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Abstract: In this research work, we formulated a mathematical model for the transmission dynamics of
tuberculosis, a case study of lka Christian Hospital, Ankpa L.G.A, Kogi State, Nigeria. The model which adopts
a standard incidence formulation incorporates treatment and vaccination as control strategies.The Disease
Free Equilibrium (DFE) statewas determined, which was shown to be locally asymptotically stable. The basic
reproduction number of the model was determined using the next generation matrix approach. The Endemic
Equilibrium (EE) state of the model wasalsoestablished and proved to be locally asymptotically stable using the
trace and determinant method. The numerical solution of the basic reproduction number of the model shows
thatthe disease tuberculosis, will be reduced or eliminated with time from the population as the value was less
than one (1). Simulations of the model using the data we obtained from Ika Christian Hospital shows that the
disease will be eradicated from the population with time by using vaccination and treatment as control
intervention strategies.
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I.  Introduction

Tuberculosis [TB] is an infectious disease which is caused by mycobacterium tuberculosis bacteria
[1].1t affects the lungs and virtually other parts of human body, it can also affect any age group.

Tuberculosis is an airborne disease that can be transmitted via the respiratory route. Most infections do
not have symptoms in which case is called latent tuberculosis [1].Some proportion of the latent tuberculosis
infections progress to active tuberculosis cases which is deadly if not treated. The symptoms includes chronic
cough with blood containing sputum fever, night sweet and weight loss [1].When people who have active
tuberculosis cough, spit, speak, sing or sneeze they propel and expel tuberculosis germs [2] which can infect
human in contact. HIV / AIDS Patient and those that smoke are always at risk in contacting tuberculosis [1].

Diagnosis of active tuberculosis is based on chest x -ray as well as microscopic examination and
culture of bodily fluid [3].Diagnosis can be done at most 2 hours and the test is presently recommended by the
World Health Organization as the first diagnostic test in all person with the symptoms of tuberculosis [3].

The diseases tuberculosis can be prevented by screening of those at high risk, early detection of cases
treatment and vaccination with Bacillus Calmelte — Guerin (BCG) vaccine,[4] [5], [6].

The group of people mostly affected with TB are medical health workers, social gathering, those
attending to TB patient, transits with active TB patient.

Treatment of tuberculosis infection involves the use of multiple antibiotics over a prolong period of
time (1). Antibiotics resistance is a growing problem with increasing rates of multiple drug resistant tuberculosis
(MDR-TB) and extensively drug — resistant tuberculosis (XDR- TB) [1].

In treating tuberculosis (TB), it is important that patient are provided with adequate support,
information and supervision by a trained or qualified health personnelon the need to take treatment serious
without such support treatment adherence may be difficult. Most of tuberculosis cases can be cured when the
drugs are given and taken properly.

Nidhi et al [7] proposed a mathematical model to study the dynamics of tuberculosis by. It was
assumed that the rate at which the number of latently infected individual moves to recovery class (R) and again
from recovery class to latent class is not equal. The possibility of existence of endemic equilibrium state was
discussed and examined.
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In 2013, lbrahim et al [8] presented a mathematical model for the epidemiology of tuberculosis with
estimate of the basic reproduction number. The basic reproduction number was determined and the disease free
equilibrium state of the model was shown to be globally asymptotically stable if Ro< 1.Simulation of the model
showed that a continuous vaccination would result in a more stable disease free equilibrium state.

Furthermore, Koriko & Yusuf [9] developed a model based on the SIRS model, the model equations
were presented graphically, and simulation analysis result showed that the population dynamics for tuberculosis
depends on the number of actively infected people in the population at the initial time. The authors showed that
the disease free equilibrium was stabled why the endemic equilibrium state may not be stable depending on the
various values of the model parameters.

The aim of this present research work is to develop a mathematical model of the transmission of dynamic of
tuberculosis and its control in a heterogeneous population, a case study of lka Christian Hospital, in Akpa Local
Government of Kogi State, Nigeria.

The specific objectives of the work are as follows:

Q) To developa mathematical model for the transmission dynamics of tuberculosis.

(i) To incorporate control strategies that can help eradicating the pandemic disease.

(iii) To conduct sensitivity analysis of the model to know the parameters to be targeted by the medical
personnels.

(iv) To come up with recommendations that can help in controlling disease.

