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. Introduction
Many phenomena in real life are described in terms of differential equations. Most of these equations
are difficult to solve using analytic techniques, hence, numerical approximations are obtained. Some of the
numerical methods for solving ordinary differential equations are the Linear Multistep Methods (LMMs). They
are not self-starting, hence requires single-step methods like the Runge-Kutta family of methods for starting
values.

Linear multistep methods are generally defined as
k

K
Z“jynﬂ' = hzlgjfnﬂ' @))
j=0

j=0
whereq; and g; are uniquely determined and a + B # 0, a;, = 1[1].

Discrete schemes are generated from Equation (1) and applied to solve first order Ordinary Differential
Equations (ODEs). Continuous collocation and interpolation technique is applied in the development of LMMs

of the form
k k

Y = Y @iy +h Y oy @
j=0 j=0
whereq; and p; are expressed as continuous functions of x and are differentiable at least once [2]. Continuous
collocation and interpolation technique can also be applied in the derivation of block and hybrid methods. Other
techniques for derivation of LMMs include interpolation, numerical integration and Taylor series expansion.
Several researchers have applied different techniques to derive LMMs: [3] derived continuous solvers
of IVPs using Chebyshev polynomial in a multistep collocation technique; [4] proposed a two-step continuous
multistep method of hybrid type for the direct integration of second order ODEs in a multistep collocation
technique; [5] developed a new class of continuous implicit hybrid one-step methods for the solution of second
order ODEs using the interpolation and collocation techniques of the power series approximate solution; [6]
developed a four step continuous block hybrid method with four non-step points for the direct solution of first-
order IVPs; [7] derived a three-step hybrid LMM for solving first order Initial VValue Problems (I\VVPs) of ODEs
based on collocation and interpolation technique; [8] adopted the method of collocation of the differential
system and interpolation of the approximate solution at grid and off grid points to yield a continuous LMM with
constant stepsize; [9] adopted the method of collocation and interpolation of power series approximate solution
to generate a continuous LMM; [10] derived continuous LMMs for solving first order ODEs by interpolation
and collocation technique using Hermite polynomials as basis functions; [11] proposed a family of single-step,
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fifth and fourth order continuous hybrid linear multistep methods for solving first order ODEs derived via
interpolation and collocation procedure; [12] presented extrapolation-based implicit-explicit second derivative
linear multistep methods for solving stiff ODEs.The interpolation and collocation approach was also adopted by
[13] to derive a hybrid LMM with multiple hybrid predictors for solving stiff IVPs of ODEs; [14] derived
continuous linear multistep methods for solving Volterraintegro-differential equations of second order by
interpolation and collocation technique using the shifted Legendre polynomial as basis function with
Trapezoidal quadrature and [15] derived a family of hybrid linear multi-step methods type for solution of third
order ODEs. In this paper, continuous implicit LMMs for the solution of IVPs of first order ODEs are
developedvia collocation and interpolation approach using the Laguerre polynomials as basis functions. The
corresponding discrete schemes areevaluated.

Il. Methods
Many researchers have proposed LMMs in form of different polynomial functions. [16, 17] proposed
continuous LMM in form of a powers series polynomial function of the form
k

Y@ =) @, ®)

j=0
[18]developed continuous LMMs using Chebyshev polynomial function of the form:
M

@ =) a7 (270,

j=0

whereT; (x) are some Chebyshev function.

[2]proposed a polynomial function similar to the one in Equation (3) but presented as
k

Yy =) g -x). @
=0
[10]developed continuous LMMs using the Probabilists’ Hermite polynomials of the form
k

y() = > @ - x)
j=0
whereH; (x) are probabilists’ Hermite polynomials.
Several other polynomial functions have been used for the derivation of linear multistep methods, however, in
this paper, we will develop continuous LMMs and obtain their corresponding discrete forms using the Laguerre

polynomials of the form:
k

y() = Y ol (x = x)
j=0
whereL; (x) are Laguerre polynomials generated by the formula [19]:
L()_ex d”(_x n)_l(d 1)” .
= e ¢ T\ x

and satisfy the recursive relations
(4 DLy (x) = @2n+1-x)L, (x) —nly,_1 (x)
and
xL n(x) = Tan(X) - nLn—l(x)
for the solution of first-order I\VVPs of ODEs of the form:
y =fxy(®),  yxo) =y )
The first seven Laguerre polynomials generated from the recursive relation are:

1 1
Ly=1 Li=-x+1, Ly,==@?>—-4x+2), L;=—(—x3+9x?—-18x+6),
2 6

1
Ly = — (x* — 16x3 + 72x? — 96x + 24),

T 24
1
Ls = 30 (—x5 + 25x* — 200x3 + 600x% — 600x + 120),
1
Lg = =5 (x® — 36x° 4+ 450x* — 2400x3 + 5400x% — 4320x + 720).

