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Abstract: Al-Gonah and Mohammed (A New Extension of Extended Gamma and Beta Functions and their
Properties, Journal of Scientific and Engineering Research 5(9), 2018, 257-270) introduced a new extension of
Gamma and Beta functions. In this note, we will show that a problem has been encountered regarding the
Gamma function integral representations. We also studied certain results of the Gamma and Beta functions
such as beta distribution, new defined Gauss and Confluent hypergeometric functions with their properties.
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. Introduction
Al-Gonah et al [1] introduced the following extended gamma and beta functions in equations (1.1) and (1.2) as
follows:

1
l—\foa,ﬁ'x?’) (T) — .'.tFlE;/} (_t _€jdt (1.1)

0

(Re(a)>0,Re(B) > 0,Re(y)>0,Re(p) > 0,Re(r)>0)

and

1
B@A) (£ 1) = [t (1=t) " E7 | ——P— |dt 1.2
P (T ’u) .(l; ( ) O!ﬁ( t(l—t) ( )

(Re(a)>0,Re(B) - 0,Re(y) > 0,Re(p) > 0,Re(z) > 0,Re(x) = 0)

8 =r :1, equation (1.2) reduces to extended beta function introduced in 2018 by Shadab et al [5] using
Mittag-Leffler as follow:

1
o _ [+ w1 P
B* (r,ﬂ)_gt (1-t)"E, (—t—Tjdt w3

(Re(a)>0,Re(p)>0,Re(z)>0,Re(p) >~ 0)

Ifa = =y =1, equation (1.2) reduces extended beta function introduced by Chaudhry et al [2-3] in 1997
given by:

B, (f,y)=it’l (1-t)"" exp(—t(lﬁit)Jdt, (1.4)
(Re(7) > 0,Re(u) > 0,Re(p) > 0)

If ¢« = =y=1and p =0, equation (1.2) reduces to the Euler beta function [5] also known as classical
beta defined by:

1

L. ()T (p)

B(z, 1) = [t (1-t) "dt =——~—"1, Re(z)>0and Re(u) >0 (1.5)
'([ F(r + ,u)

Al-Gonah and Mohammed also gives the following integral representations of function [1, p.262, Theorem 3.1,

Remark 3.1-3.2 and Corollary 3.1]:
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O ¢t —t? — (t+1)2
s ()= —f L = P t (1.6)
P ( ) :[(t—i—l)r+1 a,p t(t+1)
Lot 2~ p(t-1)
rern)(7) = t = P dt (17)
P ( ) !).(t 1)Z'+1 a,p t(t_l)

7 (7) = (a- b).T (t-a)” £ { (t-a)’ - p(t-b) ]dt 18)

(t-py™ (t-a)(t-b)
1

1 -1 2 _ _ 2
e (1) 2] 0 el (e w9
% (t-1) (t+1)(t-1)

2 (t+1)" 2 - p(t-z)

[@hn) (7) = ( E” dt (1.10)
P ( ) '(.).(t—Z)TJrl a,p t(t—Z)
T/ (r)=2 [ e*EZ , (€' cosht+ pe™ )t (1.11)
Substituting t = and t = into equation (1.1) yield (1.6) - (1.7). Puttingt = B, t= u+i and
u+1 u-1 b-a 2

u
t = — into equation (1.7) gives (1.8) - (1.10) and putting t = tanh u into (1.9) gives (1.11)
z

In this paper we give correct integral representations in equations (1.6) — (1.11) and other properties of the
extended beta function in (1.2) in the following theorem.

