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I. Introduction

The first idea of statistical convergence goes back to Zygmund monograph (1952), where Zygmund
called it almost convergence. The concept of statistical convergence was formally introduced by Steinhaus
(1951) and Fast (1951) independently and later reintroduced by Schoenberg (1959). Statistical convergence as a
generalization of the usual notion of convergence has attracted much attention since it was introduced over sixty
years ago. This concept has been applied in various areas such as number theory and probability theory.
Furthermore, generalizations have appeared in Hausdorff topological spaces and functions spaces, locally
convex space and Banach spaces.

The concepts of order convergence and relatively uniform convergence are two fundamental concepts
and basic tools in the study of Riesz spaces. The two big books Luxemburg and Zaanen (1971) and Zaanen
(1983) present a good detailed investigation of these two concepts. Sencimenand Pehlivan (2012) introduced the
concepts of statistical order convergence which is a natural generalization of order convergence. Meanwhile
some basic definitions and results are established. Ercan (2009) introduced the notion of statistically relatively
u-uniformly convergent sequences in Riesz spaces, which is a statistical analogue of u-uniform convergence
sequence.

Xue and Tao (2018) recently introduced the concept of statistical order convergence and statistically
relatively uniform convergence in Riesz spaces and established inclusion relations between these two concepts.
In this paper, we shall further introduced the concept of statistical order convergence and statistically relatively
uniform convergence in Riesz spaces of double sequences and explore some inclusion relations in these
concepts of double sequences.

Notations: throughout this paper, N will denote the set of all positive integers and R will denote the set
of real numbers. Let E be a Riesz space and the set of all positive elements of E is denoted by E,.
Let(xp ), . De @ double sequence in a Riesz space E. If (x,,) . is increasing (decreasing), we shall

mn

write x,, , T(xp , 1). If moreover, sup,, nenXmn = x (infy, penxm, = x) exist, then we denote this by x,, , T
X (xm,n l x). Given a double sequence (x,, ,)mnen iN @ Normed Riesz space E and an infinite subset A € N,
we say that (x,,, ,)mnen CONverges in norm to x € E along A if, for every e > 0, there exists a natural number
N such that for each m,n > N,m,n € A we have ||x,,, — x|| < e. We denote this by lim,, ,esXm . = x. If a
double sequence (x,,,)mnen iN @ Reisz space E satisfies property P for all m,n except a natural density zero,
then we say that (x,, ,)m nen Satisfies property P for almost all m, n following the concept of Fridy (1985) we
abbreviate this by a.a.m,n. A Reisz space E is called a Dedekind o-complete if every nonempty finiteor
countable subset which is order bounded from above has a supremum and every nonempty finite or countable
subset which is order bounded from below has an infimum.
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Il. Statistically Relatively Uniform Convergence of Double Sequence
Let E be a Reisz space and let u € E,. A double sequence (X, ,)mnen iN E is said to converge p-
uniformly to x € E whenever, for every e > 0, there exists a natural number N such that |x,, , — x| < ep holds

for all m,n > N. We denote this byx,, , rlz>x(u). It is said that the double sequence (X, ,)mneny IN E
converges relatively uniformly to x whenever (x,, ,)mnen COnverges to x for some u € E, . We shall write
X = x(rUy).

It should be noted that, in an Archimedean space E, a double sequence x, , = x(w) if and only if there exists a
double sequence (€, ,)m nen OF positive real with €, ,, 1 0 such that

|xm,n - x| < epquforallmneN.

We now, give the definition of p-uniformly convergent double sequences in Riesz spaces as follows:

Definition 2.1: Let E' be a Riesz space and u € E; A double sequence(x,, , )m nen IN E is said to be statistically
u-uniformly convergent to x € E if

lim,,; o m%n|{j,k:j <mk<n, (|xjyk - x| - 6#)+ > 0}| =0

t
For each € > 0. Equivalently, |xm‘n - x| < eu, a.a.m,n. for each e > 0. We write x,, , 3 x(u). We say that a

t
double sequence (x, »)maen iN E converges statistically relatively uniformly to x provided that x,, , 3 x(u)

sr
for some u € E,. We write x,,, , 3 x(p).
The following lemma about sets of natural density is the key to establishing many results regarding statistically
convergent of double sequences.