DOI: 10.9790/5728-1506045164 www.iosrjournals.org 52 | Page



Continuous Implicit Linear Multistep Methods for the Solution of Initial Value Problems of First-

Derivation of the Linear Multistep Methods
We wish to approximate the exact solution y(x) to the IVP in Equation (5) by a polynomial of degree n of the
form:

n

y(x)=Zaij(x—xk), X S X = Xpeyp (6)

j=0
which satisfies the equations

y, (x) = f(X,y(X)), Xy <x< xk+p
™)
y(x) = Y-

Derivation of Three-Step Adams-Moulton Method
To derive the three-step Adams-Moulton method, we let n = 4 in Equation (6) and differentiate the obtained
function once. This gives:

1
y(x) =ag+a;[-(x —x,) + 1] + a, [E(x —x.)% —2(x —x,) + 1]
1 9
+a; [—g(x —x)3 +g(x — %)%= 3(x —x) + 1]
1 16
+a, [ﬁ (=100 = 57 (v = 1)% +30r = 1) = 4Gc = x) + 1], (8)
, 1
Y00 = —ay + @llx — ) = 2] + a3 |~ 5 (¢ = x)? + 36— %) - 3]

+ay [%(x—xk)3 = 2(x — x)* + 6(x — x;) —4]- ©)

Interpolating Equation (8) at x = x;,,, and collocating Equation (9) at x = x;,, Xj41, Xk42, Xk43 Qive rise to
a system of equations which is written in matrix form as follows:

4 2., 16 a
3 2 Sp4_ 3 0 Yi+2
1 (=2h+1) (RZ—4h+1) (‘gh +6h> <3h 3 h )

—6h+1 +12h* —8h + 1
0 —h —2h —3h —4h a hf,
1 14 3
0 —h (W2 =2m) (=5 +3h% - 3h) (gh ~ 2h ) @ | _ | Min
+6h? — 4h
2 3 2 éh4 - 8h3
0 —h (2h* —2h)  (—2h3 + 6h? — 3h) 3 as hfisz
+12h? — 4h
9 2 pt — 184
0 —h (3h? — 2h) (——h3 +9h% — 3h) 2
2 +18h? — 4h @l i

Solving the system of equations by Gaussian elimination, we have that:
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1 1
ag = Yi42 T F(fk+3 = 3fiv2 + 3fiv1 — fi) — ﬁ(fk+3 = 4fit2 + 5fkt1 — 2fi)
1 h
+a(2fk+3 = Ytz + 18f 41 — 11f3) — §(fk+2 +4fi1 + i)+ fi
4 3
a = —F(fk+3 = 3fks2 + 3fkra — fi) + ﬁ(fk+3 = 4fis2 + 5fkt1 — 2fi)

1
—ﬁ(szw = sz + 18fip1 — 11f) — £,

r (10)
6 3
a; = F(fk+3 = 3fk+2 + 3fxr1 — fi) — F(fk+3 = 4Afiv2 + 5fks1 — 2f1)
1
+a(2fk+3 = Yfkv2 + 18fi 1 — 11f3)
4 1
az = —ﬁ(fms = 3fk+2 + 3fxr1n — fi) + ﬁ(fk+3 = 4Afis2 + 5fks1 — 2f1)
1
a, = ﬁ(fk+3 = 3fk+2 + 3fxs1 — fi) J

Substituting for a;, j =0,1,2,3,4 in Equation (8) and collecting like terms yields the continuous method

Y(x) = Y2 + ﬁ(fk+3 = 3fix2 + 3fir1 — fi) (x — x)*
g Giers = Hfera + 5fens = 2 = 10+ T G = s + 18fira — 11f)(x — 2,7
G = %) = 2 Gz + 4ot + o). an
Evaluating Equation (11) at x = x;,,3, we obtain the discrete scheme:
Vie+3 = Y42 T 2—};(9fk+3 + 19fi42 = Sficw1 + fi)- (12)

Derivation of Three-Step Optimal Order Method

To derive the three-step optimal order method, we shall consider Equation (8) and Equation (9).

Interpolating Equation (8) at x = x;,,4 and collocating Equation (9) at x = x;,, Xj41, Xk42, Xk43 Qive rise to
the system of equations which is written in matrix form as follows:

1 9 1 16
1 3 2 o4 _ 273 Qo Vi+1
1 (—h+1) (§h2—2h+1> (‘gh +gh> <Z4h Sl )
—-3h+1 +3h%> —4h +1
0 —h —2h —3h —4h a hf,
1 Eh”‘ —2h3 a hf,
0 —h (h? = 2h) (—Eh3 4302 — 3h) 5 2 | _| Min
+6h? — 4h
2 3 2 3h4 —8h?
0 —h (2h% — 2h) (—2h3 + 6h% — 3h) 3 as Rfiin
+12h2 — 4h
9 gh“ — 18h3
0 —h (3h? — 2h) (——h3 + 9h? — Bh) 2
2 +18h2 — 4h Ay hfis3
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Solving the system of equations give the same result as Equation (10) above except for a, which is given as
1 1
Ap = Yr41 t F(fk+3 = 3fkr2 + 3ferr — fi) — _z(fk+3 —4fi12 + Sfieer — 2fi)

1
+@(2fk+3 +z + 18fr 41 — 11f3) to7 ( fievs + 5fki2 = 19fii1 — i) + fi
Substituting for aj, j=0,1,2,3,4 in Equation (8) ylelds the continuous three-step optimal order method:

