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Abstract: LinearOperators on invariant spaces and between Banach spaces we define a semi norm vanishing on
the subspace of operators having the alternate signs Banach-Saks property. In particular, the estimates show
that the alternate signsinvariant spaces and Banach-Saks property are inherited from a space of an
interpolation pair (A, A;) tothe real interpolation spaces 4, ,. Finally, examples are given to support our
results.
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I.  Introduction

A linear transformation T : V. — Vand < V . T is invariant under T if TW c W and a bounded linear
operator T : V — Wacting between Banach spaces is said to have the Banach-Saks (BS) property if every
bounded sequence (v,) in Vcontains a subsequence (v ,) such that the Cesaro means of (Tv,) converge in Y. If
we restrict this definition to all weakly null sequences (v,,) in X, we say that T has the weak Banach-Saks (WBS)
property or the Banach-Saks-Rosenthal property. We say that T has the alternate signs Banach-Saks (ABS)
property if every bounded sequence (v,) in Vcontains a subsequence (v,) such that the Ceséro means
of((=1)"Tv,) convergein Y .

A Banach space Vis called to have the BS, WBS or ABS property if the corresponding property is
possessed by the identity operator I : V — V. For a detailed study of these properties we refer the reader to
[11].

A natural question is the behavior ofinvariant spaces andBanach-Saks properties under interpolation.
Beauzamy [11] proved that if (Ag, A7) is an interpolation pair such that A, is continuously embedded inA4; and
the embedding has the ABS property, then the real interpolation spaces A ,with respect to (4y, A;) have the
ABS property forall0 < 8 < 1and1 < p < oo. This in turn served to show that every operator withthe BS
or ABS property factors through a space with the same property (see also [13]). Heinrich [3] proved that if the
embedding 1: AoNA; > Ay + A; has the BS property, then so has Ay ,with respect to (4y,A;) for all
0 <6 <land1l <p < oo (see also [1,12]).We find a measure of deviation from the ABS property with
good interpolation properties.

Our work is motivated by[2 ,9 , 11 ,14], where similar results for a measure of weak noncompactness
were obtained.

I1.  Invariant spaces and Banach-Saks property and spreading models
One of the basic results on invariant spacesBanach-Saks properties is the following one of Rosenthal [8]: if a
Banach space X does not have the WBS property, then there exist a number § > 0 and a bounded double
sequence (v ') in Vsuch that for all k €N, all subsets A c N with [A] = 2*and k < minA,and all

sequences of scalars(c,,) , we have
Z o | =) Z|Cn|.

mmneA neA
Definition 1. Let (v ") be a bounded sequence in a Banach space V. Define

Al > v

mneA

¢vsm(v ;n) = inf ,¢am(v :ln) = inf

]

> v

m,neA
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the infimum for ¢,,,, (v 7" )being taken over all finite subsets A < N and all sequences of

signs(e,,), the infimum for pambeing taken over all finite subsets A < N. If(w ") is a sequence of svsm for
(v nm), in particular, (w ?)is double a subsequence of (v ™)or (w ') is double a sequence of sam for
(vn) 'then ¢vsm(v nm) < ¢vsm(w :ln)

Definition2 T: V —» Vand W < V.Tis invariant under T if TW c W.

Note that g(T)W < W for any polynomial g.

Proposition 3. suppose(v ') be double a bounded sequence in a Banach space X. There exist double a
subsequence(v ') of(v ™) and a seminorm L in the set S of all finite sequences of scalars (real or
complex), with the following property: for everye > Oand every a = (ay,...,a,,) € S there exists v €
Nsuch that, ifv < ny <...<n,, then

m

Zaiv m
nt

If (v ™) has no Cauchy subsequence, thelfolrmula
layv + oo + @ty = L(@), a = (ay,...,ay), '
defines a norm in the space spanned by vectors v ™. Let Ebethe completion of span {v ™}under this norm.
The space Eis called the spreadingmodel of Vbuilt on (v ). The sequence (v ) is called the fundamental
sequence ofE.The norm of Eis invariant under spreading; that islla;v,! + ... + auvalle = laivt + .. +
amuvnm mEfor all

