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I.  Introduction
In this work we give a generalized for Nonexpansive and monotone sequence of mappings with
applications ,we supposed a closed convex subset of a real Hilbert space H denoted by C. and the metric
projection of H onto C by P..Recall that a self-mapping f: C — C is a contraction on Cif there is a constant 0 <
€ < 1 such that

If (um) = f @WmsDl < A = Oty — Umsall, Uy Upyq € C.

I denotes the set of all contractions on C. Note that fhas aexclusive fixed point in C.
A mapping Aof Cinto His called monotone sequence if (Au,, — AUpi1, Um — Umsq) = 0, for
allu,,, U, 41 € C.The variational inequality problem is to find u,, € C such that (Au,,, U1 — Uy) = 0 forall

Um+1 € C (See [1,2]). The series of solutions of the variational inequality is denoted by VI(C, A). A mapping

Aof CtoHis called inverse-strongly monotone of sequence if we have (%) € R*such that

A+e 5
(um - um+1'Aum - Aum+1) = T ”Aum - Aum+1”

for all u,,, U1 € C. For such a case, Ais ?-inverse-strongly monotone sequence .

A mapping Sof Cinto itself is called nonexpansive of sequence if ||[Suy, — Stmarll < |l — Umyq ||for all
U, Ums1 € C(Ref. [3]). We denoted by F(S)the set of fixed points of S.
The viscosity approximation methodology of choosing a selected fastened purpose of given Nonexpansive
sequence of mapping was planned by Moudafi [4] established the subsequent sturdy convergence of each the
implicit and specific method in Hilbert space.

Theorem 1.1. In a Hilbert space define{(u,,), }by implicit way

1 n
(um)n = mT(um)n + 1 j_ < f ((um)n):

where &, is a sequence in (0,1) tending to zero. Then {(u,,),} converges strongly to the exclusive solution
(u,,) € C of the variational inequality

(= ), () = (wp)) < 0.

In other words, (up,)is the exclusive fixed point of Pry(r)f
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Theorem1.2. In a Hilbert space define{(u,,,)n}by ((4;n)o € C isarbitrary)

1 £
(um)n+1 = TgnT(um)n + Tné‘nf ((um)n)’
Suppose that {g,,} satisfies the conditions
li =0 i =o0; li ! Ll 0
nl—>n;lc ‘gn - ’ sn =0, nl—";'t;lo gn Sn_l - .

n=1

Then {(u,,),}converges strongly to the exclusive solution (u,,) € C of the variational inequality

(= ), () = (wp)) < 0.

In alternative words, (uy,) is the exclusive fixed point of Prx(ryf.

Theorem 1.3. (See [5].)Let H be a Hilbert space, C a closed convex subset of H,and T : € — C a nonexpansive
sequence of mappings with F(T ) # @ and f € II.. Let {(uy).}be given by

(Wm)e = tf (Wm)e) + 1 =0T (up)r, te€(O1).
Then:

(i) s— ltirr(}(um)t =: (u,) exists;

() (up) = Psf ((um)),or equivalently, (uy, )is the exclusive solution in F (T ) to the variational inequality

(U = F)n), @) = W) 20, (un) €S,
Where S = F(T) and Ps is the metric projection from H to S.

Theorem 1.4. (See [5].)Let H be a Hilbert space, C a closed convex subset of H, and T : C = C a nonexpansive
sequence of mappings with F(T) # @, andf : C — C a contraction.Let {(u,,),}be given by

A+e€
(um)o SO (um)n+1 = (T

Then under the following hypotheses

) 1w + (1 = (55) ) T 72 0.

A+ €
(H1) (—2 ) 5 0;
A+
(HZ)Z< 26) =
n=0 n
(59
< o or lim ~2-21+1

(H3) eith i |(A + E) (A + E)
either —(— —=
Sz e V2 e (59,

(Um)n = (uy),where(u,,) is the exclusive solution of the variational inequality

=1,

(U= W), W) = W)y =0, (uy) €S.