This study is significant as humanity will always entertain any contribution for the prevention, cure and even
eradication of the disease in human history. The knowledge will be welcomed in the medical world, policy
maker will also use the acquired knowledge from this work on the need for tuberculosis vaccine, its treatment
and the isolation of those with tuberculosis cases for the control of the disease, tuberculosis. The research work
will also add to the existing or current literatures in tuberculosis.

(1.1) BRIEF HISTORY OF IKA CHRISTIAN HOSPITAL

Ika Christian Hospital is a private owned hospital located in Ankpa Local Government Area of Kogi
State, Nigeria, It was established in 1961 by a Canadian missionary, Raymon Dibble, but the facility is currently
managed by his granddaughter, Mrs. Lois Wheeler, a nurse, after the demise of her father, Spencer Dibble who
was a bible translator. Raymond acquired the land for the hospital in 1952 but had been in Nigeria as a Christian
missionary since 1952. The hospital recruits and trains her own personnel in different medical fields to serve her
purpose.

The motivation for the establishment of the hospital is for physical and spiritual healing. The aim is to
win souls by treating their illnesses through preaching the gospel of Jesus Christ. The hospital is known for
treatment of tuberculosis cases. Patient comes from all parts of the country as -information of her efficiency in
handling the disease spreads.

Il.  Model Assumptions
(1) The population is assumed to be homogeneous
(2) We assumed that the population of the Susceptible class is been recruited by birth and emigration
(3)We assumed that all age group can be infected with tuberculosis
(4) We assumed that a proportion of the susceptible class are vaccinated
(5) We assumed that some of the susceptible class are illiterate and may not want to go for vaccination because
of myths
(6) That the infected class also present themselves for treatment
(7) Asymptomatic class, that is, suspected cases are quarantined.
(8) Symptomatic class, that is, those who have developed clinical symptoms are isolated
(9) Some infected people do not want to rely on orthodox medicine
(10) We assume that all compartments may die naturally
(11) That there is disease induced death in the infected classes

2.1 MODEL FORMULATION & DESCRIPTION
We formulated our model based on the standard SEIR model where the population was divided into
nine (9) compartments comprises of the Susceptible class(S), Exposed class(E), Vaccinated class(V), Infected

class(l),Infected but treated class (I, ), Infected but not treated class (I, ),Quarantined class(Q), Isolated

class(J ) and the Removed class(R). A deterministic model of the form SEVII; 1 QJR was formulated

based on the stated assumptions.
The Susceptible class (S) was recruited by birth and by emigration (undetected entry of individuals into the

community) at the levels of ((9) and (/1) respectively. The class increases by the incoming of the recovered
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individuals into the population at the rate of (a)) and also by the rate at which the vaccinated becomes
susceptible again due to vaccine failure at the rate of (1— ). It reduces at the rate at which people are exposed
at the level of (1//) and also by the rate at which some proportion of the population are vaccinated at the level of

(ﬂ) .The class finally reduces by natural death at the rate of (,u)

The Exposed class (E) increases due to the incoming of the susceptible individuals that have exposed
themselves to tuberculosis but have not yet developed clinical symptoms at the rate of (1//).The population
reduces due to the rate at which the exposed becomes infected with active tuberculosis and moved to the
infected class at the rate of (¢) and also by the rate at which they are quarantined at the rate of (77) The class

finally reduces naturally by death at the rate of (,u) :
The Quarantined class (Q) , the class is generated at the rate at which the exposed are quarantined at
the level of (77) we assumed that all quarantined individuals are asymptomatically infective who will go on to

develop symptoms and then moved to the isolated class at the rate of (al). The class reduces naturally by death

at the rate of (,u)
The vaccinated class is recruited with the proportion of those vaccinated from the Susceptible class at
the level of(ﬁ). The class reduces by the rate at which some individuals who are vaccinated becomes

susceptible again due to vaccine failure at the rate of (1— 7)and also by the rate at which some vaccinated
cases recover due to the vaccine efficacy at the rate of (]/) .The class finally reduces by natural death at the rate
of (u2).

The Isolated class (J) is recruited by the incoming of those infected with active TB at the level of
(02) and also by the incoming of those that have been quarantined and now developed symptoms and then
moved to the isolated class at the rate of (01). The class reduces by disease induced death and by natural death
at the rates of (5 and ,u) respectively.