—L(a)| < e

ng <...<Ny.
The next proposition will play a key role in our considerations. Its assertion is related to property (P;) of [11
,15]. In the proof, we follow the main line of the proof of Theorem 1.2 of [11].
Proposition 4. Let (v ;”) be double a bounded sequence in a Banach space X. Then for every € > 0 there
exist a sequence(w ™) of svsm for (v ™)and a sequence(v ™)of sam for(v ™)such that for all finite
subsetsA < N and all sequences of signs(e,,),
Y v

-1
|A] E €W
m,n€A

m,neA

Proof.We prove the assertion for the relation svsm. The proof for the relation sam is almost the same. Fix

=< ¢VSm(W 21)+E: < ¢am(v nm)+6

e > 0. First assume that (v,) contains a Cauchy subsequence (v,™).Letw o= % Ignoring a finite
number of terms of (w ™) ,we see that (w ™ )satisfies the assertion.Now assume that (v ™ )has no Cauchy
subsequence. Let a double subsequence (v,™) of(v Zl)be the fundamental sequence of the spreading model
Ebuilt on (v ;”), givenby Proposition 3. Taking (v,") in the norm ||. ||z ,we put K = ¢, (v,,). Thereexists
u =m YN v, where ny <...<npand €,...,€,is a finite sequenceof signs, such that K < [lull; <
K+ i.Letu M =MLY € V(s TOreveryn € N.Sincell.||z is invariant under spreading,,

K < |lu ||, < K + ¢/4 Clearly,

for all finite subsets A < N and all sequences of signs (¢, ),

|A|‘1Zenu M<K + e/4
neA E
Let k € N.By Proposition 3, we get n,such that if B ¢ N with |B| < 2¥and n, < minB, then for all

sequences of signs (e, ),
-1 -1
‘IBI genv;" |B] E €V
E

neB m,neB
We may assume that n, < n,,, for all k. It follows that for the double sequence (u,'(’”) with u}(’” =up, , all

B c Nwith |B| < 2*and k < minB, and all sequences of signs (e, ),

BT e unm‘

m,neB

Let A c Nbefiniteand Ay = {n € A: n <log, |A|}. Then

K <

< g/4.

K — ¢/4 < < K + ¢/2.

Z e, u|| < 14o] (K + /2) and Z e, um|| = 1A\ 4o| (K — &/4).

m,n€dy mn€eA\Ag
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Of course, we assume that the sum over the empty set is 0.Consequently,

At el =l Y el -t ) e

m,neA m,n€A\Ag m,n€dg
> K — g/4 — 4] 1A (2K + €/4).
There isan my € N such that if [A] > m,, then |4,] |A|"1(2K + &/4) < &/4.Then

K—¢/2 < HlAl_1 Z €n u}j"” < K + ¢/2.

m,n€A
Letw, = mg Zm" Z(n 1ym ,for every n € N. Then for all finite subsetsA < N and all sequences of signs
(€n ),
mo
K + /2 = |||A|™? Z e, w ™| =|||lAI" mgy! Z ZE” u(z_l)mo Ny
mneA mnea i=1
> K £
z K3
Thus

1Al Zmnecan w ™| < Gusm(w ™) + efor all finite subsets A < N and all
sequences of signs (e, ). Of course, (w ') is boublea sequence of svsmfor(v ™).
Definition 5. Let V, Ybe Banach spacesand T € L(V,Y ). Define
Ppps(T) = sup{ysm (Tv ) : (v ) © B(V)} .
Proposition 6. @45sis a seminorm inL(V,Y ). ®455(T) = Oifandonly if T € ABS(V,Y).
Proof.Clearly, @455 (AT) = |A|®yps(T) for all scalars .We show that for all S,T € L(V, V), ®ups (S +T) <
DPyps(S) + Pyps(T). Let e > 0and (v ') < B(V).By Proposition 4, there exists a sequence (v,") of svsm
for (v ') such that for thesequence (Sv,™) of svsm for (Sv )

