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Abstract:This work presents two computational semi-analytic methods for solving a class of two dimensional
partial-intgro differential equations of fractional order.The fractional order derivative is described in Caputo
sense. First, existence of a unique solution under certain condition is proved.Then,the ADM and HAM are
employed to derive a general solution for the mentioned problem and the convergence analysis of the proposed
methods is investigated.Finally, some examples are included for demonstrated the efficiency of the proposed
methods.
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I.  Introduction

The subject of fractional calculus (integrals and derivatives of any arbitrary order) has gained
considerable popularity and importance during the past three decades or so, due mainly to its demonstrated
applications in numerous seemingly diverse and wide spread fields of science and engineering. It does provide
several potentially useful tool for solving differential and integral equations, and various other problems
involving special functions of mathematical physics, as well as, their extensions and generalizations from one
variable to more variables [1].

Many problems can be treated by fractional Integro-differential equations from different sciences
applications. In fact, most mathematical problems are hard to solve analytically, and therefore finding an
approximate solution, by investigating several numerical methods, would be very convenient. In recent years,
several numerical methods have been applied to solve fractional differential equations (FDEs) and fractional
Integro-differential equations (FIDES).

In this paper, the semi-analytic methods which are so called HAM and ADM will be applied together
to solve fractional order partial integro differential equations(FPIDES).

In [3], Kumer presents a comparative study among three numerical schemes such as linear, quadratic
and quadratic-linear scheme of the fractional integro-differential equation. In [7],Singh study the numerical
solution of nonlinear weakly singular partial integro-differential equation via operational matrices, he proposed
and analyze an efficient matrix based on shifted Legender polynomials for the solution of non-linear volterra
singular partial integro-differential equations (PIDES).

In [2],Hecht was presenteda finite difference for one system of nonlinear integro-differential
equations.In [8],Yanghave been introduced an exponential variance Gamma method to the valuation of
convertible bond pricing with partial integro-differential equation. In [6], Ray was discussed for finding an
approximate solution of two-dimensional wavelets operational method for solving volterra weakly singular
partial integro-differential equations.

In this paper, HAM and ADM will be applied for solving partial integro-differential equations with fractional
order derivative given by the following formula

Dfulx,t) = g(x, ) + [ [, k(y,s)F[u(y, s)]dsdy, (1)

subject to

u(x,0) =uy(x), x€la,b]. 2)
and

‘pu(x,t) = g(x, t) + IP 19k (x, s)F[u(x, s)], ®)

subject to

u(x,0) =uy(x), x€la,b]. 4)

DOI: 10.9790/5728-1506066573 www.iosrjournals.org 65 | Page



Homotopy Analysis and AdomianDecomposition Methods for Approximating the Solution of Two ..

Il.  Preliminaries
In this section, we present some necessary definitions and mathematical preliminaries of the fractional calculus
theory that have been needed in the construction of this paper.

1.1 Fractional Order Derivatives and Integrals
In this part we shall give some basic definitions and properties of the fractional order derivatives and integrals

[4].

Definition 1.The Riemann—Liouville (R-L) fractional integral of order o > 0 is defined as follows:
19F (x) = %f;‘(t — D)% 1f(D)dr, x> 0, € R,

Definition 2.The Caputo fractional derivative of order a > 0 is defined as follows:
1 fx f(m)(‘r) d

CD;zf (X) — I"(m—rzz) 0 (x—r)x+l-m ’

Yo f), a=m.
For a > 0, we have[5]:
1- D (If(x) =F(x).

k

2- 18 (“DEf)) = f() — BiZhFOOD
3-“D¢(c)=0, cE R.

m—1l1<a<m;

I11. Existence and Uniqueness Theorems of the solutions of two dimensional partial integro-
differential equations of fractional order.
The existence and uniqueness of problems (1)-(2) and (3)-(4) will be obtained in this section under certain
conditions using Banach fixed point theorem.
111.1 The Existence and uniqueness of the solution of problem (1)-(2).
Lemma 1:
The function u € C([a,b] x [0, T]) = X is a solution of problem (1)-(2) if and only if u(x, t) is satisfying

u(x, t) = uo(x) + Ifg(x, ) + I [ fot k(y, s)F[u(y,s)]dsdy. 5)
Proof:
Apply I on both sides of equation (1), yields