The Infected class (I) increases only through the incoming of the exposed individuals at the rate of (¢)
.The population reduces due to the isolation of some proportion of the infected individuals at the rate of (02)

.The class was reduced by the rate at which a proportion of the infected are treated at the rate of (1— 02) and
moved to the Infected but treated class, some infected individuals who refused to go for treatment also reduces
the population of the infected class as they moved to the Infected but non -treated class at the rate of (5) The

class reduces due to death caused by the disease at the rate of (5 ) and naturally at the rate of (,u)

The infected but treated class (IT ) population increases by the incoming of the Isolated class who are
taken for treatment at the rate of (03) and also by the incoming of the infected population that accept to go for
treatment at the rate of (1— o, ) The class reduces at the rate by which some recovered due to treatment and
moved to the Recovered class at the rate of (p) The population further reduces by disease induced death rate at
the rate of (5 ) and natural death at the rate of (/1)

The Infected but non-treated class (I N) population increases due to the incoming of the infected
individuals who refused to go for treatment at the rate of (g) but reduces due to disease induced death rate at

the rate of (5 ) and natural death at the rate of (,u)

The Removed class (R) increases by the incoming of those that responded to treatment and therefore
recover at the rate of (p) The class also increases due to the incoming of those vaccinated against the disease
and become free due to the effectiveness of the vaccine and therefore moved to the Recovered class at the rate
of (;/) The population finally decreases due to natural death at the rate of (,u)
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2.2 MODEL FLOW DIAGRAM

Where y = S(ayl + a1 +hasl ;4’30(4E+§4055Q+§5a6\])

Figure 1.0 Model flow diagram

2.3MATHEMATICAL MODEL

ds

E=(.5'+/1)+er+(1—y)/—(y/+/3+y)s ...................................... (2.1)

c;—IfZI//S (7 P+ B (222)

%:¢E—[02 +(L=0,) F 6+l @)
%:(1—0'2)|+0'3J—(5+p+y)|T ................................................. (2.5)
dly,
dt

?T?:nE—(cr1 +,u)Q27)

dy
dt

o= Pl AN (@4 LR . 2.9)

Where = Slal + 1,1y + Gha5l ;4’3a4E+§4a5Q+§5a6J)

=0, +0,Q— (03 +F+ 1) I RB)
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2.4 MODEL VARIABLES AND PARAMETERS

Table 1: Variable used and descriptions
SIN VARIABLES DESCRIPTIONS
S Susceptible class
E Exposed class
| Active tuberculosis infected class
V Vaccinated class
Q
J

Quarantine class
The isolated class
Infected but treated class

N[O~ WIN|F-

Infected but non-treated class

9 R Removed class

Table 2: Parameters used and descriptions

SIN PARAMETERS DESCRIPTION
1 4 Recruitment rate through birth
2 y) Recruitment rate through emigration
3 o Contact rate of the susceptible and the infected
4 ¢ Rate at which the Exposed class becomes infected
5 ﬁ Rate at which the Susceptible are vaccinated
6 (1 _ 7) Rate at which the Vaccinated becomes exposed due to vaccine failure
7 4 Rate at which the Vaccinated recovers due to the vaccine efficiency
n Rate at which the exposed are quarantined
o Rate at which the quarantined are isolated after showing symptoms of TB
1
10 o Rate at which the infected are isolated
2
11 o Rate at which the isolated are taken for treatment
3
12 (1 -0, ) Rate at which the infected go for treatment
13 Yo Rate at which the infected but treated recovers
14 & Rate at which the Infected refuses to go for treatment
15 y7; Natural death rate for all the classes
16 S Disease induced death rate for the infectious class
17 @ Rate at which the recovered becomes susceptible again.
18 /4 Force of infection
19 a Contact rate between the Susceptible and the infected
1
20 a Contact rate between the Susceptible and the infected but on treatment
2
21 a Contact rate between the Susceptible and the infected but not on treatment
3
22 a Contact rate between the Susceptible and the exposed
4
23 o Contact rate between the Susceptible and the Quarantined class
5
24 a Contact rate between the Susceptible and the Isolated class
6
25 é/ Modification parameter for transmission between the Susceptible and Infected
1 but on treatment class
26 é/ Modification parameter for transmission between the Susceptible and the non-
2 treated infected class
27 é/ Modification parameter for transmission between the Susceptible and Exposed
3 class
28 é’ Modification parameter for transmission between the Susceptible and
4 Quarantined class
29 g Modification parameter for transmission between the Susceptible and Isolated
5 class
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1. Model Analysis
3.1INVARIANT REGION
Theorem 1:

The solutions of the model are feasible for allt > O, if they enter the invariant region, €2 € R®..
Proof:

We shall first show that all the feasible solutions are uniformly bounded in a proper subset of the region,

QeR’,.
We let

Q ={S(t), E(t), V(t), 1(t), 1:(t), 1, (t), Q(t), I (t), R(t),} be any solution of the model given by

E( |
{s(t), E(t). V() 1t). 15 (1) 1, (). Q(), I (®), R().}

V(0)>0eR’;

where  {5(0)> 0, E(0)> 0, V(0)>0,1(0)> 0, 1,(0)>0,1,(0)>0,Q(0) > 0,J(t) >0,R(0)>0,}
with non-negative initial conditions.
From the model we have that the total population will be

N=S+E+V+I+1;+1+Q+J+R

:%—T =@+A)—uN-0(I+1; +13+I) i .. 2.10)

dN
At equilibrium E = 0 and also in the absence of the disease
I=1;=1,=Q=0 it follows that —-o(l+I1;+1,+J)>0 this implies that

dN
—=(@+1)-uN
™ (O+A2)—u

.'.Z—T+,uN SO+ D)oo (2.11)
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lkthF:EPmMMYJF:IQHWt

d
bUtd_¥+ py =0Q
Wherey=N, p=1,Q=(0+1)
L=l
I.F =¢#

~Y.IF =jQ|th become
N£”=IKH+1)M”

N./# =[(9+/1)].£+c
7,

Divide all by ¢#
= Ny, :M+c£”’t PP PP PPPPPRPPPRPRPPPPPRRRY 2% V)
y7;

att =0,S(0) =Soand N(0) = No

N(o):—[0+;t]+c .-.c:No——(gJ”%)
U U

..equation (2.12)becomes

Na)=9+ﬂ+{No—§&EQ}WM““mmmm“mm“mm“mm“mwnmmmm“mm(ZB)
U U

Applying the inequality theorem by Birkhurf and Rota (1982) on differential equations yields the following
results;

@+A)

O0<N()< ast — oo

@+A)
7]

The total population approaches as t— w

@+ A1)

Where, — s the carrying capacity of the system.
M
.. Thefeasible solution set of thesystementers theregion

Q=(S+E+V+Il+Il; +1,+Q+R)eR?:5>0,E>0,V >0,1>0, 1, >0,1,>0,Q>0,J >0,R>0,
_(0+A)
i

N
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2.143.2 POSITIVITYOF SOLUTION
Lemmal: Welet theinitial data be

{S(0)>0,E(0)>0,V(0)>0,1(0) 20,1, (0) 2 0,1,(0) >0,Q(0),J (0) > 0,R(0) > 0, }  R®

Then thesolution set

{S (t),E(®),V (1), 1)1, (1)1, (),Q(t),I(t), R(t)}of themodelis positive forallt > 0

Proof
Considering equation (2.1) wehave thefollowing equation

$:(9+A)+wR+(l—y)V ~tfrpsz—y+ B+ p)s

=

ds
—2>—(y+p+u)s
” (W +pB+p)

%2—(y/+ﬂ+y)dt

integrating both sides now gives;
InS(t)>—(w+p+ut+c

S(t) > ¢t e putlet/° = S(0)
S(t) > S(0)¢ Wrrun

wherec = constantof integration
Applying theinitial conditionatt=0
S(t) = S(0),1t gives
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S(t) > S(0)¢ v/t >0
Since

"™ >0and $(0)>0
.. thesolution is positive at all timet >0

Now for equation (2.2)

Z—'f=ws—(n+¢+u)E

EE s =1+ 4+ E > -1+ 9+ 1)E
z—fz—(nww)E
g+ e

j%zj—(n+¢+y)dt
=IhE®M)>-(n+¢+u)t+c

E(t)> g+t pe

but/¢ = E(0)

E(t) > E(0)¢ (7o)t

E(t)>EQ) """

apply theinitial conditionatt =0

E(t) = E(0),it gives

E(t) > E(0)¢ )t >0

since

¢t > 0and E(0) > 0

.. thesolution is positveat all timet >0
Thesolution is thereforepositive for theremaining equations using thesame method.