120h4 (feta = 4fiss + 6fiia — 4fin + fi) (x — x)°
48h3 (—3fi+s + 14fip3 — 24fiqz + 18fjy — 5fi) (x — x,)*
1
_W(_llfk+4 + 5643 — 114fi 15 + 104fi 1y — 35f) (x — x)3

+m(—3fk+4 + 1613 — 36fis2 + 48fi 1 — 25£)(x — )% + fi. (x — x3.)

y(x) =Yk+2 Y 507

h
+50 (fiva — 4fiz = 24fi12 — 124fi 11 — 29f). (13)
Evaluating Equation (13) at x = x;,,3, we obtain the discrete scheme:
h
Vi+3 = Vi1 + §(fk+3 + 4fi12 + firr)- (14)

Derivation of Four-Step Adams-Moulton Method
To derive the four-step Adams-Moulton method, we let n =5 in Equation (6) and differentiate the obtained
function once. This gives:

1
y(x) =ag+a;[-(x —x,) + 1] + a, E(x —x.)%—2(x —x,) + 1]

1 5,9 2
+a3[_g(x_xk) Tl _3(x_x")+1]

1 4 16 3 )
+a4[—24(x—xk) ——(x—xk) + 3(x — x) —4(x—xk)+1]
+ [ 54+ 25 4_ 200 345 Z_5 +1f, 15
a5 [~ 5 (e = 1" o (e = 1) = 220 (= 3 4 5 — )% — 5x — x) (15)

Y () =~y + agllx —x) ~ 21 a3 [ -5 (e — 1) + 30~ %) 3]
+ay [% (x—x)3 = 2(x —x)2 +6(x—x;) — 4]

+a5 [ 24 x - xk)4+2_(x - Xk)3 - S(x - xk)2 + 10(X - xk) — ] (16)

Interpolating Equation (15) at x = x;,3 and collocating Equation (16) at x = xp, Xk4+1, Xk+2, Xk+3, Xkta
give rise to a system of equations which is written in matrix form as follows:

DOI: 10.9790/5728-1506045164 www.iosrjournals.org 55 | Page



Continuous Implicit Linear Multistep Methods for the Solution of Initial Value Problems of First-

9 , 9 ., 27, Eh‘*—18h3 —§h5+£5h4
—6h+1 oh+1 +27h? —45h3 + 45h?
—12h+1 —15h+1 Qo Vic+3
0 —h —2h -3h —4h —5h
h
. . 1 - 25 o a fe
__1n3 “nd _ 3 — oA an
+3h? = 3h +6h? — 4h N 10_h2 o a hfie+1
2 20
4 ——h®+—n* =
_ 2 _ —2h3 —h*—8hn3 3 3
0 h (2h* = 2h) (+6h2 _ 3h) (.512]12 Can —20h3 as hfis2
+20h? — 5h
27 45
9 9 _ _h5 + _h4
—_Zp3 Zp_ 3
0 ~h  (BR-2h) ( 2" > (zh 18h> < 8 e ) ay | | Pfiss
2 _ 2 _ R
+9h* —3h +18h* — 4h +30h? — S
32 160
32 i - SRy X
0 -h  @m-any (8N ) (Fhoe IR
+12h* — 3h 1oan? — 4h —80h3
+40h% — 5h
Solving the system of equations by Gaussian elimination, we have that:
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1 ( fera — 4fis3 ) 1 ( =3fisa + 14fi43 ) )

aAn = +— R
0= Yk43 T g +6fi42 — 4fis1 + fi/  2R3\=24f 47 + 18fiy1 — 5fi

1 <—11fk+4 + 56fi43 — 114‘fk+2> i( —3fi+a T 16fiy3 )
12h? +104f; 1 — 35f; 12h \=36f 42 + 48f 11 — 25/

h [3fiia — 42fii3 — 7212
+%[ —102f,41 — 27f; ] i

5 < fr+a = 4fiss ) 1 ( —3fira + 14fi 13 )

a; =—— -3
! h*\+6fiy2 — 4fi1 + fi/ 2R3 \—24fi 2 + 18fi 41 — 5k

1 (_11fk+4 + 56fi43 — 114fk+2) 1 ( —3fk+a + 16fi 43 ) —f

4h? +104fj41 — 35f; 6h \~36fi 12 + 48fis1 — 25f;
@ = E( fiva = 4fiss ) + i( —3fi+a T 14fi43 ) 17)
2T R \$6fisr —Afisr + i) T R3\=24fiin + 18fi 1 — 5fi

1 (_11fk+4 + 56fi43 — 114fk+2) 1 ( —3fi+a T 16fi43 )

~ 4h? +104f 1 — 35f; 120 \=36fi 42 + 48fi 41 — 25f;
o = _E( fr+a = 4fk43 )_i( —3fi+a + 14fi43 )
3 h¥ \+6fi42 — 4fis1 + fi/  h3\=24fi 1o + 18f; 1 — 5/
1 (_11fk+4 + 56fi43 — 114fk+2)
12h? +104f; 1 — 35/
S ( fera = 4fiexs ) 1 ( —3fia + 14fiys )
YTt \+6fir2 — 4firr + fi) 203 \=24fi 15 + 18fi1 — 5fi