Lemma 2.1.Let {Ai'j}ijel be a countable collection of subsets of N such that §(4;;) = 1 for each i,j € I. Then

there is a subset A € N such that §,(4) = 1 and |A\A,;| < co forall i,j € I.
Theorem 2.1: Let E be an Archimedean Riesz space and p € E, The following are equivalent for a double
sequence (X, n)mnen iNE and x € E:

D) w5 x()

(2) There exist a double sequence (€,, ,)m nen OF positive reals with €, , 1 0 such that
|xm‘n - x| < €mnld, aam,n.
Proof:

1) = (2). Suppose that x,, , i x(u). Foreach j, k € N, we set

1
Ay = {(m, n) € N x N: |xmln - x| < ]—ku}
Then 8,(4; ) = 1and 4; 2 A 1,41 foreach j, k € N.
Let E, be the principal ideal generated by the smg!eton {u}.Wedefine

lxll, = inf{2 > 0: |x| < 2u}

for each x € E,. Then ||. ||, is a lattice norm on E,, and |x| < ||x]|,,u for all x € E,,.
By lemma 2.1, we get a subset A < N such that &§,(4) = 1 and |A\4; ;| < co forall j,k € N.
Claim: limy, yeana,, ||xm_n - x||# =0.

Indeed, for every e > 0, we choose j, ko € Nwith ]Lk < €. We set
0o

N = max,ea\a, .M n. Then foreach m,n > N, m,n € A, we have
J0,k0

k
1
||xm,n - x||# < ioko <e€
We let €, = SUDjsm >n foreachm,n € N. Then ¢, ,, { 0 and
u

xjp,kq—x

|xjp.kq —x| = ||xj?"kq X
Let iy = € fOr jioy Sm < ky_1,j; <n <k (,k =12,..), where ko, = 0. Then 7,, , 1 0 and
|xjp,kq - x| S M= Njpgkr sty DT, S = L2, ..
This implies
AN Ay € {mn € N:|xy = x| < Mt}

US€unt, mn=12, ..
u

Hence
8, ({(m,n) e NXN: |x, — x| < €pnp}) = 1.
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(2) = (1). Let (e n)mnen be the double sequences of positive reals as stated (2). Let K = {(m, n) € N x
Nexm,n—x<em,nuand €>0. Choose £0,/0 with €/0,£0<e. Then, for 7,z€A and 722>;0 and 7>40 we have

|xm,n - x| < EmnH < €0.ko S Eu
Since
§;({mn) e KxKim > jon>ko}) =1,
we get

52({(m, n) € N x N: |xm_n - x| < e,u}) =1.
This completes the proof.
Note that a subsequence of statistically relatively uniform convergent need not be statistically relatively uniform
convergent and a statistically relatively uniform convergent of double sequence need not be relatively uniform
convergent. These facts can be seen in the following easy example.
Example 2.1: Let (x,, »,)mnen b€ a double sequence in R defined by
mn, mn=j%k* (j,k€N)

xm n .
’ —_, otherwise

t
Then, x,,, = ml—n a.a.mn and hence, by theorem 2.1, we have x,, , S—2>0, but, it is obvious that the

subsequence (x,m,n)m,neK of (%nn)mnen, Where K = {j%, k%:j,k € N}, is not statistically relatively uniform
convergent. Since the sequence (X n)mnaen IS NOt order bounded.(x,, ,)mneniS NOt relatively uniform
convergent.

Remark 2.1: statistically relatively uniform convergence is stable that is if x,, , ik 0, then there exists a
double sequence (A, n)m ey Of reals with 0 < 4, , T oo such that A,, ,x,, » 0. Indeed, there exist u € E,
and a double sequence (€y,.,)mnen OF reals with e, , L 0such|x,, ,| < €nnp, aamn.

That is

\/%W|xm‘n| < J€mn M, QM N,

Hence,
1 srup 0
X, —
\ Emn n

We give another useful characterization of statistically u-uniform convergence.
Theorem 2.2.Let E be an Archimedean Riesz space and u € E, The following are equivalent for a double
sequence (X, n)mnaen iN Eand x € E.

@) o 2@
(2) There exists a subset K = {j,, k,:p, q € N} of N with 8, (K) = 1 such that %, g x(p).
p™q,

3) There exists a double sequence (¥, »)mnen iN E such that x,, , = ¥, , a.am,n. and y g x(W).