X t
18 DZu(x, t) = Ig(x,t) + If‘] j k(y, s)F[u(y, s)]dsdy,
a Y0
according to equation (2), we have

u(x,t) =ug(x) +If glx, t) + IF jx th(y, s)Flu(y, s)]dsdy.
a Y0

Hence the result is obtained.
Theorem 1
Let A: X — X be defined as

Au =uy(x) + 1880, ) + 17 [ [ k(y, $)F[u(y, s)]dsdy, (6)
such that k verified a Lipschitz condition w.r.t. u(x, t)with a Lipschitz constant

L > 0,and|k(x,t)| < M,

ML (b—a)T®+1

Furthermore, if
I'(a+2)

< 1, then T has a unique solution.

Proof:
Define the supermum norm, which will be needed later in the proof as

luCe, Ol = sup |ulx, t)l
x€la,b
te[0,T]
Now to prove that T is a contractive mapping
Letuy (x,t),u,(x,t) € X, then

|Au; (x, t) — Auy (x, £)|

1 t X v
<t fo f J; (t = ) [k(y, IIF s (v, 5)] — Fluy (v, 5)]|dydsdv

Hence
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1A (x, £) — Ay (6, Ol < e llur (5, ) — 115G, D) f f f (t — ) dydsdv.

(x _ a)ta+1

ala+1)

F()

—r( )Ilul(y,S) u v, 9)l
ML(b — a)T**!

rary ) -l
Since
ML(b — a)T**!
I'la+2)
Then A is a contractive mapping therefore, the problem (1)-(2) has a unique solution.

<1,

111.2 Existence and Unigqueness Theorems of the solutions of Problem (3)-(4):
In this subsection the existence and uniqueness of problem (3)-(4) will be introduced.
Lemma 2:
The function u € X is a solution of problem (3)-(4) if and only if u(x, t) is satisfying
u(x, £) = ug(x) + I£g0x, 6) + IF I Lk (x, DF [u(x, £)] ()
Proof:
Apply I¥ on both sides of equation (3), yields
I¢ “Dfu(x, t) = I8g(x, t) + 1717 19k (x, ) F[u(x, )],
According to equation (4), we have
u(x, t) = ug(x) + 18 g(x, ) + 1817 1%k (x, ) F [u(x, t)].

Hence the result is obtained.
Theorem 2:
Let A: X — X be defined as

Au = ug(x) + I8g(x,t) + mfot S =)V x — y)*F[u(y, s)]dyds (8)
such that k verified a Lipschitz condition w.r.t. u(x, t)with a Lipschitz constant
L>0,w=a+ Bandlk(x,t)| < M.
Furthermore, if IMTZ b 1, thenA has a unique solution.
Fw+Dr (a+1)
Proof:
lAu; (%, ) — Auy (x, t)II

luy (o, ©) — up (O f f (t— )" (x — y)P~'Flu(y, s)]dyds

= TW)I(®) )F(B)
Y (x — q)?
I (5, 6) = Ay (o Ol < e Ss )F(B) lluy (5,6 — uy (s, D) ||&
TY (b — a)*
[[Au; (%, £) — Au,y (x, D] < I‘( n 1()F(Be2 D [lug (x,£) — uy (%, V)|
Since M-’ 4
r(w+1rE+1) ’

Then A is a contractive mapping therefore, the problem (3)-(4) has a unique solution.
IV.  ADM for solving two dimensional partial Integro-differential Equations
of Fractional order:
In this section the implementation of the ADM for solving two dimensional FPIDEs will be presented.