1
as = _F(fk+4 — 4fx+3 + 6fiz — 4fiv1 + 1)
Substituting for a;, j =0,1,2,3,4,5 in Equation (15) yields the continuous method

1
W(fk+4 —4fi i3+ 6fiin — Afi + i) (x — x)°

1
+W(_?’fk+4 + 14f 13 — 24fi 42 + 18fip1 — 5fi) (x — x;)*

(—11fira + 56fi43 — 114fiyp + 104fi 41 — 35£) (x — x;.)3

y(X) = ypq3 +

B 7212
+m(_3fk+4 + 16fit3 — 36fisz + 48fi1 — 25£) (x — %)% + fie(x — x3)
h
_%(?’fk+4 —42fr13 = 72fi42 = 102f 0 = 27f3). (18)
Evaluating Equation (18) at x = x4, We obtain the discrete scheme:
h
Vi+a = Vi3 T ﬁ(251fk+4 + 64613 — 264fi 42 + 106f; 11 — 19f;). (19)

Derivation of Four-Step Optimal Order Method

To derive the four-step optimal order method, we shall consider Equation (15) and Equation (16).

Interpolating Equation (15) at x = x;,, and collocating Equation (16) at x = Xy, Xp11, Xk42 Xk43r Xkta
give rise to the system of equations which is written in matrix form as follows:

DOI: 10.9790/5728-1506045164 www.iosrjournals.org 57 | Page



Continuous Implicit Linear Multistep Methods for the Solution of Initial Value Problems of First-

4 . 10 ,
4 2, 16 -tk
2h? — 4h —_h 2 Y S X
1 (=2h+ 1) ( +1 ) ( 3h +6h> ( 3 3 ) 40h3+20h2
—6h +1 +12h*> —8h + 1 T3
—10h + 1
Ao
0 —h —2h —3h —4h —5h
_ihS a
3 2 — —
0 —h (hZ_Zh) <_§h +3h> <6h 2h ) +%h4
_ 2 _
3h +6h? — 4h e a,
+10h? — 5h
2 20
4 __hS _h4
_ 9213 2 I 3
0 " 2 - 21) ( 2h +6h) S h*—8h 3 3 as
—3h +12h% — 4h —20h
+20h? — 5h
27 45
9 9 ——h®+—ht
3 2 ~_h4 _ 3 a
0 _n (3h2 — 2h) <—§h + 9h ) <2h 18h > 8 45h32 4
— 2 _ -
3h +18h? — 4h +30H% — Sh
_ghs a5
—8h% + 12n gh“ — 32h3 120
0 —h (4n? —2n) ( . N e
_ -
+24h? — 4h YT
+40h? — 5h

Vi+2

hfi

hfie+1

hfic+a

hfic+s

hfic+a

Solving the system of equations give the same result as in Equation (17) above except for a, which is given as

=y +l< frva = 4fis ) +L< —3fi+a + 14fiys )

07 T2 T pA\+6firn — 4fiar + fi) T 2R3 \=24fiyp + 18fi 1 — 5fi
1 <_11fk+4 +56f13 — 114fk+2> + i( —3fi+a + 16fi43 )
12h? +104fi+1 — 35f 12h \=36fi 42 + 48fi1 — 25/
D [fiva — Afiys — 24fk+2] +F
90 L —124f, 11 — 29 ,

Substituting for @;, j = 0,1,2,3,4,5 in Equation (15) yields the continuous five-step optimal order method:

1
y(X) = Ypi2 + W(fk+4 —4fiy3 + 6fiin — i + i) (x — x)°
+W(_3fk+4 + 14fi i3 — 24fi 42 + 18fiq — 5fi) (x — x;)*
1

_W(_llfk+4 + 5613 — 114fiyp + 104fi 1 — 35£) (x — x;,)3

1
+m(—3fk+4 + 16fi43 — 36fi42 + 48fi1 — 25£) (x — %) + fi (x — x3.)

h
+%(fk+4 — 4fir3 = 24fi2 — 124fi 11 — 29f). (20)
Evaluating Equation (20) at x = x; 44, we obtain the discrete scheme:
h
Vi+a = Yiv2 t %(29fk+4 +124f 13 + 24fih2 + 4kt — fi)- (21)
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Derivation ofFive-Step Adams-Moulton Method

To derive the five-step Adams-Moulton method, we let n = 6 in Equation (6) and differentiate the obtained

function once. This gives:

1
y(x) =ag+a[-(x —x) +1] + a, [E (x—x)? = 2(x —x) + 1]

1 5,9 2
+az [—g(x—xk) +E(X—xk) —3(x—xk)+1]

1 16
+a, [ﬁ x - xk)4——(x =% + 30 —x)? —4(x —x) + 1]
vas [~ 35 SR O )+1]
G| 7120 T T T 120x T T T
6_ 1 5 s 10 3,10 2
+¢16[720(x—xk) _%(x—xk) +§(X—xk) —?(X—xk) +7(X—xk) —6(x—xk)+1], (22)

, 1
Y00 = —ay + @l — ) = 2] + a3 |~ 5 (¢ = x)? + 30— %) - 3]
+ay E (x—x)% = 2(x — )% + 6(x — xz) —4]
[ (x—x)4+2—5(x—x)3—5(x—x)2+10(x—x)—5]
24 k k k k

+a6

+a5

[FO (x —x,)° — Z(x - xk)4+§(x —x)% —10(x — x,)% + 15(x —

xk)—6].