We verified the method of [11] by introducing the monotone sequence of mappings. With a little change.

II.  Preliminaries
Let H be a real Hilbert space with inner product {. , .)and norm ||-||, and letCbe a closed convex subset
of H. We write (Up,), = (up)to indicate that the sequence{(u,,),}converges weakly to (u,,). (Up)n =
(u,,)implies that {(u,,), }converges strongly to (u,,). For every point (u,,) € H, there exists a exclusive nearest
point in C, denoted by P, (u,,), such that
”um - PCum” < ”um - um+1”
for all u,,,1 € C. Pcis called the metric projection of Hto C. It is well known that Psatisfies

(um - um+1rPCum - PCum+1) = ”PCum - PCum+1”2 (1)
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For every u,, , u;,+1 € H ,andP.is characterized by the following properties:

<um - PCum' PCum - um+1) =0, (2)
”um - um+1”2 = ”um - 1')Cu"m”2 + “um+1 - PCu'm”2 (3)

for all u,, € H, u,,4 € C. In the context of the variational inequality problem,
This implies

u, €EVI(C,A) © u, = Pc(uy, — Au,,), vA > 0. (4)
It is well known that Hsatisfies the Opial condition (Ref. [6]), i.e., for any sequence {(u,,),} with (u,), —
(uy,) the inequality

lim inf ||(um)n — W)l < lim inf || (Um)n — Umaal
n—-oo n—-oo
. . A+e . .
holds for every u,,,; € Hwithu,, .1 # u,,. IfAis an ?—mverse—strongly monotonesequence of mappings of Cto

H, then it is obvious that Ais i-Lipschitz continuous. We also have that for all u,,,, u;,+; € Cand 1 > 0,
Ate

“(1 - AA)um - (I - AA)um+1”2 = ”(um - um+1) - A(Aum - Aum+1)”2
= ”um - um+1”2 - Zl(um - um+1ﬁAum - Aum+1> + /12”Aum - Aum+1”2
< llum — um+1”2 — elllAuy, — Aum+1”2-

So, if ; is given , then I — A4 is a nonexpansive sequence of mappings of C into H.

A set-valued mapping T : H — 2is called monotone sequence if for all u,,, Uy, € H, f € Tuand
g € TUpqimply (Up, — Uy, f — g) = 0. A monotonesequence of mapping T : H - 2His maximal if graph
G (T )of Tisnot properly contained in the graph of any other monotone sequence of mapping. It is known that a
monotone of sequence of mapping Tis maximal if and only if for (u,,, f) € H X H,{up — Uy, f —g) =0
for every (Upms1,9) € G(T )impliesf € Tu,,. Let A is an inverse-strongly monotone sequence of mapping of
C to H and let N;u,,,4 be normal cone to C at U, 1 € C, i.e., NeUpyq = {Umaz € Hi (Upmg1 — Uy Uimy2) = 0,
Yu,, € C}, and define

Tu. . = {Aum+1 + Neumsa, Upnsr EC
mil @, Uns1 € C

then T is maximal monotone sequence and 0 € Tu,,,,if and only if u,,,; € VI(C, A)(See [7]).

III. Main results

In this section, we show a strong convergence theorem (see [11]) for nonexpansive sequence of mappings and
inverse strongly monotone sequence of mappings.
Lemma 1. (See [8].)Let C be a closed convex subset of a real Hilbert spaceH and let T: C — Cbe a
nonexpansive sequence of mapping such that Fix(T ) # @. If a sequence {(u,)} in C is such that (u,,), —
(Um+3) and (W) — T (Uin)n = 0, then(upmyz) = T (Umqs)-
Lemma 2. (See [9].)Let {s,, }be a sequence of nonnegative sequence of real numbers such that:

Sp+1 = (1 - ln)sn + Bn , nz0,
where {1,,}, {8, } satisfy the condition

{4} c (0,1) and Zan _—
n=1

(ii)rlli_)rr;supg—" <0 Orz |Bn| < oo
n n=1

Then lim s, = 0.