3.3DISEASE FREE EQUILIBRIUM (DFE)
At the disease free equilibrium, there is no infection and assuch E =1 =1; =1, =Q = J = Oat the point

d—E = d—l = dl = dly = d—Q = d—J = 0 .The DFE state is represented by:

dt dt dt dt dt dt

[SO E° ve 1° 1L° 1,0 @ J° ROJWhichisgivenby:

DEFZKQM} 0, PO 4 0 0 0 o o} .....................................
pry) )+l y]

(2.15)
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3.4ENDEMIC DISEASE EQUILIBRIUM (EE)
At the endemic disease equilibrium, infection exist and as such we let

S=S", E=E", v=V", I1=1", I.=1, I,=1,, Q=Q", J=J", R=R
From equation (2.1) to (2.9) we have thus
O+ D)+ +p+p)+A-p)17

S (2.16)
w(B+u+0)
E*:l//(§+p+,u)l*+(5+p+0) 2.17)
P SRRSO 3
. O+ 18
[a_ﬂ+Mw+p+M_mmmmmmmmmmmmmmmme.)
1" = w(O+2) 2.19)
Dot o1 o s
H*:a‘””“+045tmwf”fmmmmmmmmmw“mmmezm
(o;+0+u)d-0,)I
_ n”
Q_(q+ﬂXp+ﬂma+5+ﬂ) ................................................. (2.21)
g @ ra ol e 222)
(o, + )+ ¢+ 1)
P+ pr e (2.23)

= (03 +5+ﬂ)(1_62)(p+ﬂ)...................................

3.5THE BASIC REPRODUCTION NUMBER (Ry)
It is the expected number of secondary infection produced when one infected individual is introduce completely

into a susceptible population. Deikmann and Heesterbeek (2000). The computation if Ry involves the product of
infection rate and duration of infection.

To compute the basic reproduction number, we consider the state variable of those compartments responsible
for the spread of the virus, these compartments are: [E, L 1., 1y, Q, J,]

The transmission model consist of the system of equation F,(X)=F (x)—V,(X) where
- +

Vi) =V, ()-Vi (%) -

The basic reproduction number is given by R, = p(FV ™) where p(A) is the spectral radius of the matrix A

which is the dominant non-negative Eigen value of F and V are M x M matrix which represents the infectious
classes as earlier stated.

OF(E) 1\ Vi(E)
i i
The infectious class are [E, I, 1, 1y, Q J,]
S(EE+a,l + & a5l + a1 +E,a,Q+Esagd)
N

Where F =

Force of infection { =
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v
N
0
F =| O | therefore
0
0
0
0 0 0 0 0 0
e SW a, SW $., SW $30, SW 8405 SW S5 SW
0 0 0 0 0 0
F=10 0 0 0 0 o |.. @.24)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |
Similarly,
[(n+ )E ]
@L+e-9)I
V, = @+ prpl; =(=o)l —od therefore:
G+l —el
(o, +1)Q—7E
(o3 +0+u)d -0,l —-0,Q ]
[(7+ 1) 0 0 0 0 0 ]
0 (6+e+]) 0 0 0 0
V=0 -1l-0,) O6+p+u) O 0 -0, | 2.25)
0 0 0 S+u) 0 0
10 -0, 0 0 -0, (03+6+p)
where a-= G2 b= $,050541] Cc= $atsT] d= S5
n+p (n+p)(os+5+ )6+ p+u) (n+ o, (n+p)(os+6+ p)
o= , f= AyS5Qg = (60, + uo, =6 — p—03)(@38,)
(0+¢e+]) O+e+D(o;+0+ ) B+e+D(os+0+ )0+ p+u)
h = (6 + p)(asS,) + (S50,) (S + p + 1) = 04530, P $4¥s k= S5
(0+p+ )6 +u) (o3 +0+u)(6+p+ 1) o, O3 +0+u
_ $,050; m= S5 h= a56, n= S,
(o3+0+ )0+ p+u) o, +0+u O+p+ U O+ u
S° s° S° S° .. S° s°
(a+b+c+d)W (e+f -g)W (h)W (n)W (|+J+k)W (I+m)W
0 0 0 0 0
FV?i=[0 0 0 0 0 .. 2.26)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 |

DOI: 10.9790/5728-1506023757 www.iosrjournals.org 47 | Page



Mathematical Modeling of the Transmission Dynamics of Tuberculosis and its Control..