1VV.1 ADM for solving problem (1)-(2):

To apply the ADM for solving problem (1)-(2) first operating I on both sides of equation (1) to get:

a a X rt
UGt = uo() +17g(x O + I {fo J; k(y, s)F[u(y, s)]dyds } ©
according to ADM, we let the solution to be :
ulx,t) = Y ou,(x,t) (10)
and the nonlinear term F[u(x, t)], in equation (1), will be decomposed as:
Flu(x, ] = X0 An (11)
where
An - n‘d)\“[ (Zn 0 Un AT )]7\ =0 (12)
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Substituting equations (10) and (11) into equation (9), we get:

[ee]

x rt o)
u, (x, t) = ug(x) + Ifg(x, t) + If f f
nz:;) " t “1), ), k(y,s) ) A,dyds
n=0
consequently, we can write
Up(x,t) = up(x) + Ifg(x, t)

X rt
t) = 1¢ f J- ) n= 1.
un+1(X ) t [ o ), k(y, S)Andyds ]

Truncating the summation into equation (10), after m terms, so we have the m™ approximate solution of the
problem (1)-(2)as:

U (x, t) = an=0 Un (x! t)

1VV.2 ADM for solving problem (3)-(4):

In this subsection a similar manner that have been given in subsection (1V.1) will be implemented in order
formulate a recurrence formula for finding the approximate solution of the problem (3)-(4) using ADMand as
follows:

and

uy(x,t) = yp(x) + Ifg(x, t) (13)
— Ja B 04

U1t =1 [It Ig K(y, s)An]'n > 1. (14)

So, the m*™" order approximate solution of the problem (3)-(4) is given by

Uy, (6, ) =X o u, (x, t) (15)

V. HAM for solving two dimensional partial Integro-differential Equations of Fractional order.
In this section the implementation of the HAM for solving two dimensional PIDEs will be presented.

V.1 HAM for solving problem (1)-( 2):

Rewriting equation (1) in an operator equation, so we have

N[u(x,t)] =0 (16)

where

_ Cnha X rt

N[u(x,t)] = “Dffu(x,t) — g(x,t) — fo fa k(y, s)F[u(y, s)]dyds.

According to the HAM, we construct the so called zero-order deformation equation
(1 -L[P(x,t,q) —ug(x)] = ghH)N[D(x, t, @)] (18)
whereq € [0,1] is an embedding parameter, & # 0 is a nonzero auxiliary parameter, H(x) # 0 is an auxiliary
function u,(x) is an initial guess of u(x, t) and £ is an auxiliary linear operator defined by:
L= ‘DY (19)
Obviously, when q = 0and 1, it holds
?(x,t,0) = uy(x), d(x,t,1) = u(x, t)respectively.
Expanding @(x,t,q) in Taylor series with respect to q,we have

17

B(xt,q) = up(x) + X252 upy, (x,09™, (20)
where
M B(xt,
U (6,0 = 5 [ (21)

If the initial guess, the auxiliary parameter A and the auxiliary function H(x) are so properly chosen then the
series (20) converges at q = 1.
Thus we have
ulx,t) =up(x) + 52 upn (x,0), (22)
Define the vector
u, = {ug(x, ), u;(X,1), e e e ,u, (%0}
Differentiating equation (18) m times with respect to the embedding parameter q and then setting g = 0 and
finally dividing by m!, we have the so called m™ order deformation equation

LUy (%) = X Um—-1(% )] = AHE)R, (U —1) (23)
where

— 1 ™ IN[p(x.tq)
R (1) = [ a2 | gmo] (24)
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Now, letting 2 = —1and H(x) = 1, then the solution of the m™ order deformation equations (23),yields:

Up (x: t) = XmUm-—1 (X, t) - Iéx [ CDéxum—l (x, t) - (1 - Xm)g(x: t) - fox fat k(y, S)F[u(y, s)]dyds] (25)

and by means of the above iteration formula (25), we can obtain directly the other components in order one after
one.