Proof: the implication (1) = (2) follows from theorem 2.1.
(2) = (3) Assume that there exist a subset K = {j,, k,:p, q € N} of N with 6,(K) = 1 such thatx, |z x()
p™q,

then there exist a double sequence (€, 4),qen Of positive reals with €, , 1 0 such that |xjp,kq - x| < €41 for

allp,q € N.
We set
_ {xm‘n, mnekK
Ymn = x, mnegk
ANd 1, = €y 0f0rj, 1 <m <k,4,j, <n<k; (pq=12..), wherej, =0, ko =0.
Then, X n = Ymm  @&MN, Nnn 4 0, 80d |y — X| < M forall mn € N.
Hence,
rujp
Ymn — X ().
(3) = (D)is trivial.
Corollary 2.1: Let E be an Archimedean Riesz space, then every monotone statistically relatively uniform
convergent double sequence in E is a relatively uniformly convergent.

t
Proof: suppose that (x,, ,)mnen IS an increasing double sequence in E and x,, , 3 x(u) for some x € Eand
u € E,. Followings the concept of Ercan (2009) we have that sup,, ,en%;, , €Xists and equals x. By Theorem
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2.2 There exists a subset K = {j,, k,:p,q € N} of N with §,(K) = 1 such that X,z x(u). Thus, we get a
pkq

double sequence (€, 4),,qen Of positive reals with €, , | 0 such that |xjp‘kq — x| < €, uforp,q € N. We set
€11, 1<m<j,1<n<k
Mhm.n = { €p1g-1r Jp1 <M< jp kg <n<k,
Thenny,, 4 0. Wesetu = (x — x;1)Vu. Then, for 1 <m < j;,1 < n < ky, we have
X—Xpp SX— X113 SN U
a<mn<k,, (pq=12..), wehave
X = Xmn <x- xjp,l,kq,l < NMmal < NMmnaU-
Hence, x,, , = x(w). This completes the proof.
Let E be a Riesz space and let 1 € E,.. Following Luxemburg and Zaanen (1971), Recall that a double sequence
(Xmn)mnen in E is called a u-uniform Cauchy double sequence whenever, for every e > 0,there exist a natural
numbersM, Nsuch that |xm‘n - x,,,q| < eu holds for all m,p = M and n,q = N. We say that a double sequence
(%m n)mnen is uniform Cauchy if it is p-uniform Cauchy for some u € E,.
Definition 2.1: Let E be a Riesz space and let u € E,. We say that a double sequence (X, ;)mnen IN E IS
statistically u-uniform Cauchy double sequence whenever, for every € > 0, there exist a natural numbersM, N
such that |xm,n —XM,N| < eu, a.a.m,n. We say that a double sequence (x,, ,)mnen 1S statistically uniform
Cauchy if it is statistically u-uniform Cauchy for some u € E,.
Following the concepts of Sencimen and Pehlivan (2012), a double sequence (x,, ,)mnen iN Riesz space E is
said to be statistically order bounded if there exist y,z € E such that y < x,, , < z, a.a.m,n. it is easy to see that
every statistically u-uniform Cauchy double sequence is statistically order bounded for all 1 € E,. It should be
noted that a statistically uniform Cauchy double sequence need not be uniform Cauchy as can be seen in the
following example.
Example 2.2: Let K = {j% k*:j, k € N}. For each m,n € N, define f,, , € C[0,1] by
mn, mnek
fm"={ 7:—71, m,n &K

Fork,_14

t
Where u(t) =t,t € [0,1]. Then, f,,, = :—n aam,nn. and hence f, , S—2>0(u). Thus, we see that the double
sequence (f,»)maen IS Statistically p-uniform Cauchy, but not uniform Cauchy since supy, nen = ||finn|l = -
Theorem 2.3: Let E be a Riesz space and u € E, the following are equivalent for a double sequence

(xm,n)m,nEN inE.
1) (%m n)mnen is statistically u-uniform Cauchy double sequence in E.

(2) There exists a subset K = {j,, kq:p,q € N} of N with §,(K) = 1 such that (%, s )pqen iS u-uniform

Cauchy sequence.
Proof: (1) = (2). For each j, k € N, by (1), we get a natural number N, such that

1
1oy ({m,n EN: |xm‘n - xNj’k| < ;u}) =1.
Let 4, = {(m,n) €N XN: |xm‘n - xNj,k| < (jik)u} (G, k=12,..). It follows from Lemma (2.1), that there
exists a subset K € N x N with §,(K) = 1 such that |K\A; ;| < o for all j,k € N. Let € > 0, choosejy ko such
thatjik < %since the set K\4; , is finite, there exists a natural number N such that for all m,n > N,m,n € K,
00 ’
we have

€
|xm'” = XNjo S kts 2K

1 €
Xy g — XN, S—us-u
| p.q N]O'k0| Tk H=2H

Hence, we get

|xm,n - xp_q| < €eu.
This means that the double sequence(x,, ,)mnen 1S @ p-uniform Cauchy double sequence along K.
(2) = (1). Let K be stated as in (2). Let € > 0. There exists a natural number j, kq such that

Xi k.o — X

G0 kg G| S €W Yp,q,T,Ss = jo ko.

