¢ V. and y ¢ V.. Then, x,y € V — V., where
V-V ={n=m m-m)+1,.n—-m+j,.—-m)+(m—-2),(n—-m)+(m- 1D}
So,x=Mm—m)+iand y=(n—m)+j, forsomeintegersi, j, 0<i<j<m-—1,and
y—x=Mm-m+j-m-m+i=j—1i
Now,1<i< j<m-—1,impliesthat 0 <j—i <m.Soy—x =7—1 where 0 <j —i < m. Since m is the
smallest positive integer such that m is a nilpotent element in (Z,,,®, ®), j —i < m implies that 7—=1 is not a
nilpotent element in (Z,,®,®). So, (x,y) is not an edge of G(Z,,N), which is a contradiction to our
assumption that (x,y) is an edge of G(Z,,N). So at least one of x, or, yisinV, and V, is a vertex cover of
G(Z,,N). [
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Lemma 3.6: If n =[]/_; p;%, where p; <p, < -+ <p, are primes, ; =1, 1 <i <r are integers and let
m = p,p; ... p,, then the subset V; = V. — {I}, where

V.={0,1,2,...n—m—1}
and0<l<(n-—m)—1lisnota vertex cover of G(Z,,N).
Proof: Let n =[]_;p;*, where p; <p, <:-<p, are primes, a; =1, 1 <i<r are integers and let
m = p;p, ...p,. By the Theorem 3.5, the subset

V= {G,T,Z...,(n—m) -1}
of the vertex set V is a vertex cover of G(Z,,N). For some [, where 0 << (n—-m)—1,let V; =V, — {f}
Then

V-1 ={Ltn-m)(n-m)+1, m-m)+2, ..n-m)+1..(n—-m)+m—1},
and l¢V,. Let I=mqg+t, where q and t are integers such that 0<t<m and . Since
0<t<mm-m)+teV-V, so that (m-m)+té&V;. Now [—[(n—p)+t|]=(mqg+¢)—
(mn—m)+t=m( +q), since n=0. But m(1+q) €N, since m is a nilpotent element in the ring
(Z,,®, ). Thatis, there is an edge between, (n —m) + t and [ and none of these vertices lies in V;, showing
that V; is not a vertex cover of G(Z,, N). |
Lemma 3.7: If W is a subset of the vertex set V of G(Z,,N) such that |W| < |V.|, then W is not a vertex
cover of G(Z,,, N).
Proof: In the Theorem 3.5, we have seen that V, = {0,1,2, ..., (n — m) — 1} is a vertex cover of G(Z,,N). Let
W < V such that |W| < |V.|. The following cases will arise.
Case (i): Let W c V. and |W| < |V.|. Then V, contains at least one vertex that is not in W and by the Lemma
3.6, W is not a vertex cover of G(Z,,N).
Case (ii): Let W NV, = ¢.
Suppose W =V — V. Then the vertex set is the disjoint union of V. and W and
w={@m=-m),(n-m)+1,.,(n—-m)+k, ... (n— D}
For some [,0 < I < n —m, consider the vertices x =n —Imand y = n — (I — 1)m. By the choice of [ clearly
x€V.andy € V. sothatx € W andy & W. But
y—x=n—((+1m—-(n-1Im)=m,
and m is a nilpotent element of (Z,,®,®), so that there exists an edge between x and y. Further, none of x
and y belong to W, so that W is not a vertex cover of G(Z,, N).
If WcV—V.Then
wWc{n-m),(n-m)+1,...(n—m)+1..,(n—1)}
So there exists k,0<k<m—1,suchthat (n—m)+keV -V, but (n—m)+k ¢W.Also 0<k <
m — 1 implies that k € V — V., or, k ¢ W. However
[(m—m)+k]|-k=n—=m,
and m—m , being the inverse of m in (Z,,@®) is a nilpotent element in (Z,,, ®,©), so that there is an edge
between (n —m) + k and k with neither of these vertices in W. So W is not a vertex cover of G(Z,,, N).
Case (iii): Let |W| < |V.] and W NV, = ¢. Evidently W c{0,1,2,...,n — 1}. So, let k be the largest integer
suchthat 0 <k <n-—1andk € W.Then k+ 1 & W. Consider (n—m) +k+1 €V.Since (n—m) +k +
1>k, it follows that (n —m) + k +1 & W. However [(n—m)+k+ 1| — [k +1]=7—=m, and this is a
nilpotent element in (Z,,, ®,0), so that there is an edge between (n —m) + k + 1 and k + 1, with neither of
the vertices in W. This shows that W is not a vertex cover of the graph G(Z,,, N).
From the above discussion it follows that, if W cV and |W| < |V.| then W is not a vertex cover of
G(Z,,N). [
Theorem 3.8: If n =[]i_; p;%, where p; <p, < - <p, are primes, a; =1, 1 <i <r are integers and let
m = pyp; ...py, then the subset V., = {0,1,2, ...,(n —m) — 1} of the vertex set V of the nilpotent graph
G(Z,, N) isaminimum vertex cover of G(Z,,, N).
Proof: The proof follows from the Theorem 3.5 and the Lemma 3.7.
The following corollary is immediate form the Theorem 3.8.
Corollary 3.9: If n=[[/_;p;%, where p; <p, <:-<p, are primes, ; =1, 1 <i <r are integers and
m = pyp, ...p,, then the vertex covering number B(G(Z,, N)) of the graph G(Z,,N) is given by
B(G(Zn,N)) =n-m.
Corollary 3.10: Let p be a prime and r > 1, an integer. Then the minimum vertex cover of the graph G(Zpr,N)
is V. ={0,1,2,..,n— p — 1} and the vertex covering number the graph G(Z,r,N) =n —p.
Corollary 3.11: For an integer n = pyp, ...p,, Where p; <p, < - <p, are primes, the vertex cover of
G(Z,,N) isempty and hence vertex covering number is zero.
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Corollary 3.12: For a prime p, the vertex covering number is zero.
Proof: Let p be a prime. Then the set N of nilpotent elements of the ring (Z,,,60,©) is empty, so that the vertex
cover is empty and hence the vertex covering number is zero.

