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Abstract: In this paper, we define Pell sequences {P,},-o Over rings with identity and investigate the their
properties. We obtain the generating functions and Binet’s formulas for these sequences. Then we present some
Hessenberg matrices with applications to these sequences and show that the determinants and permanents of
these Hessenberg matrices are equal to nth term of Pell sequences in rings with identity. Also, the terms of these
sequences are derivated by the matrix.
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I.  Introduction
Sequences of integer number such as Fibonacci, Lucas, Pell, Jacobsthal are the most well-known
second order recurrence sequences. For rich applications of these sequences in science and nature, one can see
the citations in [14]. Fibonacci sequence is defined by recurrence relation f, = f,_1 + fn_, with the initial
values f, =0 and f; =1 for n>2. The Fibonacci numbers f, are the terms of the sequence
0,1,1,2,3,5,8,13,21, 34,55, ... Wall first proposed the notion of Wall number in 1960 and gave some
fundamental properties concerning Wall number of the Fibonacci sequence.

The Pell sequence is defined by recurrence relation
P,=2P,_i+P,_,, n=2
where P, = 0 and P; = 1 [3]. The first few terms of the Pell sequence are
0,1,2,5,12,29,70,169,408,985, 2378, ...
For n = 0, the nth Pell number is
a™ — lgn

a—p

where a = 1 ++/2 ve B =1 —+/2 are roots of the characteristic equation x> — 2x — 1 = 0.

B,

Sequences of integer number have been intensively studied for many years and have become into an
interesting topic in Applied Mathematics. Most of the study associated with sequences of integer number is done
in groups (see, for example, [6], [8], [12]). However, very little is done in rings and Pell sequences in ring has
never been studied. Let R be a ring with ideality 1. The sequence {M,,},.-o of elements of R, recursively defined
by

M, =BM,_, + AM,_,, n=>=2 €))
where My, M;,A and B are abritrary elements of R. DeCarli gave a generalized Fibonacci sequence over an
arbitrary ring in 1970. DeCarli begins by considering a special case of equation (1), denoted by {F,},s, and
defined by
E,=BF, ,+AF,_,, n=>=2

where F, = 0,F; =1 and A, B are abritrary elements of R [5]. Special cases of Fibonacci sequence over an
arbitrary ring have been considered by Buschman [13], Horadam [2] and Vorobyov [10] where this ring was
taken to be the set of integers. Wyler [11] also worked with such a sequence over a particular commutative ring
with identity. Tasyurdu and Giiltekin [15], [16] obtained the period of generalized Fibonacci sequence in finite
rings with identity and fields of order p2. Also, it was obtained the period of generalized Fibonacci sequence
was defined over an arbitrary ring and the terms of this sequence are derivated by determinant of Tridiagonal
matrix [17]. In [18], it was defined the Jacobsthal sequences over arbitrary rings with identity and obtained the
some properties of these sequences.

In the literature many research that concern about the sequences of integer number contribute
significantly to mathematics, especially to the field of matrix algebra. Many authors studied on determinantal
and permanental representations of the sequences of integer number and investigated the relationships between
the Hessenberg matrices and the these sequences (see, for example, [1], [7], [9], [14]).
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A nxn matrix M,, = (m”) is called lower Hessenberg matrix if m;; = 0 whenj —i > 1, i.e.,

my g my, 0 0 0
mz1 ms, my;3 0 0
mo=| Mo M mes om0
Mp_11 Mp_12 Mp_13 Mp_14 = Mp_1n
Mp,1 Mpy,2 Mp,3 Mpa o Mpn

In [9], for n = 2, it was given the following formula
n-1 n-1

det(My) = My det(My )+ ) (=D Ty | [myjadecm | @

i=1 Jj=i

with det(M,) = 1 and det(M;) = my,. Also in [1], for n = 2, it was given the following formula

n-1 n-1
per(My) = my per(My ) + - mo | [y uaper@ip| ©)
i=1 j=i

with per(M,) = 1 and per(M;) = my;.

I1. The Pell Sequences in Rings with Identity and Their Generating Functions and Binet’s
Formulas
In this section, we define Pell sequences in rings with identity and give generating functions and
Binet’s fomulas for them. Throughout this paper, P, = 0 is zero of a ring and P, = 1 is identity of a ring.