This implies that ., ki > jo, s = ko} € {(m,n) € N x N: |x,, - x,.jokk0| < en}.

Hence we get that |xm,n =X kk0| < eu, a.a.m, n. this completes the proof.

Corollary 2.2: Let E be a Riesz space. Then every monotone statistically p-uniform Cauchy double sequence is
u-uniform Cauchy for all 4 € E..
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Proof: suppose that (X, ,)maen IS @n increasing statistically u-uniform Cauchy double sequence in E. It

follows from Theorem 2.3 that there exists a strictly increasing double sequence (jpkq)p Jen of positive

integers such that (x; i )rsen is @ p-uniform Cauchy double sequence. Let € > 0. Then there exists a natural
number g, s such that

Xy — x/'rksl <euforallp,r=1yq5s=s.
Forall,h >m > j, ,n >k, ,ifj, <mk; <n<g,h<j.q1ksq forsomer =r,s = s, Then we have

0SXgn = Ximn S X4y kegrn ~ Nk < ER-
Ifj,, ks <m,n < j4,keyq for some r > 15,5 > 50 and ji,, kg < g, h < j11kq41 for some p >r,q > s then
we have
Hence, (X, n)m nen IS p-uniform cauchy.
Let E be a Riesz space and 0 < u € E. Following the concept of Ercan (2009), we have that a double sequence
(Xmn)manen iN E is said to be statistically u-uniform pre-cauchy if
1

—p {(p, i)(q,)):p,i>mandq,j > n(|xp,q — xl-‘j| — eu)+ > 0}| = 0.
For every e > 0.We say that a double sequence (x,,,)mnen IS Statistically uniform pre-Cauchy if it is
statistically g-uniform pre-cauchy for some 0 < u € E.
Corollary 2.3: Every statistically u-uniform Cauchy double sequence in Riesz space E is statistically p-uniform
pre-Cauchy forall 0 < u € E.
Proof: Let (x,, »)m nen be a statistically u-uniform Cauchy double sequence in E. By Theorem 2.3, there exists
a subset K € N x N with 6,(K) = 1 such that (x,,, ,)mnex iS & u-uniform Cauchy along K. Let e > 0, there
exists a subset A € K such that K\A is finite and

AXAS{®.) (@K):|x,, — x| < eul.
Note that, for each m,n € N, we have
lAnnl” = H@.0), (k) € Ax A:p,j <m,qk < n}l.
Hence

lim,; 00

2
Al < == {@D) @i <m gk <nlx,, = 3] < e

Since §,(A) = 1, we get, by letting m,n — oo,
. 1 . .
llrnm,n—mo mZn? |{(p;]), (q: k) p,j <m,q, k<n, |xp,q — .X)-’k| < eu}| =1
This completes the proof.
The following example shows that a statistically uniform pre-Cauchy double sequence need not be

statistically uniform Cauchy.
Example 2.3: Let

mn

1
X = Z —m!<j<m+D,n<k<(n+1), jkkmn=12,..

o pq

Then (x; 1 ); ken is increasing and tends to oo. Hence, the double sequence (x; ); ken Nas no convergent double
subsequences and so is not statistically convergent. It follows from the concept of Fridy (1985) that (x; ) ke IS
not statistically Cauchy and hence is not statistically uniform Cauchy. Following the concept of Connor, Fridy
and Kline (1994) we have that (x; ), xen IS statistically pre-cauchy. This means that (x; i ); xew is statistically 1-
uniform pre-Cauchy.

Theorem 2.4: Let E be an Archimedean Riesz space and u € E,. Then

1) Every statistically u-uniformly convergent double sequence in E is statistically u-uniform Cauchy.

2 If, moreover, E is Dedekind o-complete, then every monotone statistically u-uniform Cauchy double
sequence in E is statistically u-unifromly convergent.

