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Abstract: In this paper, we define permutation graphs on I'; -non deranged permutations using the set of
inversion as edge set, and the values of permutation as the set of vertices. From the graphs, we observe
that radius of the graph of any @, is zero, the graph of any @, € Ggl is null, and by restricting 1, the

graph of @, is complete, other properties of the graphs were also observed.
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I.  Introduction
A Permutation f of the T';-non deranged permutations presents as inversion, is a pair (i, j) such
that i < jand f (i) >f (J), Permutation statistics were first introduced by [10] and then extensively studied

by [3].in the last decades much progress has made, both in the discovery and the study of new statistics, and in
extending these to other type of permutations such as words and restricted permutation. The concept of
derangements in permutation groups (that is permutations without a fix element) has proportion in the

underlying symmetric group S . [4] used concept to develop a scheme for prime numbers P <5 and
QcN which generate the cycles of permutations (derangements) using
o, =(QQA+i),,@+2i),,..A+(p-1i),,) to determine the arrangements. It is difficult for a set of

derangements to be a permutation group because of the absence of the natural identity element (a non
derangement), The construction of the generated set of permutations from the work of [4] as a permutation group
was done by [11] .They achieved this by embedding an identity element into the generated set of
permutation(strictly derangements) with the natural permutation composition as the binary operation (the group

was denoted as G » ) With no doubt, patterns in permutations have been well studied for over a century. As

seem to be the case, these patterns were studied on permutations arbitrary. The symmetric group S is the set of

all permutations of a set I" of cardinality n. There are several types of other smaller permutation groups
(subgroup of S ) of set I",a notable one among them is the alternating group A, .,Afterwards, [6] studied the

representation of I'; -non deranged permutation group GF,Fl via group character, hence established that the
character of every errl is never zero. Also the non standard Young tableaux of I',-non deranged
permutation group GPrl has been studied by [5], they established that the Young tableaux of this permutation
group is non standard. [1] studied pattern popularity in  I',-non deranged permutations they establish
algebraically that pattern 7, is the most popular and pattern 7,,7, and z, are equipopular in GPrl they
further provided efficient algorithms and some results on popularity of patterns of length-3 in G Prl .[2] studied

Fuzzy on I'; -non deranged permutation group GF,rl and discover that it is a one sided fuzzy ideal ( only right
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fuzzy but not left ) also the o —level cut of f coincides with GF,rl if @ =— . [7] studied ascenton I'; -non

deranged permutation group GF,rl and discover that the union of ascent of all I"; -non derangement is equal to
identity also observed that the difference between ASC (coi ) and Asc (a)p_l) is one. [8] provide very useful

theoretical properties of I'; -non deranged permutation s in relation to excedance and shown that the excedance
: 1 : : :
set of all o, in GF,rl such that @, =€ is E(p —1). More recently [9] established that the intersection of

descent set of all I',-non derangement is empty, also observed that the descent number is strictly less than
ascent number by p —1. Hence we will in this paper show that radius of the graph of any @, is zero, the graph

of any @y eGgl is null, and by restricting 1, the graph of @, , is complete, other properties of the graphs
were also observed.

I1. Preliminaries
Definition 2.1 [6]

I"— non deranged permutation group GF,rl is a permutation group with a fixed element on the first

column from the left.
Definition 2.2

@ eGgl [6]: let QO be a non empty ordered set such that QN . LetG,"* =@ 1<i<(p-1) bea

subgroup of symmetry group S p such that every @, is generated by arbitrary set Q2 forany prime p>5 using
the following
12 3 R
@, = (1 @)y W20y - - (l+?p+l)i)mp ) 1
Example 2.2.1
For p =5 equation (1) will generate permutation group GF,rl

1 2 3 45
o = 4 s ={e} (the identity permutation)

1 2 3

1 2 3 45
a)2 - y

1 35 2 4

1 2 3 45
a)3 == y

1 4 2 5 3

1 2 3 45
w, = .

15 4 3 2
Definition 2.3

1 2 3 ...n
f@Of@ 1. . fn)
f (i)>f (J).Theinversionsetof f ,denotedas Inv (f ), is given by
Inv (f )z{(i,j)ilﬁi <j<nand f (i)>T (j )} the inversion number of f , denoted by
inv (f )=|Inv(f )|
Definition 2.4

An inversion of permutation f =[ J isapair (,]) suchthat i < j and
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1 2 3 . n
f@ f@ f@. . f{)
and T (i) < f(]).The co- inversion set of f , denoted as Coinv(f), is given by
Coinv(f)={(i, J:l<i<j<nand f(i)< f(j)} , the number of co-inversion f , denoted by
coinv(f) =|Coinv(f)|.