Definition 1. The Pell sequences {%, },.-o in rings with identity are defined by recurrence relation

Po = 24P g + APz, n=2 4)
with initial conditions P, = 0, P, =1 and A,, A; are arbitrary elements of the ring, 2, is n-th term of these
sequences.

Using Definition 1, we can write the first terms of sequence {, },.», as follows:
0,1,24,, 442 + Ao, 8A3 + 44, Ay, 16A% + 12434, + A ...

Now we present generating functions of Pell sequences in rings with identity.

Theorem 1. The generating functions for Pell sequences in rings with identity are

t
t) =———"—
IO =T a— A

where 4,, A; are arbitrary elements of the ring.

)

Proof. Define g(t) = Yoo P.t™ Then we have

g(t) = Py + Pit +i7—’2t2 + oot gpntn + o
—24,9()t = =24, Pyt — 24, P t? — 2A,Pot? — o — 24, P t™H1 — ..
Ay (D)2 = —AgPyt? — AgPyt? — AgPyth — o — AP, "2 — .

If we add the equations by side by, we get
(1= 24,t — Agt?)g(t) = Py + Pyt — 24, Pyt
where the coefficients of t™ for n > 2 are equal to zero by using recurrence relation B, = 24,P,_; + A¢Prn_>
from equation (4). Since P, = 0, P, = 1, the generating functions for Pell sequences in rings with identity are
IO =T A A

Next, we present Binet’s formulas for Pell sequences in rings with identity. The Binet’s formula give us
to find the n-th Pell number in rings without having to know all the terms before it. The corresponding
characteristic equation of the equation (4) is

x2 _ZAlx_AO =0.
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The roots of this equation are

(Z=A1+ A12+A0
ﬁ =A1_ ’A12+A0.

Also, the roots a and g verify the following relations:

a—pf=2 /AlZ+A0
(Xﬁ = _AO
az = 2A1(Z + AO
B? = 24,8 + A,.
Theorem 2. For n > 0, the nth Pell number in rings with identity is
am — g"
P, = £ .
a—=p

Proof. We can use generating functions of the sequences {B,},so. Using the roots of the equation
1 - 2A1t _Aotz = 0

1—24,t—Agt? = —A (t+i)(t+£)
1 0 0 AO AO
where @ = A; + /Alz +A,and B = A, — [Alz + A,. We can write the generating functions of the sequences
{?n}nzo as ¢
=r—77-"""—"7—
IO =T a— A
~Apg(t) = s
B
(t+5)(e+2)
Next, we find K and L which satisfy:
t K L

—Ayg(t) = P = o~ T .
’ (t+£)(t+:io) (t+z) (t+A'io)

We need to find do K and L, so the following system of equations should be solved:

K+L=1
KB+La=0
We find that:
K = a
a-=p
__~k
p—
Substituting into the equation above gives the partial fractions expansion of —A4,g(t)
a =k

—Agg(t) = —L 7k

(t+Ai0) (t+A%)

o« 1 B 1
Ca-B\e+ 2] a-Bli4E
Ao Ag

a 1 B 1

a1 1 B 1 1
Ta-Blpt—1 a—-Blat-1
B a
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- a_jl; (Z a i B G ﬁ”)ﬂl)

n=0
Equation coefficients, we get

had a _‘Bn N
9O =) ——t
n=0
we conlude that
an _ ﬁn
Pp=—
n a— ﬁ
and so proof is completed. [ |

Alternatif Proof of Theorem 2: We can use induction method on n to prove B, = %. We can obviously
see the true of the hypothesis for our two base cases:

aO—BO
=(); =0=2
n a—ﬁ 0
al_Bl
=1; =1="2
n a—ﬁ 1

Let us suppose that the Binet’s formula holds for arbitrary integer n = 0. We shall show that the Binet’s formula
holds for n + 1. Using equation (4) we obtain
Pry1 =24, P + APy

-2, (=) + 4 (%)

— %B(an—laz _ 'gn—lﬁZ)

a
(an+1 _ ‘Bn+1)
- =
where a? = 24,a + Ay and B?% = 24,8 + A,. So proof is completed. [