Proof: (1) Suppose thatx,, , 3 x(u). Let € >0,then 8,({(m,n) € Nx N:|x,,, — x| < (e/2)u}) = 1. Let
K ={(m,n) € N x N: |x,,, — x| < (¢/2)u} and N = min,, ,cxm, n. Then, for every m,n € K, we have

|xm,n - xM,N| < |xm,n - X| + |xM,N - X| < %/1 + %H = EU.
This implies that K < {(m,n) € N X N: |x,, , — x| < eu} and hence &,({(m,n) € N x N:|x,,,, —xpn| <
eu=1.
(2) Let (xpn)mnen be an increasing statistically u-uniform Cauchy sequence in E.Then(x, ,)mnen IS
statistically order bounded. Since (x;, )i nen 1S inCreasing, we see that (x,, ,)m ey IS Order bounded. Since E
is Dedekind o-complete, then sup,, ,, x,,, », exists and it is denoted by x.
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Let € > 0. Then there is a natural number M, N such that |x,, , — xyn| < ex, aamn. Let K = {(m,n) € N x
Nexmn—xM,N<euand A={(mn)EXXK:m>Mn=>N} Then 62A=524=1.
Let us fixany m,n € A. Then, forany p = m,q = n,p,q € A, we have
Xpq ~ Xmpn S Xpgq — XyN = EU

That is,

Xpg < Xmatew V0,q €{(j,k) EAXA:j=mk =n}.
Since (Xm n)mnen IS aN increasing, we get x = supy, qeqj keasjsmk>n}¥p.q-
Hence, we get

X< Xy, tep,VmneA.
This means

0<x—x,, <eu aam,n.
Thus,

st

X — X ().
It follows from Theorem 2.4 and Corollary 2.3 that every statistically u-unifromly convergent double sequence
is statistically p-uniform pre-cauchy for all u € E,. The next result suggests that, under certain circumstances,
the converse is also true.
Theorem 2.5: Let E be an Archimedean Riesz space and u € E, Assume that (x,, ,)m nen IS Statistically p-
uniform pre-cauchy double sequence in E. If (x,,,)mneny has a double subsequence(x,, ,)mnex Which
converges p-uniformly to x € E and limZnf,,, ,, o, (|Kin »|/m n) > 0.Then x,, , i x(W).
Proof: Let € > 0. Since (X, n)m.nex cONverges u-uniformly to x. There exists a subset A € K such that K/A is
finite and [x, , — x| <Zu Vp,q €A.

We set B = {(j, k) € N x N: (|x, — x| — eu)+ * 0}. Then, for (p,)), (g, k) € A x B, we have
€ +

(|xp,q = %] _5“) # 0.

That is,
c i . e \*

Ax B @), @ ([%q 5]~ 1) # 0}
This implies

|Amnl 1Bmnl |[(p.j).(q.k):(lxp,q—x,-,k|—(e/2);4)+¢o, pj<m,qksn }|

mn m2n2

mn
Letting m?,n? — oo, we get §,(B) = 0. This completes the proof.

I11. Relationship to Statistical Order convergence and Norm Statistical Convergence of Double
Sequence.
It follows from the concept of Luxemburg and Zaanen (1971), a double sequence (x,, »,)mnen IN @ Riesz space

E is order convergent to x € E whenever there exists a double sequence p,, , 1 0 in E such that |xm_n - x| <
Pm » hold for all m, n.

Definition 3.1: Let (x,, ,)maen D€ @ double sequence in Riesz space E. If there exists a set K = {k,,‘q}p,qu
with §,(K) = 1 such that (xjp,kq)p,qu is increasing and SUPp,gen¥j, k, = X for some x € E, then one writes
Xmn 152 x. Similarly, if (xj,,,kq)p.qu is decreasing and infp,quxjpkq = x for some x € E, then we write
X 132 . If X, 7552 x7COF x,, , 152 x, then one said that (x,, ,)m nen IS Statistically monotone convergent to

X.
Definition 3.2: Let Ebe a Riesz. A double sequence (x;, ), oy IN E is statistically order convergent to x € E

provided that there exists a double sequence (py, ny,, ey SUCh that py, 15t2 0 and a subset K of Nwiths,(K) =

) stp—ord
1. Such that |x,, , — x| < P, for every m,n € K. One writes, x,, , —— x.

ty—ord
Remark 3.1: It is easy to see that x,, , 227 x if and only if there exists a double sequence (P n),, hen 1N E
with p,,, , 1%tz 0 such that |x,, ,, — x| < Py, 2.@m,n.

Theorem 3.1: Let (x,, ,)mnenbe a double sequence in E,x € E and pE,. Then x,, , rlz>x(y) if and only if
ty—ord
Xinm 2 xand (Xmn)mmnenis ap-uniform Cauchy double sequence.