Example 3.13: Minimum vertex covers of the graphs G(Zg, N), G(Z;,, N) and G(Z;g, N) are respectively given

1
G(Zg,N)
Remark 3.14: One can easily observe that each of subsets of the vertex set V given below, is also a minimum
vertex cover of G(Z,, N).
Co ={0,m2m,..,mm,..,(n—m) — 1},

G ={Im+L2Zm+1, .., im+1,..,(n—m)

Chor=fm—-1m+m-1,2m+m—-1,..,im+m-—1,..,n— 1}

Example 3.14: The possible minimum vertex covers of the nilpotent Cayley graph G(Zg, N) are shown in the

following figures by the bold face vertices.
()

IV. Vertex Domination Of The Nilpotent Cayley Graph G(Z,, N)
Another concept which is closely associated with the vertex cover of a graph is its vertex dominating set, which
is defined as follows.

Definition 4.1: A subset D of the vertex V of a graph G is called a vertex dominating set of G, if each vertex of
V — D is adjacent to at least one vertex of D. A dominating set with minimum cardinality is called a minimum
vertex dominating set of G. The domination number y(G) of G is the cardinality of a minimum dominating set.

In this section vertex dominating sets, minimum vertex dominating sets and the vertex dominating
number are determined for the nilpotent Cayley graph G(Z,, N) of the ring (Z,,, ®,0).

DOI: 10.9790/5728-1504010107 www.iosrjournals.org 4| Page



Vertex Domination of the Nilpotent Cayley Graph of the Ring (Z,,, ®,0)

Lemma 4.2: Let n =[[i_;p;%, where p; <p, <--<p, are primes, a; = 1,1 <i <r are integers. Let
m=p;p,..p, and let m; =mOr, where 1<i<][[_ p;%“~1 —1. Then each of the subsets D, =
{0,1,2,...,m; — 1} of the vertex set V of graph G(Z,, N) is a vertex domination set of G(Z,,N).

Proof: Let n = [[i_; p;“, where p; <p, < - <p, are primes, a; =1, 1 <i <r are integers and let m; =
mQEL, where m=p;p,..p, and 1<i<[[l_;p* 1—1 We shall show that the subset
D; ={0,1,2,...,m; — 1} of vertex set V is a vertex dominating set of G(Z,, N). The vertex set

v={0,12.. m-1mm+1..m+k, . m+mn-m)-2mn-1}
of G(Z,, N) can be written as the disjoint union of D; and V — D;, where