Il.  Integral Representations
Theorem 1: The following integral representations holds true:

© gt ~t? — p(t+1)°

r(pa,ﬂ,y)(z.): t — Egﬂ p—(+) dt (2.1)
o (t+1) ' t(t+1)
0 -1 — 2 — —1 2

r(pa,ﬂ,y)(z.)z t —E7, tp—(t) dt (2.2)
2 (1= L t(t-)

F(paﬁy I(t a) B (—(t(—t a_);)‘(f_(tb; b)z ]dt (2.3)

D { <t+1>2p<t1>z}ﬁ "

(t- 1)”1 Ees (t+1)(t-1)

tf-l 2 p(t-z)
dt 25
T+1 aﬂ{ t(t_z) ( )

(/7 (7) = zje”’ E., (et sinht+ pcsch te™ )dt (2.6)
0

P
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Proof
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du

In equation (1.1) puttingt:L, then dt = ~when t=0:u=0 and t—o0iU—>00.
u+l (u+1)

Therefore equation (2.1) follows.

u

In equation (1.1) puttingt =——, then dt =— u >when t=0:u=0and t—>o00lU—>00.
u-1 (u-1)

Therefore equation (2.2) follows.

u-a du
In equation (2.2) puttingt = PP then dt = ———when t=0:u=aand t —>o00.U —>00. Therefore

-a b-a
equation (2.3) follows.

u+1 du
In equation (2.2) puttingt = — then dt = ?When t=0:u=-l1land t >o00:U—>00. Therefore

equation (2.4) follows.

u du
In equation (2.2) puttingt = —, then dt = — when t =0:u =0and t —>00:U —>00. Therefore equation
z z

(2.5) follows.

In equation (2.4) puttingt =tanhu, then dt=sech’®uduwhen t=0:u=0and t—>o0:U—>0.
Therefore equation (2.6) follows.

2.1 The Beta Distribution of BE)“‘M) (a, b)

In this section, we define the extended beta distribution using Bff‘ﬁ‘y) (a,b) , where aand b satisfy the
conditions—0< @< o0, —oo < b < ooand p > Oas:

1 a-1 b-1 P
—t"(1-t E” .| — , O=<t=<1
f (t): B/E)aﬁ#)(a’b) ( ) aﬁ( t(l_t)j <1<

0, elsewhere

(a,b eR,p,a, B,y € R*)
If o is any real number, then we have ¢ th moment of X

B(«A7) a+o,b
E ( X o ) — 1% ( )
B(a By) (a b)
In particular, if o = 1we obtain the mean of the distribution as:

B’ (a+1b
u — E ( X ) — /4 ( )
B\“/7) (a,b)

While the variance of the distribution as:

5 = E(x*)~{E(X)f

B“#”) (a,b)B“*") (a+2,b)—{B“*") (a+1b)}
B (b)) (a+2b)- (B (ar1b)) 010

{B’”” (a, b)}

The moment generating function of the distribution is given by:

1 G "
M(t)=— — S g@hn) b)— .
(t) Be7) (a,b)"z(; 277 (a+n )n! 2.11)

The cumulative distribution of equation (2.7) can be given by:

2.7)

: (a,beR,p,a,,B,;/elT) (2.8)

, (a,beR,p,a,ﬂ,yelT) (2.9)
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(2.11)

where

P,

B(af’y) (a,b)= Ita_l (1—t)bf1 E., (— Jdt ,(a,b eR,pa, B,y e R*) (2.12)
0

Yo
t(1-t)

is the incomplete extended beta function

I11.  Extended Gauss and Confluent Hypergeometric Functions
In this section, we extend the gauss and confluent hypergeomentric functions by making use of the extended
beta function in equation (1.2):
2 B“#") (a+n,c—b) 7"
e ()= 3 (o), 2 D)2 e19
rer B(b,c—b) n!

(a,ﬂ,)/e R, pe R0+,|Z|<1,Re(c)>— Re(b) >—O)

and
2 B(“’”)(a+n c-b)z
N(bie;z) =y —2 it S
¢:2) nz B(a,c—b) n!