Proof: the necessary part is trivial. We only prove sufficient part.

ty—ord
Suppose that xminsz—oax and (Xp, n)maen 1S p-uniform Cauchy. By remark 3.1, there exists a double
sequence (Pmn)mmen N E with p,, L0 such that |x,, —x| < pn., aamn. let K ={(mn) €N x
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N: %0 — x| < DPrn}. Then 8,(K) = 1. Let € > 0, then there exists a natural number M, Nsuch that |x, , —
Xmn| < €p forall pm = M,q,n = N. Let us fixany m,n = M,N. Then, for any p,q € {j,k € K:j <mk <
n}, we have

|xm,n - x| < |xm,n - xp‘q| + |xp,q - x| S EUFDPmn-
Note that inf, ;ex 1, g5m nPmn=0. HENCE, We get |xm‘n - x| < eu for all m,n = N. This completes the proof.
Theorem 3.2: Let (X, »)mnen D€ @ double sequence in E,x € Eand ucE,. Then x,, , i x(w) if and only if

st2_ord

X — x(u) and (X, » )m nen 1S a statistically p-uniform Cauchy sequence.

Proof: It suffices to prove the sufficient part. Assume thatx,, , le>xand (Xmn)mnen 1S Statistically u-
uniform Cauchy double sequence. Following the concept of Sencimen and Pehlivan (2012) and Theorem(2.2),
we obtain a subset K = (ji k), sen OF N with §,(K) = 1 such that the double sequence (x;_x ), sen CONVerges
in order to x and is u-uniform Cauchy. Let € > 0. There exists a natural number r;, s, such that

|chu,kv - xjr,ks| < €U, Yu,r 210,58 2 5.
Let us fix any r,s > 7y, sp. Let u, v —> oo, we get |x — x; ;| < ep.

t
This means that x; = x(u). It follows from Theorem 2.2 that x,,, ,, 3 x(w).
Theorem 3.3: Let E be an Archimedean Riesz space. The following statements are equivalent:

(1) Statistical order convergence of double sequence is stable
(2) Statistical order convergence and statistically relatively uniform convergence of double sequence are
equivalent.

—ord
Proof: (1)= (2) suppose that x,, , LI 0. Then, by (1) there exists a double sequence(A,, ,)m nen Of reals
stp—ord

with 0 < 4,,, T oo such that A, ,x,, , — 0. By Remark 3.1 there exists a double sequence (P n)mnen
with p,, , 4 0 such that

27n,n Lxrn,n | f; I)la.a,77l,71,

|| < ﬁpla.a. m,n.

sty Srup
Hence, x,,, , — 0(p;) and then x,,, , — 0.

ty—ord
(2) =(1) assume that, x,, ,, Z7%0. By (2), we see that x,, , 0. Then, there existsu € E, and a double

sequence €, , 1 0 such that

|xmn| < €panld,d.a.mn.
sty —ord

Thus, we get (1/./€mn )%mn —— 0. And we are done.
Note that statistical order convergence and statistically relatively uniform convergence of double sequences are
not equivalent in general as can be seen in the following example.

Example 3.1 Let us take a counter example, for each m,n € N, we define f,, , € C[0,1] by f,, ,(t) =1 [Oﬁ]

and f,, ,(t) = 0 on [i 1] and f, ,(t) is linear on [ii] Clearly, f,,. { 0, moreover, there is no double

st rd
sequence 0 < A,,,, T oo such that A4, , fu n 0. Otherwise, it follows from the concept of Sencimen and

Pehlivan (2012) there exists a subset K = {j,, k,: p, q € N} of N with §,(K) = 1 such thatthe double sequence
(ﬂjp,kqﬁ,,,kq)p,qu is order convergent 0. Hence there exists a double sequence (p, )y qen IN E With p, . 1 0 sO

that ;. fi, k, < Ppq for aII p,q € N. This implies
1=f, ., 0) < — ; ppq(0)< —p1(0) >0 (».q — )

This contradiction suggest that statistical order convergence in C[0,1] is not stable. Then Theorem 3.3 gives the
conclusion.