(23)

Interpolating Equation (22) at x = x; ., and collocating Equation (23) at x = x;, Xk41, Xk42, Xk+3r Xktar
X,4+5 Qive rise to the system of equations which is written in matrix form as follows:

/ 32 e \ 128 . 160 \ [ 2604 256,
: 32,5 u S8 TEETEN) on
L (4t D) (8h+_18h) (_?h +24h> | _Th3 | ——h3+80h2 | 64J160h
—12h+1 anp? \ 3 / ——3-h + 12082
—20h+1
—16h+1 —24h +1
0 —h —2h —3h —4h ~5h —6h
ay Vi+4
P 6__ 5
13 2 1 3 —ih5 +§h4 120h5 "
0 -h  (®-2R) (‘Eh +3h> (Eh — ) 2 +oht a hf,
— 2 _ -
3h +6h" — 4h +10K2 — 5k —10A° + 15k
—6h
2 20 46 5 a; hfin
4 25 20, Teh —4h
_ 3 2 — —
0 -h @ -zm) Zh_;;fh ( zh" —8h ) 3 20h33 +20R*
2 _ - — 3 2
+12h% — 4h +20K? — 5h 40h_6+h30h _
as hfiva
81 81
_h6 __h5
45 40 4
9 9, 3 ——h%+—ht a hf,
0 —h (3}12 —2h) <_Eh3 + 9h2> (Eh —18h > fShS 320hz +£5h4 4 k+3
—3h +18h? — 4h et Z o
—5h —90R3 + 45k
—6h
32 as hfi+a
_2%ps 128
32 3" 5 h° - 64h°
— 3 2 T4 3
S 8h_-§h12h ) <3 h* — 32h ) @m 160t a)  \hfi.s
+24h? — 4h 80h3 —160h3 + 60h?
+40h? — 5h —6h
625, 625 , 625,
25 125 , s /24 4 \|
0 —h (5h?—2h) (‘7’13 + 15’12) (Th — 50k ) ' ﬁ,ﬁ +_h4
—3h z_
+30R" — 4h P SOhZ) \ 250" + 75h2)
- - - - - - _Sh _6h
Solving the system of equations by Gaussian elimination, we have that:
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s = (fk+5 —S5fkta t 1Ofk+3) (ka+5 —11fpq + 24fk+3) L( 7fr+s = 41fr+a + 9843
TR\ =10fiu + 5firr — fi ) RA\=26fiy2 + 14fip1 = 3fi) 43

1 (10fk+5 —61fi 14 +156fi43 ) 1 ( 12f 45 — 75fk+a + 200f; 43 )

" 12h2\=214fi i, + 154fi 1 — 45fi) ' 60R —300fk+2 +300f,+1 — 137f;
1
450359962737050fk+5 + 45 f"*‘*
—h 64 + fk

+45fk+3 + 15fk+2 + 45fk+1 + 45fk
0 = _i(fk+5 —5fkta t 10fk+3) + _(ka+5 —11fia + 24fk+3) ( 7fie+s — 41fira +98fi 43 )
! RS\ =10fi 42 + S5fk41 — fi —26fi12 + 14fir1 — 3fi ) B3\=118fiyp + 71fi 1 — 17f;

+_( 10fi+5 — 61fi4a + 156343 ) _ L( 12fi45 = 75fic4a + 200f3 43 ) —F
4h? \~214fc 4 + 154fiy1 — 45fi)  30h\~300fi 42 +300fi 11 — 137f,) 7%

@ = E(fk+5 —Sfkta t+ 10fk+3> _E(qus —11fi1a + 24fk+3) i( 7fie+s = 41fira +98fi43 )
2T RS\ ~10fis2 +5firr — fi)  h*\=26fiy2 + 14fis1 = 3fi) " 213 \~118f iz + T1fip1 — 17f;
__( 10fi4+5 — 61fi4a + 156313 ) i( 12fi+5 = 75fic4a + 200f3 43 )
4h?\—214f 12 + 154fi 41 — 45fk) 60~ \—=300f, 42 + 300f; 11 — 137f;

g = 20 (fk+5 = S5fira 10fk+3) + E(mes — 1firs + 24fk+3> ( 7firs = A1fira + 98fiys )
37 RS\ =10fiz + 51 — fi —26fis2 + 14fir1 = 3fi ) R3\=118fip + 71fiss — 17fi
+ 1 (10fk+5 —61fi14 +156f;43 )

1202 \~214fi 1, + 15441 — 45f,
o= 1_5(fk+5 —5fi4a t+ 10fk+3) _ i(zfus —11fp4a + 24’fk+3> L( 7fiers — 41fkra + 98f13 )
* TR\ ~10fis2 +5fisr — fi /! h*\=26fiz + 14fir1 —3fi) T 4R3\~118fi iy + T1fiyy — 17f;

o = __(fk+5 —5fj4a t+ 10fk+3) + l(sz+s —11fiyq + 24’fk+3)
> h>\=10fr12 + 5fis1 — fi —26f12 + 14fi41 — 3fx