n—-oo
Proposition 3.1. Let C be a closed convex subset of a real Hilbert space H. Let f : C — C be a contraction with
coefficient (1 —€) (0 < € < 1),Aan %—inverse—strongly monotone sequence of mapping of C to H and let S

be a nonexpansive sequence of mapping of C into itself such that F(S) N VI(C,A) # @. Suppose {(u,,),}be
sequences generated by(u,,)o € C,
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s = (555 F @) + @ = (555) I5PeCtmdn = AnA i)

for every n = 0,1,2,..., where {1,,} C [q, b]and{(lze) }15 a sequence in (0,1).1f {(ME) } and {A,}are
chosen so that A, € [a, b]for some a,b with0 <a <b < (1+¢€),

i (559, =02 (59, = D1, - (59,1 < Y e <
im =0, =, - ©, - o0,
n-w 2y 2 2 Jni 2y oy} " i

then{(u,,), }converges strongly to q € F(S) N VI(C,A), which is the exclusive solution in the F(S) N
VI(C, A) to the following variational inequality
(I = f)g.e)<0, (qg—¢€)€ F(S) nVIC,A.

Proof. Put (Uy41)n = Pe((U)n — AnA(uy)p)for every n = 0,1,2,....Let u,, € F(S) n VI(C,A).We
have

”(um+1)n - um” = ||PC((um)n_/1nA(um)n) - PC(um - AnAum)”
< ”((um)n - AnA(um)n) - (um - /‘l-nAum)”
< ”(um)n - um”

foreveryn = 1,2,3,.... Then we have

A+e

s = el = [(55) £ Ctmm) + (1-(555) ) SCamerdn =

< (535) 07 Cmdd =l + (1-(555) ) 1S Gamsndn =
< (59 1F Q) = £ )

(5N @) = umll + = (59) MCtmss) =

s(“f) (1 = )| @ttt ]| + (1 - (%)n) [|Gtandn= |
+(59) N Q) =

= (1= €(5) ) amdn- wnll + (59 NIf Q)=

< max{n(um)n — Ul 3 If () — umu} :

By induction,

1
1t = sl < max {1t = 2 I (i) = e}, > .

Therefore, {(u;,),}is bounded,{(w41)n}.{S (Umi1dn} (AW} {f ((u)n)}are also bounded. Since I —
A, Ais nonexpansive of sequence and u,, = Pc(u,, — 4,4u,,), we also have

”(um+1)n+1 - (um+1)n” < ”((um)n+1 - An+1A(um)n+1) - ((um)n - AnA (um)n)”
< ”((um)n+1_ln+1A(um)n+1) - ((um)n_ An+1A(um)n)”
+ 140 = AnalllA@n)y |l
S NCmdnsr = @ndnll + 12 = A [l AUl

foreveryn = 1,2,3,.... So we obtain

lGtmdnsr = ndall = [|(59) £ (ndw) + (1-(55) ) SCumendn
(), = (1= (59) )t
((555) -(59) )0 @ = stamednd + (1-(55) ) Stmanda = SGomssda)
(B) (f Q) = £ (@ndn)|
|(59) - (59 |1 (@) = SCmendncal

N+
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+(1 = (5) M @msdn = Qmsdna
+(59), A= OllGtm)y = ()il

2

< (1-(29)) U tmn- Gamdacall + ey = 2llAGL 1 )
#1029 (). |IF )= Smedoc]

2

(“E)n 1= Ollwmdn — Wmdn-ll

2

< (1 = (29) )l G

+LIAy = Anes +M|(“E)n— (59 .1
For everyn = 0,1,2,..., where L = sup{||f (wn)n)- SWmin_1l|in € N}, M = sup{llA(up)nll:n €

gl gl o ,
N}, since Y5- 1|A /1n+1| < oo, 3% 4 | ( +E) - (;) | < o0 in view of Lemma 2, we have lim||(u,)ne1 —
n n-1 n-—wo