0
0
0
Theeigen value is given by 0
0
(a+b+c+d)S
L N J
By substituting now, wehave that thedominant eigen value as
R :|: 1A 4 $2,23057 4 Saasn + S5 :|SO
0
n+u M+p)(os+o+)0+p+p) m+u)o, (+u)os+6+u) | N
0
where S° = (0+/1), INPARL i:M
Hu+y yz N (u+7)
R, { bay &304 L Gaasn £sate } O+Du 5 ony
n+u M+p)os+o+)0+p+u) m+u)o, M+u)oy+0+u) | (u+y)

3.6LOCAL STABILITY ANALYSIS OF THE DISEASE FREE EQUILIBRIUM
We investigate the local stability of the disease free equilibrium point of the model, first we linearize the model
by computing its Jacobian matrix (J) at the disease free equilibrium point.

0 0 0 0 0 0 0 0 o] | (@+)u BO+A)
broe vt e R]{ww’o’ [(1—y)+ﬂ][#+y]’O’O’O’O'O'O}

e (2.28)
at disease freeequilibrium

E=0,1=0,1,=0,1,=0Q=0,J=0, and R=0

Theeigen value using Maple softwardare D, = —(y + f+ 1), D, =—(n+6+ u), D, =—1+y+ u)
D,=—(1+¢+9), Do=—(6+p+u), Dy=—(6+u), D;==(6+u), Dy=—(o3+5+u)

D, =—(w+u)

whereD, — D, are theeigen values

Using Routh-Hurwitz theorem which stated that an equilibrium state will be asymptotically stable if and only if
all the eigen values of the characteristics equation have negative real parts.
We can therefore conclude that, the disease free equilibrium state of our model is locally asymptotically stable.

3.7LOCAL STABILITY ANALYSIS OF THE ENDEMIC EQUILIBRIUM POINT

Using the method developed by Nthiri-et-al (2016), they stated that “The endemic equilibrium is locally
asymptotically stable provided the determinant (J°) is greater than zero and the trace of (J°) is less than zero™.
Trace of (J°) is defined as the sum of the major diagonal element of the Jacobian points.
Trace:—[ﬂ+5y+7y+0+a5+p+o-l + 0, +a)—(//—;/—5].229)
= Trace(J") <0

Tofind thedeterminant of J,, using Maple 2015, welet

A=—(l//+ﬂ+/1): B=(l-]/), C=o, D:ﬂ! E:'(77+¢+ﬂ): F:ﬁ: |:¢
GC=0A+&+9),K=(1-0,), L=-(+p+u), M=0oc,, N=¢, O=-+u), P=n7
Q=-(o,+u), R=0,, S=o0,, Y=-(o,+0+u), X=y, Z=-(o+u)

Thedeterminant (J°) =

[- (v + B+ 1)1+ & + 8)(-(@+ 1)) - (1- V) (B (-(@ + ) + (1+ £ + 5)(B)Y (1)}

[- (05 + 6+ 1)1+ &£ + 8) (-(o1 + 1)) (-0 + S + 1)) (-6 + p + 1)) (-6 + 11))]

.. Thedeterminant (3°) =

= [y + B+ 1)1+ &+ )@+ 1) + (1- ) (B @+ ) + (1+ & + 5) Br]

(s +6+)A+s+8) o, + 1) (os +S+ 1) S +p+ 1) S+ )]} eoeiiiiiiiiiiiie . 2.30)
Thedeterminant is greater than zero(0).Wecan therebre concludedthat,

the endemic disease equilibriu m is asymptotially stable.
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VI. Simulations
The model is now simulated using the values of the variables and parameters we got from lka Christian
Hospital, Ankpa, Kogi State(unless otherwise stated). The values are tabulated in table (3.0)& (4.0) respectively
below:

Table (3.0): Nominal values of Variables .Source: Ika Christian Hospital, Ankpa. 2018