A1 D eS| < Gum Sy + &

mmneA
for all finite subsets A < N and all sequences of signs (e, ). Alsoby Proposition 4, we get a sequence (v, ™)
of svsm for (v,™), such that for all finite subsets A < N and all sequences of signs (¢, ),

FIRE

m,nea

< P (Tv 7)) + &

Since the relation svsm is transitive,

Posm ((5 + Tv ;n) < ¢vsm((s + T)vrll,m) <

A1 > e sum||+ (141 D e Tom

m,neA m,neAi

< d)vsm (Svr,lm ) + ¢vsm (TU‘;L,m) + 2e < (DABS (S) + cDAE’S(T) + 2e.
By an arbitrary choice of ¢ > Oand (v ') < B(V), we obtain the conclusion.

T has the ABS property if and only if for every bounded sequence (v ;”) in X there exist a subsequence (v, )

of v, and a sequence of signs (¢, ) such that the Cesaro means of (¢, Tv,™ ) converge to 0 in Y . From this T
has the ABS property if and only if for every bounded sequence (v :’f) NV, ¢psm (Tv 1) = 0. By positive
homogeneity of @455 ,T has the ABS property if and only if @45 (T) = 0.

A7 e (5 + Tvi

mneA

I11.  Operators on invariant spaces and Banach-Saks property and L, (X) spaces
Let X be a Banach space,1 < p < ocoand let (e;) be the unit vector basis of [,. We denote by [, (V) the
Banach space of all sequences
= (v(i))such that v(i) € Vforeveryi € Nand

Z”U(l)nve

v, @y = < ©.
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In the sequel, we also deal with L, (V) of the families (v(i));ez indexed by integers. Partington [6] proved that
[,(V),1 < p < oo, has the BS property if and only if so has V(in fact, a more general setting of direct sums
was used). We use similar arguments as in the proof of Theorem 3 of [6] to show the next lemma.

Lemma7. Suppose V be a Banach space and (v ) a boundeddobule sequence in [, (X),1 < p < oo. Then for
every ¢ > 0 there exist m € N and double a sequence (w ) of sam for (v ') such that for all finite subsets

A < N and all sequences of signs(e, ),
A1 D ew O

[oe]
e; < €.
mneA

2.

i=m+1

%4

Proof.For v 7' = (v () € L,(Nput t 7 =3Z|lv "Dl e € L,. Since L,has the BS property, by
ErdOs-Magidor’s theorem in [2], there exists a subsequence (t ;lm) of (¢ ) such that the Cesaro means of all
subsequences of (t ;lm) converge to the same limit ¢in [,. Then ¢, (s ' —t) = 0 for every sequence (s ')
of sam for (t nm) By Proposition 4, there exists a sequence(s ') of sam for (t n’”) such that for everyfinite
subset A € N,

[oe]

Y-t

i=1

< g/2.

lP
There exist k, € N and a sequence(4,,) of finite subsets of N with maxA4,, < min4, + 1and |4, | = k, for
all nsuch that

s = kot ZkeAn t, - Let (w ') be thecorresponding sequence of sam for (v ™). That is, first we take the
subsequence (v ™)of (v ™) such that

t ™ =32 v ;lm(i)||Vei, and then we putw, = ky' %, ., v .

Lett = )2, a;e;and letm € NsatisfyIIZ‘f;mHaieill,p < &/2.Then for every finite subset A c N,

[oe]

DY et Y ol —w el <2

i=m+1 neaA kmeA, !
14
It follows that
(o]
DY Gt Y e rol, e <.
i=m+1 neA kmeA,

lp
By hyperorthogonality of the basis (e;), for all sequences of signs (e, ),

Al ew T

mmneA

i=m+1

ell < e

4 l

Theorem 8. PutV, Y be Banach spacesand 1 < p < oo. If ’

T € LV,Y)andifT € L(1,(V),1,(Y))is given by Tv = (Tv(i))for everyv = (v(i)), then Pyps(T) =
®yps (D). -

Proof.Since 1,(V) contains isometric copies of V,®,ps(T) < Pyps(T). Fix € > 0. There exists (v, ) ¢
B(l,(V)) such that