(Um)nll = 0. then we also obtain ||(Upm+1)nt1 = WUmsadnll = 0

”(um)n - S(um+1)n” < ”(um)n - S(um+1)n—1” + ”S(um+1)n—1 - S(um+1)n”

A
= (%) If ((a)ne1) = St Dnall + 1 QimsD)nos = el
n-1

we have || (U )n — SWme1)nll = 0. Foru,, € F(S) n VI(C,4),

s wnll” = [ (29) £ ) + (1 (229) ) SCumssdu-ten]|
59) N (mdn) = wmll? + (1 —(ﬁ) M ma)n =

<(3
(Aﬁ)n If (Ctm)n) = tem]I?

2

(1 (/1+e) ) N Up)n = Umll? + (A — A+ ENNAWU)n — At ]1?]
(

2

) F ) = 2 + [t |

(1-(59),)alb =@+ )llAG), — Aunl®

AN

+

So, we obtain
~( = (59) Dalb = G+ DA, — Aupl?

< (59)_1F ) = mll®
+Ul ) n=umll + 1) ner = DU ) n = wmll = @) nes = umll)
< (59 1f ) = mll®
+(||(um)n- Un|| + 1) ns1 = DI Wndn = W)l
Since (A?)n -0 and ||(Wpm)n — Wm)ns1ll = 0, then ||A(up), — Auyll = 0,n = . Further, from (1), we

obtain

”(um+1)n - umllz = ”PC((um)n - AnA(um)n) - PC(um - )lnAum)llz
< {Umdn= 2 AWm)n — W = ApAthn), Ums1)n= Um)
= %{||((um)n_)ln‘4(um)n) - (um - AnAum)Hz
+||(um+1)n - umllz
- ”((um)n - )lnA(um)n) - (um - AnAum) - ((um+1)n - um)llz}
< Al Qt)n = Ull? + 1l QD = 2 = 1 Q) = Qg DnlI?
+2)ln((um)n - (um+1)nﬁA(um)n - Aum) - AnzllA(um)n - Aumllz}-
So, we obtain
s dn=tmll” < Nt = 12 = (|G dn= G Il
225 () = (i) A )y — Atty) = 20 1A (U — At 1.
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And hence

mdnss = wnl® < (22) NF Cnd) = el + (1= (225) ) 1S Camsdn- ol
< (59)1F (@) = wmll? + (1 = (55) Ml = uml?
< (59 1F (nd) = w4 11t = e
(5l @amendall

-1 -
+2(1- “e)n) A Q= Qs At = A
~(

~
¥

I”I
N F N
™

2

1= (59) ) 4" IAGun)n = Aupli®.

2

. A .
Since (53°) = 0, 1Gtm)nsr = (um)all > 0 and [1AGum)y = At ]| = 0, we - obtain]| ()= (i)l =

0.Choose a subsequence {(Uyn41)n;} 0f {(Ums1)n}such that

lim sup (f (@) = @, S(Um+1)n — @) = Um{f (@) = 4, SWUm+1)n; — @)
As{(Um+1)n,}is bounded, we have that a subsequence {(U41)n,j}of {(um+1)ni}converges weakly to (Upe3) -
We mayassume without loss of generality that (upm41)n;, = (Um+3)-
Since||S(Um+1)n = (Umi1)nll = 0, we obtain S(Uyy1)n;, — (Unssz)-Then we can obtain u,y3 € F(S) N
VI(C, A). In fact, let us first show that u,, .3 € VI(C, A). Let

Twu. = {Aum+1 + Ny, Ums1 € C
m+l @, Uns1 €C
Then Tis maximalmonotone sequence. Let (W41, Ums2) € G(T ). Since Upyyp — AUpmsq € Nelyyyqand
(Ums1)n € Cwe have

(um+1 - (um+1)n yUm2 — Aum+1) > 0.
On the other hand, from (Uy41)n = Pe((Um)n — AA(Um)n), we have{upmir — (Wms1)n Wmstdn —
((Up)n — 1,A(u)p)) = 0 and hence

(um+1 - (um+1)n' (um+1)nl_ (um)n + A(um)n) = 0.