Following the concept of Connor, Ganichev and Kadets (2000), a double sequence (X, ,)mnen IN @ Banach
space E is said to be norm statistically convergent to x € E provided that &,({(m,n) € N X N: ||x,,, — x|| =
e=0 for all e>0.t is clear that a double sequence (x7z272)7,72€N in a Banach latticeZ is norm statistically
convergent whenever it is statistically relatively uniformly convergent. The double sequence (x,; n)mnen IS
said to be weakly statistically convergent to x provided that the double sequence ({x*,x;, ., — X )mnen
converges statistically to 0 for each x* € X*. Following Connor, Ganichev and Kadets (2000). It is noted that if
a double sequence (x,, ,)mnen iN @ Banach space E is norm statistically convergent to x € E, then there exists a
subset K = (kp q)pqen € N with6,(K) = 1 such that (x,,,)mqen CONVerges in norm to x. Combining this
observasion, Theorem 2.3 and Theorem 2.2with the concept of Zaanen (1983) we obtain the following result.
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Theorem 3.4: Let (x,, ,)m nen b€ @ double sequence in a Banach lattice E,x € E and u € E, Thenx,, , = x(W)
it and only if (x,, ,)mnen IS @ NOrm statistically convergent to x and (x,, ,)mnen iS Statistically p-unifrom
Cauchy sequence.
Following the concept of Schwarz (1984), in C(K)-spaces, the relatively uniform convergence of double
sequence coincides with the norm convergence of double sequence. It follows from Theorem 2.2 that, in C(K)-
spaces, the statistically relatively uniform convergence coincides with the norm statistical convergence of
double sequence. In Example 3.1, utilizing Theorem 3.3, we show that statistical order convergence of double
sequence and statistically relatively uniform convergence of double sequence are not equivalent in general. Now
we construct a statistical order convergent of double sequence that is not statistically relatively uniformly
convergent as follows.
Example 3.2: Let K = {j2,k?:j, k € N}. For each m,n € N, we define f;, , € C[0,1] by
(1 mnekK

fm,n h { Imm, MM ¢ K,

Where g, ,(t) =t™ ,t € [0,1], m,n = 1,2, ...

Obviously, gn. {0 and hence f,, , L2790, since |gmn|l =1 for all m,n €N, we see that the double
sequence (fn)mnen 1S NOt norm statistically convergent and hence not statistically relatively uniformly
convergent.

Following the concept of Sencimen and Pehlivan (2012), we suggest that the statistical order convergence need
not be norm statistically convergent. The following example suggests that the norm statistical convergence need
not be statistically order convergent and hence not be statistically relatively uniformly convergent.

Example 3.3: We take the double sequence (f, ,)mnen - Let E be the normed Riesz space of all real

continuous functions on [0,1] with||f|| = follfldt. We set

fi3) =1
£l Z% '
0<fi1=s1,
f22 G) = fa2 (2) =1,
Ifozll = 5
0<f,=1,
And generally
fonn (m) o ) = = o (i) = 1
[l = 5
0<fun<1

Form,n=1,2, ..
Following the concept of Zaanen (1983), a double sequence (f;, n)mnen CONverges to 0 in norm and no
subsequence of it converges to 0 in order.
We set K = {j2,k?:j,k € N} and let
1, mnekK

Gmmn = {fm_n, m,n &K.
Clearly, (gmn)mnen is norm statistically convergent to 0. But (g,, »)mnen iS NOt statistically order convergent.
Indeed, if (g,n..)mnen i Statistically order convergent to 0, using the concept Sencimen and Pehlivan (2012),
there exists a subset A of N with §,(A) =1 such that (g, ,)mnea iS Order convergent to 0. Hence, the
subsequence (fin)mneanmink) = (Gmn)mneanmik) IS Order convergent to 0. This is a contradiction.
Example 3.4: We take the double sequence (x™*), ;e as follows. Let

= {(xm n)mneN € (Zm 2 @12 ) 1 X, € coexcept for finitely many m, n}.
Then E is ideal in (,,,, ®IZ)_ . Define xS = (x(r ) oy EEforr,s=12,.by

neN
(”)(K)——(] k=12,..), for myn<r,s,
x,(,ffl) =0, formn>r,s.
Then [x®9|| == —0(r,s > ), but no subsequence of (x") _is relatively uniformly
convergent.

Then, as in Example 3.3, we set K = {j2,k?:j,k € N} and let
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rs) _ 0, ,se€K
y Tk, rseK.
Clearly, (y(”))meN is norm statistically convergent to 0. An argument similar to Example 3.3 shows that

(y(”))r’sEN is not relatively uniformly convergent.