Some Properties of Pell Sequences in Rings with Identity
Theorem 3. If ?n+2 = 2A1?n+1 + AOP‘H then ?n+2 = ?Tl+12A1 + :PTlAO'

Proof. We can complete the proof by induction on n. Forn = 0, if P, = 24, P; + A,P, then
Py =24,P; + APy = 24:(1) + Ap(0) = (1)24; + (0)Ay = P1 24, + PyA,.
We assume that it is true n € Z*. That is, if P, = 24, P41 + AP, then Poip = P,y124, + P, A,. Then we
shall show that it is true for n + 1. Using induction’s hypothesis if P,,3 = 24;Pp1, + AgPp4q then
Pryz =241 Ppir + AoPrsa

= 2A1(2A1:Pn+1 + Ao?n) + A0(2A1?n + Aogjn—1)

= 2141(~rpn+12141 + :PnAo) + Ao(:PnZA1 + ?n—lAO)

= 2A1(Pp4+1241) + 2A,(PAo) + Ag(Pr24;) + Ag(Pr-14y)

= (2A1Pp+1)241 + 2A1P) A + (AgPr) 241 + (ApPr-1)A

= (A1 P11+ AgP)2A; + (A, P, + ApPy_1)Ap

= Pny2241 + Ppiidy
Thus the proof is completed. [

Theorem 4. (Cassini’s identity) For n > 2,
' Prs1Prot = Pi = Pu1AoPror — PudoPrz
i Puc1Prsr — P = Puc1AoPror — Pr2loPr

Proof. Using Theorem 3 if P, = 24, P41 + AoP, then Py = Ppy124, + P Aq. Then
i Prp1Prot — Pr = (Pu24; + P Ag) Py — Pu(RA Pry + AgPr_2)

= Pa2A1Ppog + Pro1AogPro1 — Pu241 Py — RAoPr-;

= Pn-140Pn-1 — PrAoPn-2-
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i Pro1Poss — Pf = Py QAL Py 4 AgPro1) = (Pa124; + Pr2A0) P,
= Pno124, P + Ppo1AogPro1 — Ppo1241 Py — Pr2AePy
= Pn-140Pn-1 — Pn240Pn.
So the proof is completed. ]

There is a relation between the sequences {M,, },,»o and the sequences {P, },.-o. We present the following
theorem and corollary for this relation;

Theorem5.Forn > 1,r = 0,
Mn+r = PTAOMn—l + ‘rPr+1Mn-

Proof. We can complete the proof by induction method on r. For r = 0,
My o =M,
(0)AoM;—y + (M,
= PyAoM,,_1 + P M,,.
Thatis, My, .o = PoAgMy_q + P M,,. Forr =1,
My = 24, My, + AgM,_4
= (1)A0Mn—1 + 2A1(1)Mn + Ao(o)Mn
=P AM,_1 + (AP + APy M,
=P AM,_ + P, M,
where 24; = B and A, = A in equation (1). That is, M,,,; = P;AoM,,_; + P,M,,. We assume that it is true for
r = k, namely

My yp = PrAoMy_1 + Prpa My

Then we shall show that
Myii1 = Pryr1AoMp_1 + PrioMy,.

Using induction’s hypothesis we obtain
My k41 = M(n+1)+k
= PrAoMy + Pry1Mpyq
= PrAoMy — Prey124: My + P24, My, + Prop i My
= Pro1t Mpyq — 2A:My) + (PrAo + Prs1241)M,
= Pry1doMy_1 + Pri2aMy
where 24; = B and A, = A in equation (1). That is,
Myikr1 = PrerrAoMp—1 + PriaMy

and so the proof is completed. ]

Corollary 1. Forn = 1,
M, = P,M, + P,_14,M,.