Therefore, we have

(um+1 - (um+1)ni' um+2) = (um+1 - (um+1)niﬁAum+1) = (um+1_ (um+1)niﬁAum+1)

Um+1)n;=Wmn;
- <um+1 - (um+1)ni , = ;:1 — + A(um)ni>
3

(um+1)n;—(Umdn;
= <um+1 - (um+1)ni 'Aum+1 - A(um)ni - T)
i
= (Um41- (um+1)niﬁAum+1_ A(um+1)ni)
+ (um+1_ (um+1)nirA(um+1)ni - A(um)ni)
(um+1)ni_(um)ni
—\Um+1 — (um+1)ni'—
An
2 (um+1_ (um+1)ni 'A(um+1)ni - A(um)ni)
(um+1)ni_(um)ni
— \Um41 — (um+1)ni 'A—
ng
Hence we have (U411 — Umas Umez) = 0 as i — oo. since Tis maximal monotone sequence, we have U, 5 €
T~10 andhence .5 € VI(C,A)

”(um)n_ S(um)n” < ”(um)n_ S(um+1)n” + ”S(um+1)n—S(um)n”
< undn = Snsdnll + 1Wmdn — Wmidnll,
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We have ||(up)n — SUp)nll = 0. In view of Lemma 1, we obtain u,,,5 € F(S)

lim sup (f (@) = ¢, S@m+1)n=q) = m(f (@) = ¢, S(Ums1)n; = @)
={f (@~ @Umz— O <0,

Namdnss =412 = (229 £ @)+ (1= () )Sumsda- al| = () "I (@nd)-al

A+e

+2(57) (1—(—) WF @dn) = @S (mst)n — )
+(1 —(ﬁ) 1S Q) = qI2
<(1-2 (“f)n + (29 - all?

2

+(29) "I (@) — al?

2

+2 (Af)n (1 = (59 ) @)~ @, SCumsndn-)
#2(%9) a4 = (39 3 @~ 4.5 — @
<[t -2(59,+ (49, + 20 -9 (%), (1-(59) ) lwna-alf

n
A+e

- (7) If (Gta)n) = 42

2(59) (@ = (29 3 @) = 4. Stmedn — )
= = (E)D )l -al* + (59 B

(), (), - (), 2a-0(- (9 )]

A+e

- (59 1f Cndd) = ali* + 201 = (42) )F @ = 4,5 Cmsa ) — 0)
. 2- (29 -z20-00-(59)) |

where

. . 2 7 . 5 .
It is easily seen that (;) -0, Xr_4 (;) = oo,and limsup,,_,,fn < 0, by Lemma 2 we obtain(u,,), — ¢.
n n
This completes the proof. o
. . . . Ate .
Sis a nonexpansive sequence of mapping, Ais an ;-mverse strongly monotone sequence , and f € [I..Thus,

by Banach contraction mapping principle, there exists a exclusive fixed point (see[11])
At+e At+e Ate
nsdh = (5) F(@nedD) + (1 = (F57) )$Pe(@mes)h = 2dumilt) . (57) € @,
n n n

For simplicity we will write (Upys3)nf or(um+3),{provided no confusion occurs. Next we show the
convergenceof {(Up43)n}, (see [11]) whiles they claim the existence of the g € F(S) n VI(C, A)which solves
thevariational inequality

(U= f)ge)<0, fE, (q—€) € F(S) n VIC,A.