1
as = F(flws = 5fic+a + 10fic43 = 10fis2 + Sfics1 = fio)
Substituting for a;, j =0,1,2,3,4,5,6 in Equation (22) yields the continuous method

1
V(X) = Yrya + TOhS(kars = 5fira + 10f 13— 10fisz + 5fisr — fi) (x — x;.)°
120h4( fivs — W figs + 24fip3 — 26fisn + 14fipr — 3fi) (x — x3)°
(7fic+s — A1figa + 98fiqs — 118fiip + 71fipr — 17£i) (x — x)*

(10fieqs — 61fiss + 156f 13 — 214fi sy + 154fi g — 45fi ) (x — x)3

* 96h3

h 72h2

———(12fi45 — 75ficqa + 200fi 13 — 300f; 15 +300fi 1 — 137fi) (x — %) + fi (x — x;)
_h 1 + 14 N 64 + 8 4 6 4 14 ]
450359962737050 /5 T a5 firt T g5 firs ¥ g5 i Fgpfin * g5 |-
Evaluating Equation (25) at x = x; 5, we obtain the discrete scheme:

120h

Yi+s = Yi+a T 757+ 1440

Derivation ofFive-Step Optimal Order Method

—118fi42 + 71fi1 — 174

)

(475fi+s5 + 1427 fr 14 — 798fi 43 + 482fiy2 — 173fi41 + 27f3).

(24)

(25)

(26)

The optimal order scheme is an implicit multistep method similar to the Adams-Moulton method. To derive the
five-step optimal order method, we shall consider the system of equations in Equation (22) and Equation (23).
Interpolating Equation (22) at x = x;.3 and collocating Equation (23) at x = x;, Xk4+1, Xk+2) Xk+3r Xktar

X4 Qive rise to a system of equations which is written in matrix form as follows:
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8_1h6 ﬁhs\

80 20
27 81 135
92 en PO e T R e A W LIV
1 -3+ (20 Pty . L 8t I
1 " oh 41 +27h2 — 12h —45R3 + 45h 135
+1 —15h +1 —90h3 + —h?
—18h + 1
0 —h —2h —3h —4h —5h —6h
(¢ Yie+3
P hﬁ __ hS
LI —h5 + —h4 120 a hf,
0 -n (W-2n) ("M 3 4 {on2 +3 e
_3h +6h2 — 4h _Sh + 10h
—5h \ 10h3 + 15h2}
—6h
a; hfi+1
( 4 — 4h5
——h5 1_5
_2h3 2 _ _ 3
0 -h  @w-2ry (T2REOR ( 8h s oo +201*
+12h% — 4h —40h3 + 30R? =
—5h as Rfisa
—6h
81,
9 2 . / 20 ay hfis
3 2 3 o
0 —h (3h2—2h) _Eh +9h 18h 8 , ) | &5}14
_3h - 4h —45h° + 301
—5h —90h3 + 45h?
—6h as hfica
32 128h6 64h5
, —8h3 + 12h2 32h3 g 15 % hfiers
0 -h @ —2m) _3h ) —80h3 + ion? +160h*
+24h2 —160h% + 60h?
—5h
—6h
625 . 625 .
25 125 24 4
3 I ) 3
0 -h  (5h’-2h) —2h R 50h .. 6 1825,
+15h2 — 3h +30h2 izsh + S0 2
—5h —250h% + 75h%
—6h

Solving the system of equations give the same result as Equation (24) above except for a, which is given as

s+ — (fk+5 = S5fi+a t 10fk+3) (sz+5 —11fi4a + 24’fk+3)
BT RS\~10fisp +5fier — fi ) h*\=26fip + 14fi 1 — 3f;
+_( 7fiews = 41fia + 98fi 43 ) 1 (10fk+5 —61fi4a + 156fk+3>
4h3\=118fy 12 + 71fiy1 = 17fi)  12h2\=214fiyp + 154f 11 — 45fi
+_< 12fi+5 = 75fk+a + 200fi43 ) L[_3fk+5 + 21 14 — 114fk+3] +F
60 \—300f;+ +300f41 — 137fi) * 160 |-114fisr — 219fiy — 51£) " /*
Substituting for a;, j = 0,1,2,3,4,5,6 in Equation (22) yields the continuous five-step optimal order method:

1
y() = Yias + W(ﬁws = 5fisa + 10fiy3 — 10fi 42 + Sfipr — fi) (x — x)°
1
_TW(ka+5 — 11fi 44 + 24fir3 — 26fi42 + 14fip1 = 3fi) (x — x,)°
1
+W(7fk+5 — 41fi 44 + 98fi3 — 118fi 1y + 71fis — 17£) (x — x)*

(10fi 45 — 61fi 44 + 156fi 13 — 214fiyz + 154f 41 — 45fi) (x — x;)?