(a,ﬁ,;/ eR",peR; ,Re(c) - Re(b) >—0)
3.1 Integral Representations of F/S””M (a,b;c;z)and CI) (e.f7) (b c;z)

In this subsection, we obtain the integral representations of the extended Gauss and Confluent hypergeometric
functions in the following theorems:
Theorem 2: the following integral representations in equations (2.15) and (2.16) holds true:

1

—1'[a_1 11—t (1—zt) E7 | - P dt 2.
Tt M A ( t(HJ @19

(jarg(1-2)|< 75 p,. B,7 € R*, p = O,Re(c) > Re(b) > 0)

(2.14)

Fl“/7) (a,byc;2) =

P

and
(@.8.7) 1 I b-1 P
@77 (b z) = ——— [t*1 (1-t) e"E | - dt 2.16
B A A ] o
(p.ct, B,y €R*, p=0,Re(c) - Re(b) - 0)
Proof

Substituting the definition of Bﬁ“'ﬂ‘y)(r,y)in equation (1.2) into (2.15) and interchanging the order of
integral and summation, we obtain:

1 . - (2), (2t)
F@h?) (a,bic;z) = —— (1t e | -2 (2), dt
» (abiciz) B(b,c—b)l (a-) “lt(L-t) nz(; n!
using generalized binomial expansion, we obtain:
F7) (a,b;c; —1 > t(1-t) " EL P —dt 2.17
0 @) g S e e g e e

on applying the definition of the extended beta functlon in equation (1.2), we obtain the desired result.
Following similar argument, we obtain equation (2.16).

3.2 Derivative Formulae
Theorem 3: The following derivative formulae holds true:
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c(;l_n{Fp(”””)(r’»hb;C:Z)} = ch b F 7 (a+nb+nic+n;z), (2.18)
YA

(p,aﬂyeR* neN)

" b
;Zn {@\ ) (bic;2)} = —EC; ") (b+nc+mz),(pafiyeR neN,)  (219)
Proof

Differentiating extended Gauss and Confluent hypergeometric functions in equations (2.13) and (2.14) with
respect to z using the fact that:

B(b,c—b):%B(b +1,c-b) and (a),  =a(a+1) (2.20)

we obtain the integral representations of equations (2.18) - (2.19), when n =1. Recursive applying the same
process to the identities, led to the required result.

3.3 Transformation and Summation Formulae
Theorem 4: The following transformation formulae holds true:

a,p, . —a a,p, e z +
F’) (ab;c;z)=(1-2) " F ‘”)[a,c—b,b,m], (P, By eR") (2.21)

7 (byc;z) =e* @7 (byc;-2), (pat By €R”) (2.22)

Proof
Replacing t by 1—t in equation (2.15) and rewriting

e

z
Yields:

1_2)7a 1 L b1 YA -
F\“/7) (a,b;c; =—( (1t (1 —tj E/ | ——L—|dt :
» (@) B(b c—b);[ (-1 12 “lt(1-t) @29

Using equation (2.15) in (2.23) yield the result in (2.21). Following similar argument we obtain equation (2.22)
Theorem 5: The following summation formulae holds true:

(@.B.7)
F}E“ﬁ'”(a,b;c;l)z Bp ’ (a,c—a—b)
B(b,c—b)

,(p,a,ﬁ,ye R*,sz,Re(c—a—b)>0) (2.24)

Proof
Inserting Z =1, in equation (2.15) and using definition of extended beta function in (1.2), we obtain the desired
result.

3.4 Generating Function for F (e.f7) (a b;c;z)

Theorem 6: The following generating function for Fé“’ﬂ‘y) (a, b;c; Z) holds true:

n

i F( a+nbcz):] =(1-1)" F(“ﬂ’”(a,c—b;b;ﬁj (2.25)

Proof
Let 3 be the left side of equation (2.25), then

B/ (b+k,c—b) ¢ | 7

3=3(a) 13 (a+n), -~ Sbeb Hi[n (2.26)

n=0 k=0 n!

From the relation (a)n (a + n)k = (a)k (a + k)n , equation (2.26) gives:
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- B/ (b+k,c~b) ¢ tn) z¢
I= k) —¢— 2.27
SR ILC v mat DI i by @20

Applying generalized binomial theorem to the inner summation in equation (2.27), we get:

2 B (b+k,c—b) ek Z¥
3= 2 1-t) " =
2@ T g Y g

7 k
2 B/ (b+k,c—b)|1—t

I=(1-1)" ) (a) 2 ’ 2.28

Using the definition of the extended Gauss hypergeometric function in equation (2.28), we obtain the desired
result.
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