V.1.2Convergence analysis:

In this subsection, the convergence of the formula (25) to the exact solution u(x, t), of problem (1)-(2), will be
proved, it is remarkable that F[u(x, t)] in equation (1) will be expressed as Flu(x,t)] = [u(x,)]’,p = 1.
Theorem 3 (convergence theorem of the solution of problem (1)-(2):

If the series Yo —o uy, (x,t) is convergent, where u,, (x, t) is produced by:

‘DY [Up (%, 1) = Xm U1 (%, )] = AHR , (U 1) (26)
Where
Ry (lim—1) = Dty — (1 = )86, t) = [ [k, )[u(y,$)Pdsdy,p > 1 @7)

and besides ¥%_, °D[u,, (x, t)] also converges, then it is the exact solution of problem (1)-(2).
Proof:
Suppose that }'7° _ u,, (%, t) converges uniformly to u(x, t),

Then it is clear that
limy, S Uy (x,£) = 0, forall xand t € R (28)
since

“Dis a linear operator, we have:

n

n

D D[ () = X1 5, 0] = D [ D (58 = o Dty (0]

m=1 m=1
= CDf‘ul(x, t) + (CDS‘uz(x, t) — cD;"ul(x, t)) + -+ (CDS‘un(X, t) — CDS‘un_l(X, t))

= ‘Deu, (x,t). (29)
Then from equations (26), (28) and (29), we have

D D un (%) = X1 (6 0] = lim “DEu, (.0

m=1
= D¢ [lim u, (% )] = 0
Hence
hH Z Rm(ﬁm—l) =0
m=1
sincerr and H = 0, then yields
22:1 Rm (ﬁm—l) =0 (30)

and since

Riy (Bm_y) = “Dfup_g — (1 — xm)g ) — f f K, ) (U1 (7, )P dsdy.
0 0

so, we have
had X pt
0= Z [CD?um_l —(1—xm)e&x1 —f j k(y,s)[um—1(y, s)]pdsdy-]
— 0 J0
rgo_l =] X ot m-—1
= > Dfun s 60 -g& 0= Y [ [ K@D unar 019
m=1 m=1 0 -0 ri=0
ry ry Ip-3 Tp-2
Z url—rz (Y' S) Z urz—rg (y! S) Z urp_3—rp_2 (Y: S) Z urp_z—rp_1 (Y' S)]deY]
r2=0 r3=g I'p—2=0 I'p—1=0
Hence
[oe] X t [oe] (o)
0= Df Y oy 0 -8k O~ [ [ KGO Y wnae DL w,
m=1 0 0 I‘p_1:0 I‘p_Z:rp_l
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Z |V I Z U, 5-rp_p Z Uy pory g Z Up —r, ) (¥, 5)]dsdy.
I'p—2=Ip-1 rp=r3 ri=rp m=rq
[oe] X t [oe] [oe]
0= D ) un x 0 -g®0 - | [ kGO w09 Y, 0.9)
m=0 070 i120 i3=0
Z Ui, (7,8) v oo Z ui,_, (v,9) Z u;, (v, s))dsdy.
i3=0 ip—120 ip=0

so from equation (30), we obtain

0= “Dfu(xt) — gl ) — f ' f K, 9)lu@, )P dsdy.
0 0

Since
Y _o Uy (%, t)also satisfies the initial condition

Z uy, (x,0) = u(x,0) = uy(x)

m=0
Therefore, we conclude that it's an exact solution of problem (1)-(2).

V.2 HAM for solving problem (3)-(4):
The HAM can be performed for solving problem (3)-(4)in a similar manner that have been given in subsection
(V.1) and therefore, we have:

Uy (,8) = Ko U1 (6, 6) = 12 | EDFU 1 (0, 6) = (1 = ), ) = IF IK(y, )Fu(y, )] (3D)
and by means of equation (31), we can obtain the other components in order one after one.