" 72R2
1
120h —— (12f45 = 75fi4a + 200fj 3 — 300fi 45 + 300f1 — 137£) (x — ;)2 + fi. (x — x3.)
h
160( 3fi+s + 21fira — 114f; 13 — 114fy 45 — 219fi 41 — 51f3). (27)
Evaluating Equation (27) at x = x5, we obtain the discrete scheme:
h
V45 = V43 + (28fk+5 + 129fi 4 + 14fii3 + 14fiio — 6fii1 + fio). (28)
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I11. Result
In this section, the derived LMMs are applied to solve two IVPs in ODEs. The associated absolute

errors with the methods are also computed. The Runge-Kutta methods and Adams-Bashforth methods of the
same orders are respectively used to obtain the starting values and as predictor methods to the implicit schemes
of Adams-Moulton and the proposed Optimal Order.
Example 1
Solve the IVP

y =051 -v), y0)=05 0<x<1, h=0.1
Exact solution:  y(x) =1 — 0.5 exp(—0.5x).
Example 2
Solve the IVP

y =xe3* -2y, y(0)=0, 0<x<1 h=0.1
L2,
25

Exact solution:  y(x) = ~xe3 — %ef’“‘ +

5
The error is defined as

ly(x) — v ().
wherey(x) is the exact solution and 1y, (x) is the approximate solution.

Table 1: Result of example 1 and associated errors by the derived three-step implicit methods

x- Exact 3-Step ADM 3-Step Optimal Order Error in 3-Step Error in 3-step Optimal
value Solution Approximation Approximation ADM Scheme Order Scheme
y(x) Yu(X) Yn(X)
0.1 0.5243852877 0.5243852865 0.5243852866 1.2913 E-009 1.2913 E-009
0.2 0.5475812910 0.5475812885 0.5475812885 2.4567 E-009 2.4567 E-009
0.3 0.5696460118 0.5696460133 0.5696460123 1.4791 E-009 5.2350 E-010
0.4 0.5906346235 0.5906346294 0.5906346234 5.9881 E-009 7.7083 E-011
05 0.6105996085 0.6105996194 0.6105996120 1.0960 E-008 3.5080 E-009
0.6 0.6295908897 0.6295909060 0.6295908929 1.6361 E-008 3.2795 E-009
0.7 0.6476559551 0.6476559772 0.6476559625 2.2082 E-008 7.3330 E-009
0.8 0.6648399770 0.6648400050 0.6648399843 2.8060 E-008 7.2979 E-009
0.9 0.6811859242 0.6811859584 0.6811859359 3.4226 E-008 1.1689 E-008
1.0 0.6967346701 0.6967347107 0.6967346819 4.0523 E-008 1.1715 E-008

Table 2: Result of example 1 and associated errors by the derived four-step implicit methods

x- Exact 4-Step ADM 4-Step Optimal Order Error in 4-Step Error in 4-step Optimal
value Solution Approximation Approximation ADM Scheme Order Scheme
y(x) Yu(X) Yu(X)
0.1 0.5243852877 0.5243852878 0.5243852878 2.7050 E-011 2.7050 E-011
0.2 0.5475812910 0.5475812910 0.5475812910 5.1461 E-011 5.1461 E-011
0.3 0.5696460118 0.5696460119 0.5696460119 7.3427 E-011 7.3427 E-011
04 0.5906346235 0.5906346234 0.5906346234 6.1620 E-011 3.2934 E-011
05 0.6105996085 0.6105996082 0.6105996084 2.2362 E-010 3.6869 E-011
0.6 0.6295908897 0.6295908893 0.6295908895 4.0740 E-010 1.6805 E-010
0.7 0.6476559551 0.6476559545 0.6476559549 6.1309 E-010 1.9065 E-010
0.8 0.6648399770 0.6648399761 0.6648399766 8.3323 E-010 3.4013 E-010
0.9 0.6811859242 0.6811859231 0.6811859238 1.0666 E-009 3.7257 E-010
1.0 0.6967346701 0.6967346688 0.6967346696 1.3093 E-009 5.3519 E-010

Table 3: Result of example 1 and associated errors by the derived five-step implicit methods

x- Exact 5-Step ADM 5-Step Optimal Order Error in 5-Step Error in 5-step Optimal
value Solution Approximation Approximation ADM Scheme Order Scheme
y(x) Yu(X) Yu(X)
0.1 0.5243852877 0.5243852877 0.5243852877 1.0000 E-014 1.0000 E-014
0.2 0.5475812910 0.5475812910 0.5475812910 1.9000 E-014 1.9000 E-014
0.3 0.5696460118 0.5696460118 0.5696460118 2.7000 E-014 2.7000 E-014
0.4 0.5906346235 0.5906346235 0.5906346235 3.5000 E-014 3.5000 E-014
0.5 0.6105996085 0.6105996085 0.6105996085 4.8820 E-012 3.3390 E-012
0.6 0.6295908897 0.6295908897 0.6295908897 1.1006 E-011 4.6020 E-012
0.7 0.6476559551 0.6476559552 0.6476559551 1.8145 E-011 8.9640 E-012
0.8 0.6648399770 0.6648399770 0.6648399770 2.6405 E-011 1.1243 E-011
0.9 0.6811859242 0.6811859242 0.6811859242 3.5241 E-011 1.6274 E-011
1.0 0.6967346701 0.6967346702 0.6967346702 4.4817 E-011 1.9169 E-011
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Table 4: Result of example 2 and associated errors by the derived three-step implicit methods