Proof. Interchange r and n, replace n by n — 1 and r = 1 in Theorem 5, we get
Myir = RAMy—y + PriaMy

and
My n = M1+(n—1)
=Pn1AoMi_1 + P11 My
= Pp_14oMy + P, M;.
That is, M,, = B,M; + P,,_1A;M, and the proof is completed. ]

For the sequences {?, },,>0, Theorem 5 becomes
Poir = PrAogPr-1+ Pria P, n=1 (6)
If we replace n by n + 1 and r by n in equation (6), then we have
:Prf+1 + PodoPn = Ponga-

Theorem6.Forn>1,r > 1
PoPrir = PorrPrn = PP AoPro1 — Pu1 Ao P P
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Proof. If we replace n by r + 1 and r by n — 1 in equation (6), we have
?n+r = ?(r+1)+(n—1)
=Pr-140Pri1-1 + Pro141Pria
= :Pn—lAO?r + :Pn?r+1'
That is,
Posr = Pno1AoFBr + PuPryq )
From equations (6), (7) and the fact that a ring satisfies the associative law for multiplication, we have
-'Pn(:Pr+1-'Pn) = (PaPrs1)Pn
Pn(:Pr+1-7)n + P AogPp-1 — :PTAO:Pn—l) = (PuPri1 + Poo1hdoPr — Prg A Pr) Py

P (PTAO:Pn—l + Pry1 P — :PTAO:Pn—1> = (-'Pn—lAO:Pr + PoPris — Pn—lAO:Pr> P

Pnar Pngr

PoPrsr = BAgPr1) = (Pogr — Pac14oP) P
:Pn:Pn+r - ?n?rAO?n—l = :Pn+r:73n - an—lAO:Pr:Pn
:Pn?n+r - ?n+r?n = :Pn:PrAO:Pn—l - ?n—lAO:Pr:Pn
and so the proof is completed. ]

Theorem 7. (d’Ocagne’s identity) Forn = 1, m > 1 and m = n, we have
?m?n+1 - ?m+1:73n = ?mAO:Pn—l - :Pm—lAO:Pn-

Proof. Using equations (6) and (7), we have
?m:Pn+1 - :Pm+1?n = ?m(?lAO?n—l + ?Z?n) - (?m—lAO?l + ?m?z)?n
= ?m?lAO?n—l +?m:732?n _?m—lAO?l?n _:Pm?z?n
= :Pm(l)AO:Pn—l - :Pm—lAO(l)?n
= :PmAO:Pn—l - Pm—lAO:Pn-
and
Pm?n+1 - :Pm+1:Pn = :PmAO:Pn—l - ?m—lAO?n-
Thus the proof is completed. ]

Theorem 8. Forn > 2,
PaPrs1 = Pno1Prsa = Pn2AoPnss — Prno1AoPr

Proof. Using Definition 1 and Theorem 3 we have
:Pn:Pn+1 - ~'Pn—1:Pn+2 = (:Pn—lel + :Pn—ZAO):PrHl - Pn—1(2A1?n+1 + Ao?n)
= Pr1241Prs1 + ProaAoPrin — Prc1241Prsq — PaiAoPr
= Ppn240Pns1 — Pn14oPre
and
PaPrs1 = Pno1Prsa = Pn2AoPrsr — Prno1AoPr
Thus the proof is completed. ]

1. Applications of Pell Sequences in Rings with Identity in Matrices
In this section, we consider Hessenberg matrices with applications to Pell sequences in rings with
identity. We investigate the relationships between the Hessenberg matrices and Pell sequences in rings with
identity. We then define two type Hessenberg matrices and show that the determinants and permanents of these
Hessenberg matrices are nth term of Pell sequences in rings with identity. Also, the terms of Pell sequences in
rings with identity are derivated by the matrix.

The definition of Pell sequences in rings with identity show that pairs of successive term are significant
{PY={...P, Pri1, Prs1, - }. It is therefore naturel to consider pairs as 2- vectors, e.g (P41, P,)7. In fact, the
recursive relation above can be described in this manner:

P,
243,40) (T 57) = 24, P + Ao,
n

where A;, A, are arbitrary elements of the ring. More useful is considering two successive vectors in a matrix:

(:Pn+1 :Pn )
AO:Pn AO:Pn—l

( P, Py )_ (2A1 1)
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24,
Ao

P, P
n n+1 n
Q ‘(Ao?n Ao?n_1> ®)