Theorem 3.1.Let C be a closed convex subset of a real Hilbert space H. Let f : C — C be a contraction with
coefficient (1 —€)(0 < e <1),Aan %—inverse-strongly monotone sequence of mapping of C to H and let S

be a nonexpansive sequence of mapping of C into itself such that F(S) N VI(C,A) # @. Suppose {(Up43)n},be
sequences generated by

A+e

Wmisdn = () F Qumsadn) + (1= (57) ISPe(@umsadn = 2nAltmisd), (5) € QD)

DOI: 10.9790/5728-1505046778 www.iosrjournals.org 73 | Page



Applications for Nonexpansive and monotone sequence of mappings with Viscosity approximation

where{1,,} < [a,b]and {(ME) }15 a sequence in [0, 1).If {(ME) }and {A,,} are chosen so that A, € [a, b]for

some a,b with0 < a <b < (1 +€), when lim ('1 E) = 0, (Wpns3)n converges strongly to g, andsuch that
n

n-ow

the variational inequality

(I - f)qe)<0, fell;, (q—e€)€ F(S) nVI(,A).
Proof. Put (Umsn = Pe((Umaz)n — ApAUpys)p)for every n = 0,1,2,...Let u, € F(S) N
VI(C,A).We have

”(um+1)n - um” = ”PC((um+3)n - )lnA(um+3)n) - PC(um - )lnAum)ll
< ”((um+3)n - AnA(um+3)n) - (um - )lnAum)ll
< ”(um+3)n - um”

foreveryn = 1,2,3,.... Then we have

(s — Ul = ||(“f) f @masd) + = (55) ISCumsdn — v

n
A+e

59N @masdn) =l + @ = (55) S Cma)n =
”f ((um+3)n)_f(um)”

)Z I Gtm) = tmll + (1 = (5%) MCtms)n =
A= OMtmss)n = unll + (1= (5) ) 1Gtmas)n= |

) Nf (tm) =t

n

>J
i
m

+e

IA
/N
|>J
N
N—r

~
T

€

(
+

~ |

€

N+

/N

|>-'
N+
N—r

|>—\
N+

Hence,

Gt = temll < ZIf () =

and{(U+3)n}is bounded, {(Um+1)n} {S (Um+1)n} {A(Um43)n} and {f ((wm+3)n)} are also bounded.

”(ME) f ((Umss)n) + (1 — (&) IS @msadn = um”
A

(59 1 (Qtmasdn) = amll? + (@ = (55) i) =
(/1+
(1-

) 1 Camesdd)- uml

(5). ) [l Gtmasdn- | + 2n (A = O+ )| A1) At ]|]
(A-Zl_ ) ||f ((um+3)n) umllz ( ()lzi)-,) ”(U‘m+3)n—um”2
(1-

(29) Yatb — @+ eDl|ACunsdn- Aun|*

||(um+3)n_ um”

IA

IA

+
p_x

IA

+
,_\

Therefore, we have

A+e

-(1- (59 )a(o- a+o) 14 tms5)n- At
< (229 (I eIl + M) = wnll?).
Since (%)n - 0 (n - o), and {f ((Uns3))} {(Ums3)n tare bounded, we obtain

”A(um+3)n_Aum” -0 (Tl - OO)
From (1) we have
”(um+1)n - um”2 = ”PC((um+3)n - lnA(um+3)n) - PC(um - AnAum)llz
< ((um+3)n - )lnA(um+3)n - (um - )lnAum)' (um+1)n - um)
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= 1t AeAGhs)a) = o = AP

+ lUms1)n
- umllz_ ”((um+3)n - AnA(um+3)n) - (um - lnAum) - ((um+1)n - um)llz}

< E{”(um+3)n - um”2 + ”(um+1)n - um”2 - ”(um+3)n - (um+1)n”2

+ Zln<(um+3)n - (um+1)n 'A(um+3)n - Aum) - lnzllA(um+3)n - Aumllz} .

So, we obtain
”(um+1)n - um”2 < ”(um+3)n - um”2 - ”(um+3)n - (um+1)n”2 5
+2)ln((um+3)n - (um+1)n 'A(um+3)n - Aum) - )ln ”A(um+3)n - Aumllz-

So we have

||(um+3)n_ um”2 Are

2 1 (eadad ol 1 = (22) IS ) =
59N (i) = umll? + (1 —(Aﬁ) [N E

(/1 er If ((umr3)n)- wmll® + (1 - </12j>n) | yms3) = I
~ (1= (59) ) WCtmedn = sl

2(1-(229) ) Adtmesn= Gomsndn s ACs)nm At
-(1-(%)

) 1AGm 1)~ At

IA

(
=(5

IA

—+

1-

Hence,

(1= (59 ) atmssdn=Gemadall” < (55) 1F @masd) = 2emll? = (55) Wtmasdn = unl?
+2(1-(59) ) 2n(Gtmssdn= Qmsndn AGimss)n Ati)
2 AQUms3)n = Att]I2.