A co- inversion of permutation f :( J isapair (I,]) suchthat i < j

I11.  Main Results
In this section, we present some Permutation graphs with inversion number results of subgroup GPrl
of S p (Symmetry group of prime order with p > 5).
Proposition 3.1
Let GF,rl be a Fl -non derangement permutations, Then the graph of @ (Gwi ) is simple.

Proof.
We define permutation graphs by using the set of inversion as the edge set, and for any edge set no element is

repeated, and there is no any edge € = (i, j)such that i = j . Hence there is no multiple edge and loop.
Therefore, the graph is simple

Proposition 3.2
Suppose that GF,rl is I'; -non derangement permutations, Then for any W, € Gprl .

The graph G, ; — {1} is complete.
Proof.
Forany G, ,all the vertices are adjacent to each other except vertex (1) Hence by restricting vertex (1) .The

graph is complete.

wp-

i

Corollary 3.3
The graph Gwp_1 - {1} is regular.

Proof.
By proposition 3.2 Gwp_1 - {1} is complete. Hence the prove since every complete graph is regular.

Proposition 3.4
Forany @, € Gprl . The graph G, is null /empty.

Proof.
o, is the identity permutation. Therefore, its inversion is empty. Hence no vertices are adjacent. Thus the graph
is null

[
Corollary 3.5
Forany @ € Gprl The graph G, is regular.
Proof.
This follows proposition 3.4
[
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Proposition 3.6
Foranyw, , € Gprl . The
diam(G,, ,)=1
Proof.
By proposition 3.2 Gwp_1 - {1} is complete. Hence the distance between any two vertices is 1. Therefore, the

maximum eccentricity is 1. Thus
diam(G,, , ) =1

U
Proposition 3.7
Let G, bea I';-non derangement permutations, Then the
Rad (@ )=0
Proof.
Since forany @ € Gprl , the eCC(l) is zero then the
Vrer\)l(g){ecc(v)} =0
Hence Rad (@) =0
0
Lemma 3.8
Suppose that G Pr1 is I';-non derangement permutations, Then the
G, UG, = G,
Proof.

Given @, = qa,8,...a,,a,,then @, ; =aa,a,;...a8,a,. Byrestricting a, because it has no effect on

the inversion since it is the least of all values and it is at the first position in @; and @,_; , we have,
Inv(3,) = Coinv(e, ;) (1)
and
Coinv(a ) =1nv(a,_;). (2)
It is obvious form the definition 2.3 and definition 2.4 that
Inv(@ )NCoinv(w ) =¢ (3)
Substituting (2) into (3) we have
Inv(a)NInv(a,,)=¢
Hence the graph G (@, ) NG (a)pfi ) =G, 0
Corollary 3.9
Let @ € Gprl . Then the graph G,; N G,,,_; is empty/ null.
Proof.

This follows since by proposition 3.8 the graph G, (G, ; is empty.

Proposition 3.10
Let GPrl bea I';-non derangement permutations, Then the

G(ui U G = Gwp—l

wp-i
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Proof.
Suppose @, = 8,8,8;...8,,8,, then @, ; =a,a,a,,...8,a,,and @, ; =1— p( p—l)...2. By
restricting @, because it has no effect on the inversion since it is the least of all values and it is the first position

in @; and @, _; . Since @, , is a strictly decreasing sequence when @; is restricted.
Inv(w, ,)={(j.k): j <kanda; >a, }U{(j.k): j <kanda, <a, |
= Inv(e )UCoinv(am)

=Inv(e)U Inv(a)pfi), by (2)
By this we can see that
Inv(w)UInv(a,;)=Inv(w, )
Hence, G, UGi =G, 0

wp—i

Corollary 3.11 Let @ € Gprl .Thenthe G,; UG, ; is complete.

Proof.
This follows by proposition 3.10 the graph G_; U Gwp_i - {1} is complete.

IV. Conclusion
This paper has provided very useful theoretical properties of this scheme called I';-non deranged

permutations in relation to the inversion We have shown that radius of the graph of any @; is zero, the graph of

any @, € Ggl is null, and by restricting 1, the graph of @, _, is complete, other properties of the graphs were
also observed.
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