V.2.1. Convergence analysis:

In this subsection, the convergence of the formula (31) to the exact solution u(x, t), of problem (3)-(4), will be
proved, it is remarkable that F[u(x,t)] in equation (3) will be expressed as Flu(x,t)] = [u(x,t)]°,p = 1.
Theorem 4 (convergence theorem of problem (3)-(4)):

If the series Yo _ouy, (x,t) is convergent, where u,, (x,t) is produced by

CD‘? [um xt - XmUm-1 (x, t)] = hHR,, (ﬁm—l) (32)
where
Rin (1) = D1 — (1 = X )80 ©) — [F 1Tk Ou(x, O
and besides
@ “Du,, (x, t)]also converges, then it is the exact solution of problem (3)-(4).
Proof:

The proof of theorem (4) will be in similar manner to the proof of theorem (3).

VI.  Applications:-
In this section, we shall introduce some illustrative numerical examples in order to confirm the applicability and
accuracy of the HAM and the ADM, , for solving non- linear two dimensional partial integro-differential
equation of fractional order.

Example 1
Consider the following linear two dimensional FPIDES:-
D} *u(x,t) = g(x,t) + Jo fot(y — s)u(y, s)dsdy, (32)
subject to
u(x,0) =0, (33)
xt1/4 x3t2 x%t3 . .
whereg(x,t) = I o and the exact solution of problem (32)-(33) is u(x,t) = xt.

Following figures (1)-(2) represent a comparison between the approximate solution of problem (32)-
(33) using HAM and ADM up to 4-terms and the exact solution.

DOI: 10.9790/5728-1506066573 www.iosrjournals.org 70 | Page



Homotopy Analysis and AdomianDecomposition Methods for Approximating the Solution of Two ..

uix )

coooooooe 2

Pd Lo e Ln G0 O B9 WD —
coooooo0
(SR X LR I

an

Figurel: comparison between the approximate solution of problem(32)-(33) using HAM up to 4-terms and the
exact solution.
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Figure2: comparison between the approximate solutions of problem (32)-(33) using ADM up to 4-terms and the
exact solution.

Example 2

Consider the following linear two dimensional FPIDEs:-

DI %u(x,t) = g(x,t) + I/*1/* (x — Hu(x, 1), (34)
subject to

u(x,0) =0, (35)

xt1/2 r3)x11/4¢3/2 r(3)x7/45/2
TG3/2) TA5/9r(G/2) | TA1/9r7/2)

whereg(x,t) = and the exact solution of problem (34)-(35) is u(x,t) = xt.

Following figures (3)-(4) represent a comparison between the approximate solution of problem (34)-(35) using
HAM and ADM up to 4-terms and the exact solution.
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Figure3: comparison between the approximate solution of problem(44)-(45) using HAM up to 4-terms and the
exact solution.
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Figure4: comparison between the approximate solutions of problem (34)-(35) using ADM up to 4-terms and the
exact solution.

Example 3
Consider the following nonlinear two dimensional FPIDEs:-
Cn1/2 _ 1/2:3/4 2
D,/ u(x,t) = gxt) + [ I, (x —Hu*(x,t),
subject to
u(x,0) =0,

whereg(x,t) =

(36)

@37)
xt /2 ar(@x!1/45/2  ar(a)x!1/47/2 . . _
ran  Taoerarn T Tasere s’ and the exact solution of problem (36)-(37) is u(x,t) = xt.

Following figures (5)-(6) represent a comparison between the approximate solution of problem (36)-
(37) using HAM and ADM up to 4-terms and the exact solution.
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Figure5: comparison between the approximate solution of problem (36)-(37) using HAM up to 4-terms
and the exact solution.
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Figure6: comparison between the approximate solution of problem (36)-(37) up to 4-terms using ADM and the
exact solution.
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VII. Conclusions

The existence and uniqueness for the solution of a class of two dimensional partial integro-differential
equationsoffractional orderis discussed.

Then two semi analytic methods which are so called ADM and HAM are introduced for approximating the
solution of such kinds of problems. Moreover the convergence of the solution for the proposed methods is
investigated.

The numerical results illustrate the efficiency and accuracy of the present schemes for solving two dimensional
partial integro-differential equations of fractional order.
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