Since (5°) = 0,14Gtmss)n — Atnll > Owe obtainll(ttmss)n ~ (umsr)all = 0 (n = )By the proof of

Proposition 3.1we have (Upm41)n, = qand g € F(S) N VI(C,A), 50 (Ups3)n, = q

2
A+e

(459), f Qi) + 1 = (559) 95Ctmein =

2
(l+€) (f ((um+3)ni)_q)+(1 _(Ai) )(S(um+1)nl Q) (um+3)nl_ )
5). <f((um+3>nl) ¢, (tms3)ni~ 9)

(1 - (29) ), S Cmida= 0, Gy, = )
(1 /1+E )”(um+3)nl CI”

+(59),, <f((um+3>n> @) s, — @)

2

||(um+3)ni - q”Z =

—+

IA

Hence
”(um+3)ni - q”Z < (f ((um+3)ni) -q, (um+3)ni - Q) = (f ((um+3)ni) - f(CI)' (um+3)ni_ CI)
+(f (Q) - q (um+3)ni - Q) < (1 - 6)”(um+3)ni - q”Z + (f (Q) - q, (um+3)n - CI) .
This implies that

”(um+3)nl q” (um+3)nl q'f (Q) - CI) .
But (Um43)n, = q,it follows that (um”,)nl — q.Now we show that gsolves the variational inequality
(I - f)qe)<0, fel (q—¢€) € F(S) nVIC,A).

Because
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_ =),
(um+3)n - f ((um+3)n) - _W((unﬁﬂn - S(um+1)n)'

2 /n

Forany (q —€) € F(S) n VI(C, A)and notice(q — €) = P.((q — €) — 1,A(q — €)), we infer that
((um+3)n_f ((;im+3)n)' (um+3)n_ (q - 6))
5 T Y (I RPN T B W O

e,
(%)

o (/17)71 ((Um+3)n=SPc((Umi3)n— AnA(Umiz)n)

2 /n

- (@-e-sp((a- €)- 1A = ©)), Qmyz)n- (4 - ) <0,
Since I — SP:(I — A,A)is strong monotone sequence. Let i — oo, we have

(@ —f(@),e)=0. 5)

Assume that there exists another subsequence {(um+3)n].}of {(Umy3)n)such that (um+3)n]. - q", soq” €
F(S) n VI(C'A)'and fl.C'rn((um+3)n - f((um+3)n)' (um+3)n - (q - E)) < O'Ith — oWe have

g —f@)aqa —(@-€)<0, (qg—€) € F(S) n VI(C,A). (6)
Setting (q — €) = q*in (5), we have

(@ —-f@q—-q)=<0, (7)

and setting € = 0in (6), we obtain
@ —f@)g —q)< 0. 8)

Inequality (7) and (8) yield
lg —alI?<{f@—-f@)qg—-q)y<A-olq —q’l*,

Which implies thatq = q*,since0 < € < 1Thus, (Ups3)n 2> qasn >owand q € F(S) n VI(C,A) is
exclusive. And q is the exclusive solution of variational inequality

(@ = f(@e)<0, (qg—€)€ F(S) nVIC,A).
This completes the proof. o

4.Applications

We show two theorems in a Hilbert space by using Proposition 3.1and Theorem 3.1.(see [11,10] ). A mapping
T?: C - Cis called strictly pseudocontractive and projection if there exists (1 — €)with 0 < e < 1 such that