Theorem 9. The Pell sequences in rings with identity are generated by a matrix Q = ( (1)) then

where n € Z*.
Proof. We shall use the induction method on n. If n = 1 and n = 2 then
24, 1)
e=(7" o
<A P, A SDO)
(ZA1 )(2/11 1)
0

_ (4A2 + 4 2A1 )

AOZA1 Ay(D)

and

(A P, A 731
So the proof is completed for n = 1 and n = 2. Let the equation (8) be hold for n € Z*. Then we shall show
that the equation (8) holds for n + 1. Indeed we have

Q‘n+1 — QTLQ
Using induction’s hypothesis we obtain
Qn+1
( n+1 n )( "PZ :Pl )
ApPr AePai)\ AP AgP,
=< Pus1Pr + RAoPy Pos1Pr + PAoPo )
AgPoPy + AgPp_140P1  AgPy Py + AgPr-140P,
_ ( Pn+1241 + P4 (1) Pr+1(1) + PrA0(0) )
0(? 241 + Pr1Ag(1))  AgPn(1) + AgPr-140(0)
— ( n+2 n+1>
0:Pn+1
which is as desired. |

Theorem 10. Forn = 1, if B,(44, 4,) = (pl-]-) is a n X n Hessenberg matrix as follows

1 -4, 0 0 - 00 0 0
0 24, -4, O .00 0 0
0 1 24, -4 -~ 00 0 0

P4 4) =0 o 1 24 -4, i : :
0 0 0 0 - 0 1 24, —4 )
0 0 0 0 - 00 1 24

with Py (44, 4y) = 0 then
det(P, (A1, 4p)) = P,
where P, is the nth term of Pell sequences in rings with identity.
Proof. We can use the mathematical induction method on n to prove det(P, (A4, 4y)) = P,. Then,

n=1,det(P,(4,,4,)) = 1] =

n =2, det(P,(4;,4y)) = |0 =24, =P,
1 -4, 0

n= 3, det(P3(A1,A0)) =10 2A1 _AO = 4’A12 + AU = :P3
0 1 24,
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We assume that it is true for n € Z*, namely
det(B, (A, Ap)) = Py, det(Py_1 (A1, Ag)) = Pr_y, det(Py_2 (A1, Ag)) = Pr_y) oo
and we shall show that it is true for n + 1. Using equation (2), we have

n n
det(Pn+1(A1,A0)) = pn+1,n+1d6t(Pn(A1vA0)) + Z (_1)n+1_ipn+1,i Hpj,j+1det(Pi—1(A1:A0))
i=1 j=i
n-1 n
= 2A1det(Pn(A1,A0)) + Z (_1)n+1_ipn+1,i npj,jn(Pi—l(Al,Ao))‘
i=1 j=i
+(_1)pn+1,npn,n+1det(Pn—1(Ali AO))
= 2A,det(P,(A1,4o)) + 0 + (=1 (1) (—Ap)det(P,_1 (A1, Ap))
= ZAI?‘H. + AO:P‘H.—I

= :Pn+1-
Thus the proof is completed. [ |

Theorem 11. Forn = 1, if R,,(44,4y) = (T‘ij) is an X n Hessenberg matrix as follows

1 4 0 0 =« 00 0 O
0 24, 4 O =~ 0 0 0 O
0 1 24, A4, =~ 0 0 0 0
Rn(AI,AO)—lo 0 1 24, 4, S |
\0 0 0 0 -~ 0 1 24 AO/
0 0 0 0 - 00 1 24

pET(Rn(Al, AO)) =P,
where P, is the nth term of Pell sequences in rings with identity.
Proof. We can use the mathematical induction method on n to prove per (R, (41, 4,)) = P,. Then

n=1, peT(Rl(ALAo)) =[1]=7P

1 A
n =2, per(R,(A1,4y)) = |0 2211 =24, =P,

1 4 0
n=3,per(R;(A,40)) = |0 24, Ay |=44."+ A, =P;

