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Abstract
The aim of this research work is to study the extension of the extended beta function

[0t o3 3 u
B,(p,q,u)= 7J'xp “(1-x)"2 KS+%(dex
0

(by Parmar et al 2017 [20]) and give further results on integral representations of the extended beta function.
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. Introduction
Classical gamma function is extension of factorial denoted by F(,)with the integral representation also known
as Euler integral given by:

F(p):jxp’le’xdx, Re(x)>0
0

(1.1)
and the classical beta function also called the Euler integral of second kind is given by:
1
B(p.g)= [x"*(@-x)""dt, Re(p) >0, Re(q) =0 .
0 .

Chaudhry et al [12] introduced an extension of the Euler beta function by adding the regularizer efu[t(lft)] as
follows:

1
B( D, g, u) _ J‘ x P (1_ X)q—l e—u[t(l—t)]dt (13)
0

Re( p) >0, Re(q) >0, Re(x) >0, when U = Oequation (1.3) reduces to classical beta function given in

equation (1.2).
In 1994 Chaudhry [10] introduced the following extended incomplete Gamma function as a generalization of

incomplete classical Gamma function:
t

7( p,t,U) — J-prlefxfurldx (1.4)

0

I(p.t;u) :J.xp‘le‘x‘““ldx
t (1.5)
If U =0, equations (1.4) and (1.5) reduces to classical incomplete gamma functions
In 1996 Chaudhry et al [11] introduced generalized extension of gamma function given as follows:

2Uf o2 u
tu)=,[—|x"7e K _,|— |d 16
7.(P.tu) ,/ﬂ!x e HZ(ij (16)
ZUOO _3 u
r.(p,t; =/— PZe K | = |d 1.7
S(p U) 72-'!‘)( € S+2[X] X ( )
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For Re(t) >0, Re(u)>0, o< p=<co.
When s =0, equations (1.6) and (1.7) reduces to equations (1.4) and (1.5) respectively, where Ks+l (,) is the
2

1
Macdonald function or modified Bessel function of order S + E

After Chaudry’s [12] introduction of modified beta function in equation (1.3), many researchers introduced
different extended beta functions using different regularizers such as Exponential functions [3, 4, 8, 21], Mittag-
Leffler Function [1, 2, 7, 14, 16], Confluent hypergeomentric Function [6, 9, 15, 17, 18] and Wright function [5]
Recently in 2017 Parmer et al [20] presented the extension of the extended beta function as follows:

o B

when s =0, equation (1.8) reduces to (1.3) and when U = O, equation (1.8) reduces to classical beta function

(1.8)

in (1.2). Parmar et al [20] give the following three integral representations of B ( p.q, u)by using change of
parameter by substituting X = cos” €, X =t/(1+t) and X= (1+t)/2 into equation (1.8) respectively:

B,(p.q,u)=2 /Z;U.[cosz(“) Hsinz(q’l)eKs% (usec’ Ocosec’d)do (L.9)
0

B,(p.q,u)= /Z—UTLK [2+t+ ) dt (1.10)
b P 1+t p+q-1" “s+3 t )
B,(p.q,u)=2""" /zuj 1+1)7F (1-1)K, 1(14”tzjdt (L11)

For Re(u)>0
The objective of this research work is to explore other integral properties of the extended beta function
B, ( p,q, u)given in equation (1.8)

Il.  Main Work
In this section, the new integral representations formulae are giving in the following theorems:
Theorem 1: The following integral representations formulae holds true:

_ 2_ul np—5-1 _yn q—% u
B (p,q,u)—n\/;_([x (1-x") K, ) dx

(2.1)
1 U o2 43 a2u
oo Bl e oo
a T35 (a X) o
1 P31 _ )0 )
Bs(p,q,U):aq—%(1+a)P%\/§IX (1 p)f-Z—l <. u(x+a) i
75 (a+x) | a(a+1)x(1-x) 09

Proof

In equation (1.8) using the transformation X =t", then dx =nt"'dt when X=0:t=0 andx=1:t=1.
Therefore

A F e
0
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N FITE R RTINS u
Bs(p,q,u)_n\/;£t (1 t) K“%(t”(l—t”)}ﬁ

Interchanging the value of X and t we get the required result

t dt
Secondly, in equation (1.8) using the transformation X =—, then dXx=— when X=0:t=0 and

a a
X=1:t=1. Therefore

(p.a.u) \/Ej(j ( j (;u jdt
B, (p.q.u)= WE? K %{ J

(1+a)t then dx a(l+a)

(t + a) (t+a)
and X=1:t=1. Therefore

- R[] el oela

2 _ q’% 2
B,(p.q.u)=a"?(1+a)"? Z_UI%K[ (U(t+a) }dt

7y (a+t a(a+1)t(1-t)
Theorem 2: The following integral representations formulae hold true:

2 u(1+x)°
(p.g.u) \/TJI )M_l [ ( - )de (2.4)
_3 2

(2.5)

m\»—\

oo

dt when x=0:t=0

Lastly, in equation (1.8) using the transformation X =

2u ExPE i u(1+x)
Bs(p,q,u)=\/: (1+ X)p+q—1Ks+%[ (X )de

when X=0:t=o00and X=1:t=0. We obtain

(2.6)
Proof

1
In (1.8) Inserting X = Tt then dx = 5

(1+t)

- u dt
K_, -
(p.au) \/ J.(1+tj (1+tj S*Z(ﬁ (&) j[ (1+t)2]
us i 1+t
p q,u _[ p+q—1 s+1 (2'7)

On interchanging the variable we obtaln the result in equation (2.4). On the other hand by using symmetric
properties we have:

2u P2 u(1+t)’
o Bl s+£ o)

From (2.7) and (2.8) we have
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07t 07 th u(l+t)’
2B, ,,u:/——Kl / dt
(p q ) s !(1+t)p+ql s+2{ J I 1+t p+q 1 { t
qu £ 4102 u(1+t)’
(pau I (1+1)""* [ |

Finally, from equatlon (2.4) we have

’2u X" u(l+ X)Z /ZU X u(l+ x)2
d — | ——=K 1 —~ |d .
p d, U J. 1+X p+q—1 [ ” X+ - ‘[(1+X)p+q_l s+l < X (2.9)

But

1+x

1" LAY
X u(1+x)’ o\t o dt
I p+g-1 Ks+1 dx = j K 1 T2
1 ( ) ’ X 1 ( 1 "2 1 t
t

dt
That is, using the fact that X ==, dx = —t—zwhen X=1:t=1and X=00:t =0 . Therefore

L
t’
u

R (1+x) Lo (1+t)2
—K_, dt 2.10
'!.(14- X)p+q—1 S+5 ( J _([ l t p+q- 1 [ t ( )

Substituting Equation (2.10) into equation (2.4) give the requwed result
Theorem 3: The following integral representations formulas holds true:

2U ¢ u(b +ax)’
B, (p.q,u) a"h" g j @h) =K {—( -~ ) de (2.11)
f2u sin?"2 9cos?? 9 ub(b+atan®@
Bs(p,q,u) bq : '[( p+q1Ks+1[ ( 2 ) d9(2_12)

asin? @ + b cos? 9) : atan® 6

Proof

In (2.4) putting x——t then dx——dtwhen X=0:t=0and X =00:1 =00, we obtain:

f2u - u(L+et) [a j
—— || —dt
p q U j 1+at p+q 1 [ %t b
f2u (b+at)’
2bq 2 . d
(qu I b—i-at p+q1 s+2[ b ]

And in equation (2.11) putting X=tan?@ then dx=2tan&sec’dd6d when X=0:0=0 and

X=oo:t9=%, we obtain:

_ 2
B,(p.g.,u)=a a"*h" ZFJ'( tan™ 0 — Ks+l{u(t;;tz;in9 Q)J(Ztan fsec’ 0d0)

atan’ 6?+b)p s

on simplifying equation (2.13), we obtain the desired result

(2.13)
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Theorem 4: The following integral representations formulae holds true:

NS 9-2 _ 2
B, (p,qyu) = a* Ib* \/EJ-{ (1-x) . ul{a+(b-a)x] " 010

a+(b-a) }Ml Yl abx(1-x)

1 pi 1 qz b 2
B, (p.q,u)=b"?(b+c)" ZUIX X+ —K_, u(b+cx) dx
7y (b+ex)” 7 b(b+c)x(1-x) .15

Proof

: a b : .
Using the transformation ? ——=a-—b inequation (1.8)
X

S = =

et [ty u{a+(b-a)t})’
B.(P.gu)=ab \/7'|.{a+(b—a)t}p+qlKS+§ abt (1-t)

Similarly, interchanging the value of aand b in equation (2.14) gives:

. ut XM (1—x)q% u{b+(a—b)x}2
B,(p,q,u)=a’ 2p 2\/7 —K_, dx
( )=2 J.{b+(a—b)x}p THenl abx(1-x)

(2.16)
Inserting @ —b = Cin equation (2.16) gives the required result
Theorem 5: The following integral representations formulae holds true:
1 2u 7 P -2 u(a—b)2
B.(p,qu)=——.[—|(x-Db a—-x) *K_,| —————|dx
s(p q ) (a_b)p+q—2 \/;'1!.( ) ( ) S+3 (X—b)(a—X) (2 17)
e -3 a3 4u +q-2
J.(1+x) 2(1-x) 2 K_, dx = 2P B, (p.q,u)
) 2\ 1-x° 2u 2.18)
Proof
Using the transformation X = - 2 in equation (1.8), yield:
a—
20%(t-b ) fa t\} u(a—b)" )/ dt
B.(p.au) \/;-[[a j (a—bj Kan (t—(b)(a)—t) (a—b]
b
1 2u % 3 u(a-b)’
Bs(p,q,u) P 7 \/7I a-t) " K, (t=b)(a-1) dt
(2.19)

Putting a=1and b= —lin equation (2.19), we obtain the required result
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