172U = T? U1 I < Mttt 12 + X = ONT = T? Yty = (I = T Yty |I?
For everyl,, Uy, 41 € C.Ife = 1 then T? is nonexpansive of sequence. Put A2 = I — T?,where T?: C - Cis
2
a strictly pseudocontractive and a projection mapping with (1 — €). Then AZis % -inverse-strongly monotone

sequence. Actually, we have, for all u,,, u;,,41 € C,
T = A= (I = At a 12 < Nlum = Umaall? + (A — Ol A%un — APupyq |1

On the other hand, since H is a real Hilbert space, we have

(7 = A2 (1 = 42t ]|” = [t st || + 1420 = A% 112 = 2ty = g1, A%, = AZUn1).

Hence we have
2

2 2 € 2 2 2
(um — U, A"Up — A um+1) 2 Z”A Uy — A um+1” :
Using Proposition 3.1and Theorem 3.1,we first show a strong convergence theorem (see [11]) for finding a
common fixed point of a nonexpansive sequence of mapping and a strictly pseudocontractive and projection
mapping.

DOI: 10.9790/5728-1505046778 www.iosrjournals.org 76 | Page



Applications for Nonexpansive and monotone sequence of mappings with Viscosity approximation

Theorem 4.1. Let C be a closed convex set of a real Hilbert spaceH. Let f be a contractive mapping of C into
itself with coefficient 0 < € < 1,S be a nonexpansive sequence of mapping of C into itself and let T2 be a
strictly pseudocontractive and projection mapping of Cinto itself with ('12j), such that F(S?) NF(T%?) # 0
Suppose (Uy)1 = Uy € C and {(u,,),}is given by

s = (555) F )+ (@ = (555) 2830 = A amdn + AT )

For everyn = 1,2,.., where{(%) }is a sequence in[0,1) and {A,}is a sequence in[O,@).If
n

{('1?) }and {An}are chosen so that 1,, € [a, b]for some a,b with 0 < 2a <2b<2—-(A+¢€),
n

o0

I (/1+e> OZ(A+6) Z|(A+6) (/1+e> | < Zw:M 1,0 <
im =0, =0, - 0, - 0,
n-0 2y 1 2 2 Jns 2y oy} i "

n=
then {(u,,,), Jconverges strongly to ¢ € F(S%) n F(T?), such that

(f(@—qe€ =<0, (g—€)€ F(S?*) n F(T?).
Proof. Put A= I — T?. Then A%is 2=4*¢ -inverse-strongly monotone sequence. We have F(T?) =

4
VI(C,A»)and Pc((up)n — A nA2(Um)n) = (1 =2 )Wp)dn + A 2 T2(U)».So by Proposition 3.1and Theorem
3.1, (see [11]).we obtainthe desired result. ]

Theorem 4.2. Let H be a real Hilbert space H. Let f be a contractive mapping of H into itself with coefficient
0 < e <1, 5? be a nonexpansive sequence mapping of H into itself and let A%be a contraction and projection

of a (Azi)-inverse strongly monotone sequence of mappings of H into itself such that F(S?) n (42)710 #
@.Suppose(u,,); = (Up) € C and {(u,,),} is given by
A

A+e +e€ ) )
(Umdns1 = (T) f((updn) + (11— (T) )S#((Um)n — 4 A% (Um)n)
n n
foreveryn = 1,2,.., where{(}?) }is a sequence in [0, 1) and{A ,}is a sequence in [0,A + €). If {(}?) Jand
n n
{An}are chosen so that A, € [a,b] for some a,bwith0 <a <b < (A+¢€),

[oe]

i (59, =03 (59, == 1059, - (59, 1< Y =<
m = ] = o™, - o, - @,
n-o 2y 2 1 2 Jni 2y oy i "

= n=
then{(u,,),,} converges strongly to ¢ € F(S?) n (A4%)710, such that

(f(@—aqe€), (@—¢€)€ F(S* n (A5)70.
Proof. We have (A?2)710 = VI(C, A?). so putting Py = I, by Proposition 3.1 and Theorem 3.1, weobtain the
desired result. (see [11]). O
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