Dups(T) — € < Bpe (T, ). By Lemma 7, there exist m € N and a sequence (v 'n’”) of samfor (v ™) such
that for the sequence (T'v,)of sam for (Tv, ), and for all finite subsets A c N and all sequences of signs (e, ),

A1 e Ty (D)

mneA

ell < e

i=m+1 v

There exists a subsequence (v '™) of (v ™) such that for each 1<i< mthelimit B =
" - " - _1 "
limy, v ™ (i)”VEXIStS and ||v nm(i)||V < B +%for every n. Puttingv, (i) = (ﬁi +%) Tv ™), we

have (v Zl(i)) c T(B(V)) forevery 1 < i < m.By Proposition 4, there exists a sequence (v"!) of svsm for

" e\-1
(v,™) such thatfor the sequence (v1(1)) of svsm for (v ;"(1)), where vl (i) = (,Bi +Z) Tv(i),1 <
i < m,we have
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Al > e wrt )

m,n€A

< Quem V(D)) + €
Y
for all finite subsets A < N and all sequences of signs (e, ).

Proceeding in this way consecutively for i = 2,...,m, in the kth step, we obtain a sequence (v*) of svsm for
(vk=1) such that for the sequence (v (k)) of svsm for (v~ (k)), where vk (i) = (B; + e/m)" Tvr (i), 1 <
i < m,we have

A1) e || < Buon (WG +

nea Y
for all finite subsets A < N and all sequences of signs (e, ). In this way, all sequences (v (i)),1 < i < m,
are built on the common sequence (v;*) of svsm for (v, ), and for all finite subsets A ¢ N and all sequences of

signs (e, ),
A1 e v @)

nea

< QpmUr()N+e,1 <i <m.

Y

It follows that

ell + ¢

A1 e T (@)

nea

®U5m (Tvn) S Q)vsm (Tv:ln) S
2

m
i=1

m

Zlﬁi + g/mle;
i=1 lp

<(1 + sml/p'l)lrgzgin{@,,sm WMD)+ e} + e
Thereexists 1 < j < msuch that @, (v (j)) :_1@2’,%@%"! (W™ (D).
Since(v (j)) is a sequence of svsm for (vn (j)) we have (v (j)) c T(B(V)) andconsequently,
Pups(T) — 26 < (1 + em!/P71)(Dyp5(T) + €).
Letting e > 0, we get @45 (T) < Pps(T).
Corollary 9. The spacel,,(V),1 < p < oo,has the ABS property if and only if V has the ABS property.

Y

ell + ¢

Bt e/mAIT Y e, v ()

nea

L]

FIRDIRIO

nea

p

max
1<i<m

+ &
Y

IV. Invariant spaces and Banach-Saks property and real interpolation
We recall briefly some basic definitions and facts concerning real interpolation. For a thorough treatment we
refer to [4,5,10].
If two Banach spaces A, and A; are linearly and continuously embedded in a common Hausdorff topological

vector space V, we call A= (4y, A1) an interpolationpair. Then A(AT) =4y N Al,Z(ﬁ) = Ap+ A, are
Banach spaces with norms

lallpz, = max{liallay, llalla, 3 lall sy = inf{llagllay + llarlla, = @0 +a; = ab.
We consider a discrete method of construction of the real interpolation spaces of Lions and Peetre [3]. For
0<f<landl < p < oo, let

Aoy ={a € 2(4): llally,, < o},
where
lalls,, = infmax]| 2 ag@)|, 0 1@ CDas @, (.,

the infimum being taken over all families (aq(i)) < Apand (a;(i)) © A; with ay(i) + a,(i) = afor all
[ €Z.Then A(A) € Ay, © Z(A) with continuous embeddings. The Banach space A4, ,with norm ||. ”Agp

is called a real interpolation space with respectto A = (4, 41). If
a € Ay, then

lallay, < 20222 a0@)], 1@ Car @, .,
for all families (ay(i)) < Aq and (al(i)) c Aywithay(i) + a1 (i) = aforalli € Z (see[1,5,7]).
Let Ag ,and By, be two interpolation spaces with respect to the interpolation pairs A= (Ao, A7) and
B = (B, B,), and let
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T : X(A) — X(B)be alinear operator. We write T : 4 — B, if for
j = 0, 1the restriction T|A;is a bounded operator into B; .
Forevery T : A - B,
IT+ Agp = Bopll < 2°C=DNT : Ay > Boll'IIT : 4 > Byl
we show that this classical inequality concerning boundedness has its counterpart for the ABS property.
Lemma 10 Let W be an invariant subspace of VV under T.Then mTW divides mT.