x- Exact 3-Step ADM 3-Step Optimal Order Error in 3-Step Error in 3-step Optimal
value Solution Approximation Approximation ADM Scheme Order Scheme
y(x) Yn(x) Yn(X)
01 0.0057520540 0.0057546313 0.0057546313 2.577340 E-006 2.577340 E-006
0.2 0.0268128018 0.0268187705 0.0268187706 5.968755 E-006 5.968755 E-006
0.3 0.0711445276 0.0711841477 0.0711610346 3.962004 E-005 1.650691 E-005
04 0.1507778355 0.1508998405 0.1508360880 1.220050 E-004 5.825254 E-005
0.5 0.2836165219 0.2838684425 0.2837168194 2.519206 E-004 1.002976 E-004
0.6 0.4960195656 0.4964776000 0.4962177134 4.580343 E-004 1.981477 E-004
0.7 0.8264808698 0.8272342465 0.8267777897 7.533767 E-004 2.969199 E-004
0.8 1.3308570264 1.3320365782 1.3313440774 1.179552 E-003 4.870510 E-004
0.9 2.0897743970 2.0915536652 2.0904711425 1.779268 E-003 6.967455 E-004
1.0 3.2190993190 3.2217254915 3.2201567313 2.626172 E-003 1.057412 E-003

Table 5: Result of example 2 and associated errors by the derived four-step implicit methods

x-value Exact Solution 4-Step ADM 4-Step Optimal Order Error in 4-Step ADM Error in 4-Step

y(x) Approximation Approximation Scheme Optimal Order
V(%) Yn(X) Scheme

0.1 0.0057520539 0.0057518112 0.0057518112 2.427671 E-007 2.427671 E-007
0.2 0.0268128018 0.0268122411 0.0268122411 5.607499 E-007 5.607499 E-007
0.3 0.0711445277 0.0711435312 0.0711435312 9.965007 E-007 9.965007 E-007
04 0.1507778355 0.1507882290 0.1507845599 1.039348 E-005 6.724378 E-006
05 0.2836165219 0.2836555306 0.2836371233 3.900874 E-005 2.060143 E-005
0.6 0.4960195656 0.4961024246 0.4960597062 8.285896 E-005 4.014056 E-005
0.7 0.8264808698 0.8266365802 0.8265583436 1.557103 E-004 7.747383 E-005
0.8 1.3308570264 1.3311113888 1.3309723576 2.543624 E-004 1.153312 E-004
0.9 2.0897743970 2.0901755375 2.0899659578 4.011405 E-004 1.915608 E-004
1.0 3.2190993190 3.2196983346 3.2193643909 5.990156 E-004 2.650719 E-004

Table 6: Result of example 2 and associated errors by the derived five-step implicit methods

x-value Exact Solution 5-Step ADM 5-Step Optimal Order Error in 5-Step ADM Error in 5-step
y(x) Approximation Approximation Scheme Optimal Order
V(%) V(%) Scheme

0.1 0.0057520539 0.0057520538 0.0057520538 1.659050 E-010 1.659050 E-010
0.2 0.0268128018 0.0268128015 0.0268128015 3.904440 E-010 3.904440 E-010
0.3 0.0711445277 0.0711445270 0.0711445270 7.089740 E-010 7.089740 E-010
0.4 0.1507778355 0.1507778343 0.1507778343 1.171000 E-009 1.171000 E-009
0.5 0.2836165219 0.2836200778 0.2836190200 3.555894 E-006 2.498091 E-006
0.6 0.4960195656 0.4960329446 0.4960275733 1.337893 E-005 8.007629 E-006
0.7 0.8264808698 0.8265090241 0.8264953678 2.815426 E-005 1.449799 E-005
0.8 1.3308570264 1.3309117322 1.3308873108 5.470577 E-005 3.028437 E-005
0.9 2.0897743970 2.0898615162 2.0898148450 8.711918 E-005 4,044794 E-005
1.0 3.2190993190 3.2192401912 3.2191748260 1.408722 E-004 7.550700 E-005

IV. Discussion of Result

Six implicit LMMs are derived and applied to solve first-order 1\VVPs in ODEs. Table 1 and Table 4
present results of the three-step Adams-Moulton and the proposed optimal order methods for problems 1 and 2
respectively; Table 2 and Table 5 present results ofthefour-step Adams-Moulton and proposed optimal order
methods for problems 1 and 2 respectively while Table 3 and Table 6 present results ofthefive-step Adams-
Moulton and the proposedoptimal order methods for problems 1 and 2 respectively. From the results obtained,
the proposed optimal order methods produced better approximations than the Adams-Moulton methods.

V.Conclusion

In this paper, six implicit LMMs are derived through collocation and interpolation technique using
Laguerre polynomials as basis functions. The corresponding discrete schemes are obtained and applied to solve
two 1VVPs of first order ODESs. Results by the proposed methods are comparablewiththe Adams-Moulton methods
of the same order.
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