V-D ={m,m +1,..m+k,..m+m-m)—2n-1}

To show that D; is a vertex dominating set of G(Z,, N), we have to show that every vertex x in V —D; is
adjacent to some y in D;.
So let x € V — D;. Then x = m; + k for some k,0 < k < (n — m;) — 1. By the division algorithm applied to
m; and k, there exist integers t and s suchthat k = m;t +s,and 0 < s <m;. Now 0 <s <m,;, implies that
s € D;. For this s(= k — m;t) we have

x—s=m;+k)—(k—mik) =m;(k + 1).
Since m; is a nilpotent element of (Z,,®,©), it follows that m;(k + 1) is also a nilpotent element of
(Z,,®,©®). Hence x — s is a nilpotent element of (Z,, ®,®), so that x is adjacent to s. That is, x in V — D,
is adjacent to s in D;, so that D; is a vertex dominating set of (Z,,, N). ]
Corollary 4.3: If n=[[-,p;% where py,py..,p, are primes @; =1, 1 <i<r are integers and
m = p;p, ...p,, then the vertex dominating set D; = {01,2,..,m — 1} is the set with minimal cardinality
among the vertex dominating sets D;, 1 < i < [[I_; p;% ' — 1 of G(Z,,N).

Proof: Sincem < m;, for 2 <i < [['_; p;% ! — 1, the Corollary follows form the Lemma 4.2. [ ]
Lemma 4.4: If n =[[/_; p;%, where p; <p, <- <p, are primes, @; =1, 1 < i <r are integers and let
m = p;p,Ps ... by, then the subset U; = D; — {I}, where D; = {0,1,2,..,m—1} and 0 <l <m—1, isnota
vertex dominating set of G(Z,,,N).

Proof: By the Corollary 4.3, the set D; = {0,1,2, 3,..,m — 1} is a vertex dominating set of G(Z,,N). Let
Uy =Dy —{l}, forsome [,0<I<m-—1.Then [€V —U,.Let ke U, sothat 0<k<m-—1and k #L
We may assume that k < [. Then0 <l—k <m —1,0r, | —k < m.Since m is the least positive integer such
that m is a nilpotent element of (Z,,, ®, ®), it follows that [ — k is not a nilpotent element of (Z,,, ®, ®), so
that the vertex [ in V — U, is not adjacent to any vertex k in U;. This shows that U; is not a vertex dominating
set of G(Z,,N). [
The following Lemma can be proved on similar lines as that of Lemma 3.7.

Lemma 4.5: If S is a subset of the vertex set of G(Z,,N) such that |S| < |D;|, then S is not a vertex
dominating set of G(Z,,, N).

Theorem 4.6: Let n = [/ p;“, where p; < p, < --,p,,a; = 1,1 < i <rintegers and let m = p;p,ps ...p,.
Then the vertex set D; = {0, 1, ..., m — 1} is a minimum vertex dominating set.

Proof: The proof follows from the Lemma 4.2, Corollary 4.3, Lemma 4.4 and Lemma 4.5.

The following two corollaries follow from the Theorem 4.6.

Corollary 4.7: If n =l p;*, p1 <p, <-ppa; =21, 1 < i <r are integers and m = p;p,ps ... p,, then
the vertex domination number y(G(Z,, N)) of the graph G(Z,,, N) is m.

Corollary 48: Let p be a prime and r>1 an integer. Then the subset
{0,1,2, ...,(p — 1)} of the vertex set is a minimum dominating set of the graph G(Z,,N) and its vertex
domination number is p.

Corollary 4.9: If n =p;p, ...p,, Wwhere p; < p, < -+ < p, are primes, then the vertex domination number of
G(Z,,N) is zero.

Proof : Let n = pyp; ...p,, Where p; < p, < -+ < p,. are primes, then G(Z,, N) contains only vertices and no
edges. So the vertex dominating set is empty and hence the vertex domination number of G(Z,, N) is zero.
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Example 4.10: The vertex dominating sets of the graphs G(Zg, N),G(Z,,,N) and G(Z.g, N) are respectively

0

>

T ] L
G(Zg,N) G(Z1g,N)
Remark 4.11: One can easily observe that each of subsets of the vertex set V given below, is also a minimum
vertex cover of G(Z,, N).

¢, = {0,
1

Cphoi=fm—-1m,m+1,.,m+2,..,2m+ 1}.

Example 4.12: The possible minimum vertex dominating sets of the nilpotent Cayley graph G(Z;g, N) are
shown in the following figures by the bold face vertices.

7 T
1 ! 1

0 , 8

{0,1,2,3,4,5

17
1

{(3,4,5, 6,7, 8}
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