The following example illustrates that even a combination of statistical order convergence and norm statistical
convergence of double sequence does not imply the statistically relatively uniform convergence.
Example 3.5: Pick g € L1[0,1] such that g is continuous on (0,1],g(t) >0 for all t € [0,1], and
lim,_y+ g(t) = oo. Let E be the Riesz subspace of L,[0,1] consisting of all f such that, for some §,(f) > 0 and
v(f) € R, we have f(t) = y(f)g(t)forall 0 <t < §,(f) Define a Riesz space ||| On E by setting

WA= 1F1L, + lyGOI
We now show that a double sequence(f,,) . in E such that f, 0 and limy, e[| finn || = ObUL £, #
0(ruy), as follows.
Let fo 0 = g. Define f,, ,, by induction so that
(@) fmnis contineous on (0,1]
(b) 0< fm,n < fm—l,n—lr
(© fnn(1/jK) = (1/jK) fo(1/jk),j, k = 1,2, ..., m,n,
(d) fun@® =(1/m+ 1,0+ 1)g®), t € (0,1/(m+ 1,n+1)],
©®©  |funll, = @/ + 10+ D)lgl,

This implies that no subsequence of (fm‘n)m ey COnverges relatively uniformly to 0.

Similarly, we set K = {j?,k?:j,k € N} and let
_ 0, mnekK
Gmn = { fm,n: m,n €K,
to—ord

Clearly, (gm'n)mnEN is norm statistically convergent to Oand g, 22775 0. But Theorem 2.2 yields that
(gm'n)mnEN is not statistically relatively uniformly convergent to 0. This is because no subsequence of
(foum),, . CONVerges relatively uniformly to 0.

Theorem 3.5: Let (xm,n) N be a monotone double sequence in Banach lattice E. Then

mn
(D) (xmm)m neNis norm statistically convergent if and only if it is norm convergent.;
2 (xmm)m . is weakly statistically convergent if and only if it is weakly convergent;
3 (xmm)m neNis norm statistically convergent if and only if it is weakly statistically convergent.

In order to prove Theorem 3.5, we need two simple Lemmas.
Lemma 3.1: If a double sequence (xm'n)mnENin a Banach lattice E is increasing and converges norm

statistically to x € E,then x = sup,; nenXm
Actually, Lemma 3.1 also holds for weakly statistical convergence of double sequence as shown in the
following.

Lemma 3.2: If a double sequence (x,,,) in a Banach lattice E is increasing and converges weakly

mmneN
statistically to x € E,then x = sup,, nenXm.n-

Proof: Let x* € (E*),. Then there exists a strictly increasing double sequence (jp‘kq)pqu of natural numbers
so that lim,, ; e, (x*'xjp,kq) = (x",x). For each m,n € N, we choose j,,,, ks, Withj,, k,, > m,n. Then,we have
(x*lxm,n> < (X*lxjpokq()% Vp,q > Po, 90
This means that
(X", X ) < (x", %),

Hence, x is an upper bound of (x, ) .

Assume that u is an arbitrary upper bound of (xm'n)m,nEN' Then, for every x* € (E*),, we have
(X" % ) < {x"u), vmmneN.

Since the double sequence ((x*, xm'n>)m,n€N converges statistically to ({(x*, x)), ney We have
(x*, x) < (x*,u).

This implies that x < u and we are done.

Proof of Theorem 3.4: (1) suppose that (xm,n) o 18 increasing and norm statistically convergent to x € E.

mn

By Lemma 3.2, we get x = sup,, yenXmn. Let (kp‘q)pqu be a strictly increasing double sequence of natural
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numbers so that lim,, ;e %, k, = X innorm. Let € > 0. Choose a natural number p,, q, such that ”x]-pokqo -

x|| < €. Then, for any m,n > ji,, k,,, we have

0<x—xp,<x ~ X, okao
This yields

||x —xm‘n” < ”x — X ” <eE€.

'pokqo
Hence, lim,, ;, 0 X, = X iN NOrM.
(2). Let (xmrn)m N be increasing and weakly statistically convergent to x € E. By Lemma 3.1, we get

X = SUDPpy nenXma- LEt x* € (E%),. since(xmyn)m‘nGN converges weakly statistically to x, ((x*, xm_n))mﬁEN

converges statistically to (x*, x). There exists a subset K € N with §,(K) = 1 such that lim,, ,ex{x", X, ) =
axx. Let e>0. Choose M, VeA such that xxxMNV—x+x<e. Then, for all 772,2>M,/, we have
O0<x—xp, <x—xyy.
This implies that
0 < (x"x —Xp ) S x—xpy ) <E€.
Hence, (xm'n)m,nEN converges weakly to x.
(3). Follows from (1) and (2).
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