]I-‘A_(O D),theuA ‘(o Dk)'

Example 11 LetW = W,,....., Wy be the space generated by all eigenvectors of T. Then W is invariant
under T. Let B' = {a,, ...., a, } be the basis for W and extend it to a basis B for V. Then

[T]s = (g g)

and

B =[Tw|p = diag(ci,---,€1,02, - ,€2, o, Chy- -, Ck)-

Corollary 12.@ pggisaseminorm inL(X,Y ). ®ps (T) = O ifandonly if T € ABS(X,Y).

Proof. Clearly, ®,55 (AT) = |A|P,ps (T) for all scalars A.We show that for all S, T € L(X,Y ), ®pps (S + T) <
Dpps (S) + Dpps (T). Lete > 0and (v, +w,) C B(V) By Proposition 4, there exists a sequence (v, + w,,) of
svsm for (v, +w,) such that for thesequence (S(v, + wy,)) of svsm for (S(v, + w,)),

‘mrlZenS(v; F )| < Guom S + W) + €
nea
for all finite subsetsA < N and all sequences of signs (¢, ). Again applying Proposition 4, we get a sequence

(v, +w',) of svsm for (v',, + w',,), such that for all finite subsets A c N and all sequences of signs (e, ),

AT € T + W[ S buon (T + W) + &
neA
Since the relation svsm is transitive,

Bosm (S + TVWr + W) € Pyem (S + TI(W, +w,)) <

A1) 6 (5 + D@, +w'),

nea
A1) e S +w)|| +{[1417 ) e Ty +w)
nea S " nea
S Guem SWR + W)+ Guem T (W +wy) + 28 < yps(S) + Ppps(T) + 2e.

By an arbitrary choice of ¢ > 0 and (v, + w,) < B(V), we obtain the conclusion.
Corollary 13. Let Ay ,and By, with 0 < 6 <lande >0 be real interpolation spaces with respect to
interpolation pairs
A= (Ay,A)andB = (B,,B;) ThenforeveryT: A - B,

®yps (T : Agp = By p) < 200D DIE(T 2 Ay > By) @5 (T : Ay - By)
ProofFix & > 0. Let (a,) be a sequence in B(Ay,).For each a,there exist v, = (2"¢a;, (1))iez €
B(1,(4)),j = 0,1,such that ag, (i) + a1,(i) = a,foralli € Z.Setw;,, = (2'CDTay, (i));ez for
j = 0,1and everyn € N. As in the proof of subadditivity of @455, by Proposition 4, passing to a sequence of
svsm built on a common sequence of svsm for (a, ), we may assume that for all finite subsets
A < Nand all sequences of signs (€,,),

H|A|-126nvv,n

nea

S ®U5m (‘/V]Tl) + S'j = 0’ 1
~ lp (B] ) ~ ~
LetT; : [,(4) — L,(B;),j = 0,1, be defined as the operator T in Theorem 8. Then w;, = Ty, . It follows

that
|A|~! Z e, Ta,

neA

stm (Tan) S

Bg'p
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1-60 6

< 2001-6)

|A|_1 Z €xWon |A|_1 Z EnWin

nea nea

1p(Bo) Iy, (B1)
< 29(1_8)(®vsm (WOn) + 8)1_9 (stm (WOn) + E)e
< 20070 (5 (Tp) + 8)1_9(¢A35(T1) + 8)9-
Since [, (V) with families indexed by integers is isometricallyisomorphic to L, (V') with sequences indexed by
N, and pvsmis invariant under linear isometries, by Theorem 8, @55 (T;) = @ps(T = A; = b;),j =0, 1.
By an arbitrary choice of eand
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