0 1 24

We assume that it is true for n € Z*, namely
per(Rn(Al,AO)) = P per(Rn—1(A1:A0)) = an—l:Per(Rn—z (A1:Ao)) =Pn-z, -
and we shall show that it is true for n 4+ 1. Using equation (3), we have

n

n
per(Rn+1(A1,A0)) = Th+1n+1 per(Rn(Al,AO)) + Z Tn+1,i l_[ 7”j,j+1pe7"(Ri—1(A1'Ao))

i=1 j=i
n-—1 n
= 2A1P97’(Rn(A1'A0)) + Z Th+1,i 1_[7}',j+1peT(Ri—1(A1'Ao))
i=1 j=i

+ rn+1,nrn,n+1per(Rn—1(A1' AO))
= 2A1P€T(Rn(A1:A0)) +0+ (1)(A0)P97(Rn—1(A1'A0))
= 24,P, + AgPp_1

= In+1-
Thus the proof is completed. ]

Acknowledgements
We would like to express their sincere gratitude to the referees for their valuable comments, which have
significantly improved the presentation of this paper. The author declares no conflict of interest.

DOI: 10.9790/5728-1506050109 www.iosrjournals.org 8| Page



Pell Sequences in Rings with Identity and Their Applications

1.

[2].
[3].
[4].
[5].
[6].

[71.

[sl.
[9].

[10].

[11].
[12].

[13].

[14].
[15].

[16].
[17].

[18].

References
Ocal A. A, Tuglu N. and Altinisik E. On the representation of k-generalized Fibonacci and Lucas numbers. Appl. Math. Comput.
2005; 170(1): 584-596.
Horadam A. F. A Generalized Fibonacci Sequence. Amer. Math. Monthly. 1961; 68(5): 445-459.
Horadam, A. F. Pell Identities. The Fibonacci Quarterly. 1971; 9(3): 245-252, 263.
Wall D. D. Fibonacci series modulo m. Amer. Math. Monthly. 1960; 67(6): 525-532.
DeCarli D. J. A Generalized Fibonacci Sequence Over An Arbitrary Ring. Fibonacci Quart. 1970; 8(2):182-184,198.
Karaduman E. and Aydin H. k-nacci sequences in some special groups in finite order. Mathematical and Computer Modelling.
2009; 50(1-2): 53-58.
Kilig E. and Tasci, D. On the generalized Fibonacci and Pell sequences by Hessenberg Matrices. Ars Combinatoria. 2010; 94: 161-
174.
Aydin H. and Dikici R. General Fibonacci sequences in finite groups. Fibonacci Quarterly.1998; 36(3): 216-221.
Cahill N.D.,D’ Errico J. R., Narayan D.A. and Narayan J. Y. Fibonacci Determinats. Colloge Mathematics Journal. 3.3 (2002) 221-
225.
Vorobyov N. N. The Fibonacci Numbers. translated from the Russian by Normal D. Whaland, Jr., and Olga A. Tittlebaum, D. C.
Heath and Co. Boston, 1963.
Wyler O. On Second-order Recurrences. Amer. Math. Monthly. 1965; 72(5): 500-506.
Deveci O. and Saragoglu Eskiyapar E. On the Pell polynomials and the Pell sequences in groups. Chiang Mai J. Sci. 2016; 43(1):
247-256.
Buschman R. G. Fibonacci Numbers. Chebyshev Polynomials, Generalizations and Difference Equations. Fibonacci Quart. 1963;
1(4): 1-7.
Koshy T. Fibonacci and Lucas numbers with applications. Wiley-Interscience. New York, 2001.
Tasyurdu Y. and Giiltekin 1. On period of Fibonacci sequences in finite rings with identity of order p2. Journal of Mathematics and
System Science. 2013; 3: 349-352.
Tasyurdu Y. and Giiltekin . The Period of Fibonacci sequences over the finite field of order p2. New Trends in Mathematical
Sciences. 2016; 4(1): 248-255.
Tagyurdu Y. and Dilmen Z. On Period of Generalized Fibonacci Sequence Over Finite Ring and Tridiagonal Matrix. Celal Bayar
University Journal of Science. 2017; 13(1): 165-169.
Tasyurdu Y. and Cif¢i D. On the Jacobsthal Sequences and their Applications in the Rings with identity. Romai Jounal. 2018: 14(1):
187-200.

DOI: 10.9790/5728-1506050109 www.iosrjournals.org 9| Page