SIN VARIABLES NORMINAL VALUE REFERENCES
1 S 5000 lka General Hospital
2 E 1000 Ika General Hospital
3 | 171 lka General Hospital
4 V 2000 lka General Hospital
5 Q 560 lka General Hospital
6 J 153 lka General Hospital
7 | 136 lka General Hospital
T
8 I 18 lka General Hospital
N
9 R 10 lka General Hospital
Table (4.0): Nominal values of Parameters .Source: Ika Christian Hospital, Ankpa. 2018
SIN PARAMETERS NOMINAL VALUE REFERENCES
1 2 0.984 Ika General Hospital
2 y) 0.016 Ika General Hospital
4 ¢ 0.0337 Ika General Hospital
5 ﬁ 0.394 Ika General Hospital
7 Y 0.0098 Ika General Hospital
8 n 0.110 Ika General Hospital
0.020 Ika General Hospital
0,
10 o 0.030 Ika General Hospital
2
11 o 0.0268 Ika General Hospital
3
13 P 0.0268 Ika General Hospital
14 & 0.0035 Ika General Hospital
15 MU 0.01425 Ika General Hospital
16 S 0.0028 Ika General Hospital
17 0] 0.009 Ika General Hospital
19 a 0.0005 Assumed
1
20 a 0.0004 Assumed
2
21 a 0.0002 Assumed
3
22 a 0.0006 Assumed
4
23 a 0.0001 Assumed
5
24 a 0.0003 Assumed
6
25 é/ 0.0001 Assumed
1
26 é' 0.0001 Assumed
2
27 é/ 0.0001 Assumed
3
28 § 0.0001 Assumed
4
29 g 0.0001 Assumed
5
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(4.1) NUMERICAL VALUE OF THE BASIC REPRODUCTION NUMBER
R :{ sa, + $,05047 N &asn N &sagn } @+ A)u
n+u m+u)(o;+5+u)S+p+u) Wm+po, +u)os+0+u) | (u+y)

After substituting the above numerical values into the expression for the basic reproduction number we have
that

R, =[8.450704855 x107][5.925155925 510 Tcecovss wovvicis wovssces woeeeses coeessns cooeesss e (2.31)

R, =5.007174394x10”"

(4.2) MODEL GRAPHS

Variation of the total population
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© 2000 ?f’*\'(\ *+e . s, T
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Figure: 2.0 Graph showing variation of the total population
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Variation of the Susceptible population
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3500 \
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Figure: 3.0 Graph showing variation of the susceptible population: The population of the susceptible class
reduces because of the control measures.

Variation of the Exposed population
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Figure: 4.0 Graph showing variation of the Exposed population

The Exposed class rises significantly and drop drastically, it is due to the reduction of contacts that exist
between the Exposed and the Infected.
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Variation of Vaccinated population
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Figure: 5.0 Graph showing variation of the vaccinated population.

Vaccinated class
I

The Exposed class rises significantly and drop drastically, the increment was due to the acceptance of the
population of the Susceptible to go for vaccination. The seriousness of the Susceptible to go for vaccination
reduces the class after sometimes.

Variation of the Infected population
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Figure: 6.0 Graph showing variation of the infected population: The population of the infected class reduces
because of the acceptance of the infected to go for treatment.
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Variation of infected but treated class
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Infected but treated class

400 I I
0] 2 4 6 8 10 12

Figure: 7.0 Graph showing variation of the Infected but treated population:

The Infected but treated class rises significantly and drop drastically, the increment was due to the acceptance of
the population of the Infected to go for treatment.

Variation of infected but not treated class
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Figure: 8.0 Graph showing variation of the Infected but not treated population

The population reduces due to the fact that many accepted to go for treatment and as such reduces the
population of the infected but not treated.
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Variation of the Quarantined population
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Figure: 9.0 Graph showing variation of the Quarantined population: The population increases because many
suspected cases were discovered.

Variation of the Isolated population
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Figure: 10 Graph showing variation of the isolated population: The population increases because many
confirmed cases were discovered.
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Variation of the Remowved population
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Figure: 11 Graph showing variation of the Removed population: The population increases because many
recovered due to treatment, those that are successfully vaccinated are removed.

Effects of vacination rate on the Susceptible class
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Figure: 12 Graph showing effects of vaccination rate on the susceptible class: The graph shows that, as the
vaccination rate increases, it reduces the population of the susceptible class.
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Effect of treatment rate on the infected class
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Figure: 13 Graph showing effects of treatment rate on the infected class: The graph shows as the treatment rate

increases, it reduces the population of the infected class.

V. Discussion & Conclusion

In this paper, we developed a deterministic model for the transmission dynamics of Tuberculosis and its control,
a case study of Ika Christian Hospital, Ankpa L.G.A, Kogi State, Nigeria. The model which adopts a standard
incidence formulation incorporates treatment and vaccination as control strategies.

Some of the key findings of the study are as follows:

(1)
)

3)

(4)
()

The Disease Free Equilibrium state of the model is shown to be locally asymptotically stable.

Local stability analysis of the Endemic Equilibrium state of the model was shown to be asymptotically
stable using the trace and determinant method.

The Basic Reproduction Number of the model was less than one (1), which shows that the disease can be
wiped out from the population with the control measures.

Increasing the vaccination rate decreases the population of the Susceptible population

Increasing the treatment rate reduces the population of the infected population

Acknowledgements

The Authors are grateful to the management of Kogi State University, Anyigba and the Tertiary Education Trust
Fund (TetFund) for sponsoring the research. We are equally grateful to the Reviewers and handling Editors for
their constructive comments.

1.
[21.
[3].

[4].
[5]

[6].

References
World Health Organization (WHO), 2015.Tuberculosis fact sheet No 104:. Archived from the original on 23 August 2012.
Retrieved 11 February 2016.
Center for Disease Control (CDC), 2012.Basic TB Facts: Archived from the original on 6 February 2016. Retrieved 11 February
2016.
Diekmann,O, & Heesterbeck, J.A.P.(2000). Mathematical Epidemiology of Infectious Disease. Wiley series in Mathematical and
Computational Biology.
John Wiley & Sons. West Sussex, England,2000.
Konstantinos, A (2010) “Testing for tuberculosis”. Australian prescriber 33 (1):12 — 18 Doi: 10.18773/austprescr.2010.005.
Archived froRm the original on 4™ of August 2010.
Hawn, T.R, Day T.A, Scriba T.J, Hartherill, M,Hanekom W.A, Evans T.G, Churchyard G.J, Kublin J.G Berkker. L.G self, S.G
(2014).”Tuberculosis Vaccines and Prevention of Infection”. Microbiology and Molecular Biology Reviews. 78(4):650-71.
Doi:10.1128/MMBR.00021-14. PMC 4248657. PMID 25428938.

DOI: 10.9790/5728-1506023757 www.iosrjournals.org 56 | Page



Mathematical Modeling of the Transmission Dynamics of Tuberculosis and its Control..

[7]. Harris, B, Randall, E. (2013). Epidemiology of Chronic Disease: Global Perspective. Burlington, M.A. Jones &Bartlett Learning.
P.682. ISBN 978-0-7637-8047-0.

[8]. World Health Organization (WHO) 2008.Implementing the “WHO” stop TB strategy; a handbook for national TB control
programs. Geneva: world health organization. P.179.ISBN .978-92-4-154667-6.

[9]. Nidhi N, Badsheh. H, khandelwal,& Porwal, P.(2014). “A model for the transmission dynamics of tuberculosis with endemic
equilibrium” International Journal of Mathematical Archive 5[5], 2014, 47-54.

[10].  Nthiiri T.K. Et al(2016): Mathematical modeling of typhoid fever disease incorporating perfection against infection. British Journal
of Mathematics & Computer Sciences 14(1): 1-10,2016, Article no: BSMCS.23325

[11].  Ibrahim, M.O, Ejieji, C.N ,Egbetade S.A (2013). “A mathematical model for the epidemiology of tuberculosis with estimate of the
Basic Reproduction Number. Journal of mathematics (I OSR — JM), e — ISSN: 2278-5728: Volume 5, issue 5, PP 46 -52.

[12].  Koriko, O.K & Yusuf, T.T (2008): “Mathematical model to simulate Tuberculosis Disease population dynamics” American Journal
of applied sciences 5(4): 301 -306.

Atokolo. " Mathematical Modeling of the Transmission Dynamics of  Tuberculosis and its
Control. (A case study of lka General Hospital, Ankpa, Kogi State).” I0SR Journal of
Mathematics (IOSR-JM) 15.6 (2019): 37-57.

DOI: 10.9790/5728-1506023757 www.iosrjournals.org 57 | Page



